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1. Introduction

The need for accurate and convenient measurement of complex
permittivities of material media cannot be overemphasized. Besides
providing understanding of electromagnetic wave interaction with mat-
ter, complex permittivity information is desirable in many areas of
basic and applied research in science and engineering, including pro-
cess and quality control in industries, diagnostic and therapeutic ap-
plications of microwaves in biomedicine, government radiation policy
formulation, characterization of reservoir rocks in bore-hole formations
and prospecting in geophysical logging. Extensive work have been done
in microwave measurements of complex permittivity of biological sub-
jects, both in vivo and in vitro [1-5]. The open-ended coaxial line has
been the instrument of choice in these measurements because of the
nondestructive requirement. In these measurements the coaxial line is
terminated by the sample material and the reflection coefficient caused
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by the incident microwave signal is measured at any desired frequency.
These data are then related to the complex permittivity of the sam-
ple material. The last part of the problem, i.e. relating the reflection
coefficient to the complex permittivity, is not trivial and various at-
tempts have been made to devise an accurate scheme to perform this
task [6,7]. The usual procedure is to model the coaxial line and sam-
ple interface as an input impedance [8] or admittance [3,4, 9-13]. As
will be shown later the input admittance model for the coaxial-sample
interface is a natural result from our model. In cases where nondestruc-
tive testing is not a requirement, the coaxial line can be terminated by
any convenient waveguide as sample holder. In this present work, the
coaxial line is terminated with cylindrical waveguide. There are quite
a few mathematical models for the coaxial line terminated in cylindri-
cal waveguide [8,14-16]. Notable among them are the distinctive works
by Risley [15,16]. Our motivation to undertake this work stems from
the need to develop a full-wave general purpose model of a test cell
used in experimental complex permittivity measurements of saturated
reservoir rock samples. The goal of this particular measurement was
to generate a complex permittivity data base for saturated reservoir
rocks from bore-hole formations. We remark here that the complex
permittivity of saturated reservoir formations is frequency dependent.
In addition the real and imaginary parts are interdependent. The phe-
nomenon and mechanism of this dependency are well documented in
the works of Alvarez [17] and Sherman [18]. The expository works of
these two reveal the inherent difficulty of interpreting complex per-
mittivity logs without any realistic and comprehensive data base as
guide.

In the next section we present an analytical model of the prob-
lem and derive the differential equations that govern electromagnetic
wave propagation. Next we apply a Green’s function technique to pro-
duce solutions of the magnetic fields in terms of the aperture electric
field. An integral equation for the aperture electric field is solved for
zero order approximation and also by method-of-moments (MOM).
An expression for the reflection coefficient of the incident TEM mode

is derived for simulated test samples.

In section three, we accomplish the inverse problem solution via
Miiller’ s method. We perform an initial error sensitivity investigation.
However for a complete analytical error analyses of this method, the
reader is referred to the comprehensive works of Yan-Zhen [13] and



Analytical models for the determination of complex permittivity 111

Nyshadham [19]. Finally we apply the inverse solutions to the reflection
coeflicients obtained in the previous section to reconstruct the complex
permittivities of the simulated samples. Plots of relative percentage
error are presented to display the accuracy of the inverse solution.

The last section gives a summary of our accomplishments, draws
conclusions, and gives recommendations for future work.

2. Forward Problem

The geometry of our model is depicted in Figure 1. All dimensions
are given in the figure. The frequency of investigation is 1 GHz . The
choice of our coordinate system as depicted in Figure 1 separates the
problem into two distinct regions, viz: coaxial guide (coax) for z <0
and cylindrical guide for z > 0. The regions are coupled through
the aperture at z = 0. The coax is filled with material of dielectric
constant 71, teflon in this case, and the cylindrical guide houses the
test sample with complex permittivity e2. The model is excited with
an azimuthally symmetric magnetic current source located at z =
—d in the coaxial line. Because of the azimuthal symmetry for both
model geometry and excitation source, we have no ¢-variation and
our problem becomes a two-dimensional one. Furthermore, Maxwell’s
equations decouple into T'M, and T'E, modes with excitation limited
to TM, modes only. We assume time harmonic source with e/ time
dependence. The governing differential equations are then given by
(TM.)

0B, OE.
Bz op  Jwne— My
0H .
8; = —jweE, (1)
10
——(pHy) = jwek,
>0 p( ¢)

We can eliminate E, and E,; from the first equation of the set to
obtain
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L,.Hy = jeM,
H,
Ep= _j%a 835 (2)
B.= o 2 (oHy)
where 10 0 0? 1
b= (0 + 3+ ®

is the Laplacian in cylindriacl coordinates and k& = \/w?eu. The above
set of equations govern the electromagnetic wave propagation in our
model with the perfectly conducting wall assumption imposing zero
tangential electric fields on the boundaries.

COAX COUPLED TO CYLINDRICAL WAVEGUIDE

P
h
<~ To negative infinity
€:

| s b i ’ 2

"t
d
M position € [

n=0.326§2m; b=1.09220mm; ¢=10.0000mm; h=3.7500mm

Figure 1. Coaxial waveguide coupled to cylindrical waveguide.

We now employ Greens function methods by taking the inner
product of the Green’s function G with the first of equations 2, to
obtain in general,

(LpeHy, G) = (Hy, L£,.G) + / (GVH, — HyVG) -ads  (4)
S

where S is the surface bounding the region of interest V, n is the unit
outward normal to the surface S and

(Lp.Hy, G) = / (GL,. Hy)dv
|4
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In particular for region 1, we have
H¢1 = —jLUE/ G1M¢dv +/(G1VH¢1 — H¢1VG1) - nds
1% S

where Hy; satisfies

=0
p=a,b
Hy1 =Hgp onz=0,a<p<bh

lim Hg =0 for k complex
Z——00

0
Hy + pa—qun

and for region 2, we have
H¢2 = /(GQVH¢2 - H¢2VG2) -nds
S

where Hgyo satisfies

0
Hyo + pa—pH¢2 =0
p=c
0
—H =0
az ?? z=h
§H¢>2 =0 onb<p<c
z z2=0

lim Hgo is finite
p—0

The Green’s functions are chosen such that G satisfies

o
LG1 = e—r) )5(2 )

p
0
Gi + p(?_pGl =0
p=a,b
0
—G =0
0z ' z=0
lim G; =0 for k complex

and G satisfies

113
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_
L£,.Gy = e ; ) 5ts— (10)
G+ p=—Go =0 (11)
0 pc
9l =0
0z 2=0,h
lim Go is finite
p—0

We note that the surface integrals in the solution for the magnetic
fields has no contributions from the radial surfaces since

G1H G1H
(G1VH¢ *H¢VG1) N = Gl%H¢ — Hd)gGl — 1He —1l1¢ —

0
9 dp p p

where we have applied equation 8 and 11 and also n = p on the radial
surface. The Green’s function problems are displayed in Figure 2. When
we apply the Green’s functions as defined above to the magnetic field
solutions the expressions become

b b
H¢1 = _nglMO / Gl(p7 2, P/7 _d)dp/ - jw€1 / Gl <p7 2, plu O)Ea(pl)dp/
a a
(12)
b
Hyp = jwes | Galp.z,f,0)Ealp))d (13)
a
where F, is the radial aperture electric field, defined by

1 94,

E)l,—0 = —=
ple=0 jwe 0z

2=0

and

M, = M05(2+d)

We solve the Green’s problem by seeking eigenfunction expansion in
the p and a standard Green’s function solution in the z. We let

Gi =) an(2)Bi(vp) (14)
n=0
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where Bi(vnp) = J1(1mp)Yo(1na) — Yi(mp)Jo(ma) and an(z) satis-
fies a second order ordinary differential equation which can be solved
by standard Green’s function methods [20]. Imposing the boundary
conditions at p =a, b on (G; defines the characteristic equation

Yo(vna) _ Yo(ymb)

Jo(ma) a Jo(nb)
from which +, ’s are determined. A complete solution for G; is then
obtained as

ro —J eIMZ cos(kyz) 2> 2
=< ! ' 1
Gi(p, 2, ¢, 2) k1pp'In(b/a) { eikiz cos(kr2') 2z <2 (16)

(15)

for n =0 and
Gi(p, z, p', 2') =

_ i Bi(ynp)Bi(wmp') | J ejjklnzl cos(kinz) ;2> 2
=\ 2 [J(?%a) _ 1] kin | €%17% cos(kin?’) 2 <2

2

(m)? | I3 (ynb)

(17)
otherwise. We note also that k2, = k? — +2.

Green’s problem one

D le P

—e0

‘To negative infinity It
1 ° A
-
—— Xy

P N
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Figure 2. Green’s problems.

Similarly we choose Gy as

G = Z J1(Anp)Sn(2) (18)
n=1
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and obtain its solution as

- 2J1(Anp") J1(Anp)
ZC2J2(A kam sin(kanh)
- 1\ An 2nSln( 2n )

GQ(p> 2, Pl, Z/) = -

! (19)
cos(kanz) cos[kan (h — 2')] z <z
cos(kanz') coslkan(h — 2)] z> 7
where Jo(A\,c) = 0 is the characteristic function for determining

An’s and k3, = k3 — A2. This completes the formal solutions to the
Green’s function problems. It is instructive to note that this is only one
of many possible forms of solution. We could as well have produced so-
lutions using eigenfunctions in the z-domain instead of the p-domain
or eigenfunctions in both domains. The particular form adopted here
is conducive to the numerical computations for the problem at hand.

When we incorporate the Green’s function solutions into the Hg
expressions and perform the integration over the source term, the re-
sults are

b
Hy = _:—‘7)10 cos(k1z) — jwe / P'Gi(p, 2 p',0)Ea(p')dp" (20)
1 a
b
Hyy = jw€2/ p'Ga(p, 2, p',0)Eo(p")dp’ (21)

where Iy = Mye /%1% and
. 1
J klpp’ln(b/a)

n=1 kl”(mn) Hg(w';b)) _1}

o~ 2Ji(Anp)J1(Mnp)
G 1,0) =~
20:200) == 2 G0 g sin(kanh)

jklz

Gl(pv 2 Pl70) =

coslkan (h — 2)]
We can normalize Hy by dividing through with we1ly to obtain
T] 1 - b / / T / /
Hgy = g cos(kiz) —j | PGilp,zp,0)Ea(p))dp’  (22)
a

b
Hyp = jer / p'Ga(p, 2, p',0) Eo(p')dp’ (23)
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where &, = e9/e1 and H = (Hg/wlp), etc. We shall now drop the
bar with the understanding that these quantities are normalized as
shown above. Next we demand continuity of the fields in the aperture,
i.e, Hy = Hyy at z =0 to produce an integral equation for E, as

1

b
Tkip —j/ p'(G1(p,0,0',0) + €:Ga(p,0,0',0)) Ea(p')dp’  (24)

The above integral equation can be solved analytically or numerically
depending on the functional form assumed for F,. In this work we
present two types of solutions, a zero® order solution which is ana-
lytical and a numerical solution via method of moments.

2.1. Zerot" order solution

We let the functional form of FE, be given by

Bu(p) = Py + 3 BrubBi(un) (25)

n=1

where Ey and Ej, are modal constants. In the zero order solution
we assume a dominant T'EM model and approximate E, by E,/p.
Substituting this approximation into the integral equation allows us to
perform the p’ integration immediately, to give

1 . = Jo(Anb) — Jo(Ana)
—— = Ey— + j2¢&, E Ji( A
R, Ok T Onzl <c2)\nJ12()\nc)k2n tan(hgut) ) 1P
(26)
Integrating equation 26 on p from a to b yields an average value for

FEy as

_ . 1 o (Jonb) = Jo(Ana))?
Ey=-1 / (1 B ‘725T In(b/a) Z c2/\%J12(/\nc)k2m tan(kznh)> 0

n=1

where ko = kop/k1 . Equation 27 can be evaluated numerically to
obtain an approximation for E,. Higher order approximations for F,
could be obtained by taking more terms in equation 25. Indeed using
the full expression in equation 25 is the usual modal expansion solu-
tion as it is known in the literature. However we prefer the method of
moments solution presented next.
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Figure 3. Aperture subintervals

2.2. Method of moments

We begin by partitioning the aperture into N subintervals as
shown in Figure 3. We progressively refine the subintervals intervals
towards both edges in other to simulate the edge-singularity of the
aperture field while limiting the number of unknowns. We define the
subintervals starting from p =a as

App1 = (Np_1>mA
(Np_ 1) - <N(ivp_—1i!>!p!
N-1 m
A=(b—a) ;<Np_1)

where m is an edge refining factor. Increasing m refines the subin-
tervals at the edges. In this particular work, m = 2 in all results
presented. We next approximate the aperture electric field E, with a
set of pulse functions defined by

-k

{ on pt" subinterval (29)
otherwise

(28)

When we insert, E,(p) as defined in 28 into the integral equation, we
obtain

klp =J Zep/ (G1(p, p') + &rGalp, p'))dp' (30)
n=1

where the integration is restricted only to the pt* element. In order
to avoid the instabilities due to the edge singularities, we apply delta
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weighting functions given by

d(p — pq)

Walp) = =—

(31)

where p, is the midpoint of the ¢"" element. An inner product of
equation 30 with W, yields

- yzep [ 0t + e Gron s )
q

which is an N x N matrix equation. An explicit expression for equation
32 is

11 fi <1n<pp/pp1>>
k1pq k1pq p=1 g In(b/a)
N [e%S)
1 5 Tn Bl(Van)[B (’anp) BO(’anpfl)]
LI D Dy i)
p=1 n=1 [JZ("/nb) B }
N o0
. Jl(/\npq)[*]()()\npp) - JOOWLPp—l)]
— 2,
Jee I;ep {;( X kian T2 (M) (tan(kgnh)

(33)
This completes the general N - element method of moments solution.
Specializing the above result to NV =1, we obtain

1 AnPg) [Jo(Anb) — Jo(Ana)]
— 2, 34
kipg klpqel J=e el;( X kan T2 (Anc) tan(kanh) (34)

where p, = (a + 0)/2. Results presented later will show that using
one element (N = 1) is sufficient to obtain reasonable accuracy in the
reconstruction. We therefore restrict the solutions in all cases except
for E, computation, to zero' order and the one-element method of
moments.

2.3. Asymptotic analysis

This section considers asymptotic techniques that aid in an ef-
ficient computation of the matrix coefficients in equation 33 and 34
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above. An attempt to evaluate these matrix coefficients directly is in-
efficient. This is a consequence of the oscillatory behavior of Bessel’s
functions. The method we propose here exploits the rapid rate at which
Bessel’s functions approach their asymptotic limits. The technique [22]
is to find the asymptotic limit of the individual terms in the summation
with the hope that we can sum the series of the asymptotic limits into
an analytical closed form expression. Then we only need to add the dif-
ference between each individual term and the asymptotic limit to the
closed form expression obtained. Because of the rate at which these
terms approach their asymptotic limits, only a few terms are needed
in the difference computation for accuracies of practical interest. We
begin by finding the asymptotic limits of the various terms in equation
33 as follows:

lim A\, = —(n—1/4) (35)
lim v, = ik (36)

Since most of the asymptotic limits can be derived by direct substitu-
tion, we will only quote the results. It is convenient to note the simple
form of these asymptotic limits of such seemingly complicated func-
tions. These simple asymptotic forms are instrumental in the success
of this method. The asymptotic forms of the various terms in the ma-
trix equation are:

lim < 2J1()\npq)<]0()\npq) > _ CCOS(QQ(n - i)) + Sin(el(n - %))
n—oo \ 2\ kanJ2 (Anc) tan(kaph) 272 (n — %)QM
(38)
4q( —1
lim IZ—" B;(V”pgzgo(?"pp) — _jifn(; ) cos(nq) sin(nig)
n—oo Kip \ 2 _ | Zo\0na@) ™ \/
BN e [J%(%b) 1] Palp

(39)
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) = — Pq

0y =

— :.?
“d

alxan
>
)
_l’_

Pp

)

)
= (1)) (4-)
s (1)) (4-1)

We remark that even though these result are derived for n approach-
ing infinity, the difference between theses limits and exact terms is
already of order 1072 for n = 2. In order to exploit fully these sim-
ple asymptotic forms, we must be able to find closed form or rapidly
converging expressions for the following infinite series:

¢i(n0)

3

2
n
1

0 j(n—a)8

2 a—ar

1

(40)

This is possible for the first series [21, 24]. In case of the second series,

we are not aware of any useful expressions except for the special case

when a = 1/2. However, we can improve their convergence by writing
1 « 3a? 203

(n—a)? WEt s n2(n—a)?

n3(n — a)?

The process produces series of the first type and accelerates the con-
vergence from n~2 to n~%. Further increase in the rate of convergence
can be achieved by extending this process to higher orders. However
to what extent, becomes a choice between mathematical complexity
and computational expediency. The closed form or rapidly converging
expressions for the various series employed in the analysis are given

below as:
sin(nf) _ |82n|02”+1
flnd — 0
n? ( . + Z 2n 2n +1

>
isin(n@) :19—502+i93
1
>

n3 6 4 12

1, 11,5 = |Ban|6?F!
= Z03] _ = 1P|V
T T +§1:2n(2n+3)!
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2n(2n + 2)!

cos(nd) 7t 7t , 9w 1

= — —— 0%+ —02— —¢!
4 o0 120 T 48

2

o cos(nf) 1 |Ban |07+
21: O —¢(3) + 50%In(0) 92 Z 2

2

where B, and ((x) are the Bernoulli-Euler number and Riemann
Zeta functions respectively. The mechanics of the computation process
is to subtract from the individual terms in the series, the asymptotic
limits, sum the resulting difference series and then add the summations
of the asymptotic series. The net effect is accelerated convergence.
Symbolically, the above process can be described as

o0 o0

Z(Tn) = Z(Tn - lem) + Tlimfsum (41)
1 1
where T, is the N term in the series, Ty, = lim, 00T}, and

Tiim—sum = 21 (Lim) - Figure 4 shows the plots of E, for different
number of elements. We note the well defined edge singularities of the
aperture electric field E,. In the next section we derive expressions
for the reflection coefficient of the incident TEM mode.

APERTURE E-FIELD
— T

1E/E,
N
T

MOM 12 ELE. ............

I

!

1

]

t

t

; MOM 6 ELE. —_—
[ E
¥;

[}

[}

)

3.0 3.5
p/o

Figure 4. Effect of number of elements on aperture electric field: a =

0.32652mm, b = 1.0922mm, ¢ = 10.000mm, h = 37.5mm, o = 1.0s/m,

e, = 20.00.



Analytical models for the determination of complex permittivity 123

2.4. Reflection coefficient

One of the most important scattering parameters in microwave
measurements is the reflection coefficient. In this section we derive
an expression for the TEM mode reflection coefficient in the coaxial
waveguide. We can rewrite Hy; as

1 ; 2 b A
H =——— e 4 (1 Eq(p)dp | e?F1*

Bi(vnp) Gkinz /b / N gt

JZ - [L,O(% g 1} e | Bl Ea(p)dp'
TR | T20rab) )

42

When Hy; is written in terms of the electric field TEM mode reflection
coefficient, i.e.

Ha(p,2) = ——2k1p<e-j’ﬁz ~reh)

(43)

i = o VAR

()2 | JE(ynb)

the reflection coefficient I' for the TEM mode is readily identified as

r—- (1 + @ / ’ Ea(p’>dp’) (44)

Generalizing this concept, we may express Hgi(p, 2) as

(RT3 (e (45)

Hgi(p, 2) = ki

where T';, and f,(p) are defined as

- b
J / /
n a 4
E T | Boud) B a0
()2 | JE(Ynb)

and
Bi(vnp) (47)
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respectively. The I'), ’s are the reflection coefficients of the higher order
modes generated in the aperture. These evanescent higher order modes
are restricted mainly to the immediate neighborhood of the aperture.
Explicit expressions of T' for the zerot® and MOM solutions are

I = —(1+ 2E) (48)

and

r—— 1+%§:epln< Pr ) (49)

=1 pp—1

respectively. Even though the reflection coefficient is defined for the
coaxial waveguide TEM mode, the solution contains a superpositon of
all the higher order modes generated in the aperture. A reflection co-
efficient contour plot of some text samples is shown in Figure 5. As ex-
pected, the magnitude of the reflection coefficient varies inversely with
conductivity and directly with dielectric constant at low conductivities.
This is due to greater energy dissipation at higher conductivities and
higher energy propagation for larger values of dielectric constants. But
at very high conductivities, the magnitude of the reflection coefficient
increases with conductivity. This is because at very high conductivities,
the aperture appears as a short to the incident wave. We note in later
plots that the guide resonates for text samples with relative dielectric
constant (e,) values of 63 and 70 approximately. Figure 6 displays the
same information in figure 5 using a zero!" order approximation.

MAP OF I\ AGAINST o AND ¢
T % v T
oF

CONDUCTIVITY : o(s/m)
Y w >
v -\-; T TR
% % \
\
I.: sl

\

Ll

THITT

20 &0

40 0
DIELECTRIC CONSTANT : ¢

Figure 5. Contour map of reflection coefficient of simulated test samples
for 1 - element MOM: a = 0.32652mm, b = 1.0922mm, ¢ = 10.000mm,
h = 37.5mm.
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Figure 6. Contour map of reflection coefficient of simulated test sam-
ples for zero'™ order: a = 0.32652mm, b = 1.0922mm, ¢ = 10.000mm, h =

37.5mm.

For a cylindrical cavity the TM and TFE resonant frequencies are
define respectively by

(fr)ind =ﬁ A2 +(q20) (50)
= gmemy Mo+ () (51)

where c is the cylinder radius, h is the height, A, is the pth root

of Ju(Ac) and A}, is the p'" root of J(Ac). Numerical computa-

tions show the cavity resonates at ( fT)Ong[ = 1.0GH~z for dielectric

constant (e,) value of 62.70 and (f,)IA = 1.0GHz for dielectric con-
stant (e,) value of 70.31. These values agree very well with resonant
points observed form later plots in the inverse problem.

The quality factor @@ which is defined by

B w X energy stored (52)
~ average power dissipated

reduces in case of dielectric losses only to

| [ i .

1
[
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where € and €” are the real and imaginary parts of the complex
permittivity. High @ ’s, which signal well defined resonant points imply
that resonant points can be observed at low o and high e, .

3. Inverse Problem

In this section we produce a formulation for the inverse prob-
lem based on Miiller’s method [23]. This is then applied to the reflec-
tion coefficients from the forward problem to reconstruct sample com-
plex permittivities. The concept is to approximate a nonlinear function
f(x) = 0 with a quadratic function az?+bxz+c by the Lagrangian in-
terpolation formula. A solution is accomplished by locating the zero’s
of f(z) using a variation of the standard quadratic formula. From
earlier expression for the TEM mode reflection coefficient, we derive
expression for normalized aperture input admittance Yy for the zerot"
order as

[e.e]

o 1 (Jo(Ab) — Jo(Ana))?
Yo =126 070 z::l P2 2O oo tan(bgnl) D)

where ko, and kg, are function of e, and the normalized aperture
input admittance is defined by

1-T
14T

In the case of 1 - element MOM, we obtain

(JoOnb) — Jo(Ana))Ji(An(a — b)/2)
Yi = 2,
L= Jsep qz T2 (A €) kg tan(kanh)

(55)

In order to apply Miler’s formula we define an implicit function f (er)
for e, such that f(e,;) = 0. The root of f(e,) then yields the complex
permittivity of the medium. For the zero order f(e,) is given by

B | 0 (Jo(Ab) — Jo(Mna))?
fler) = =Yo — j2er In(b/a) nz:l N2 T2 (A )korn tan(kanh)

(56)
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or

f(Er) -1 . 1 ) Z (J()()\b) — Jo()\na))2 (57)

2,
T+1 77 n(b/a) 2= EXT2(Me)karm tan(kah)
A similar expression derived for the 1 - element MOM is

(Jo(And) — Jo(Ana))J1(An(a —b)/2)

58
A\ J2 (Ane)korn tan(kayh) (58)

fler) = =Y1 + j2e,p, Z

or

- (Jo(And) — Jo(Ana))J1(An(a — b)/2)
fe) =7 ﬂ crPq Z Py T2 (An€) kzrm tan(kianh) - (59)
Figure 7 and 8 show relative errors in 1 - element MoM reconstruction
of simulated samples from reflection coefficients of the forward problem
We observe a high degree of accuracy except near resonant points at €,
values of 63 and 70 approximately. Figures 9 and 10 are surface plots
of the same data for Figures 7 and 8 respectively. Figures 11 through
14 are the zero' order versions of Figures 7 through 10 respectively.

Z%ZRELATIVE ERROR IN DIELECTRIC CONSTANT ¢
6

CONDUCTIVITY : & (s/m)

20 40

DIELECTRIC CONSTANT : e

Figure 7. Contour map of reflection coefficient percent relative error in
dielectric constants reconstruction for 1 - element MoM: a =

0.32652mm, b = 1.0922mm, ¢ = 10.000mm, h = 37.5mm.
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Figure 8. Contour map of reflection coefficient percent relative error in
conductivities reconstruction for 1 - element MoM: a = 0.32652mm,b =
1.0922mm, ¢ = 10.000mm, h = 37.5mm.

Figure 9. Relief map of percent relative error in dielectric constants
reconstruction for 1 - element MoM: a = 0.32652mm, b = 1.0922mm, ¢ =
10.000mm, h = 37.5mm.
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Figure 10. Relief map of percent relative error in conductivities re-
construction for 1 - element MoM: a = 0.32652mm,b = 1.0922mm, ¢ =
10.000mm, h = 37.5mm.
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Figure 11. Contour map of percent relative error in dielectric constants

reconstruction for zero'® order: a = 0.32652mm,b = 1.0922mm, ¢ =

10.000mm, h = 37.5mm.
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Figure 12. Contour map of percent relative error in conductivities recon-
struction for zero'” order: a = 0.32652mm,b = 1.0922mm,c =
10.000mm, h = 37.5mm

-

-
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»”

Figure 13. Relief map of percent relative error in dielectric constants re-

construction for zero!" order: a = 0.32652mm,b = 1.0922mm,c =

10.000mm, h = 37.5mm
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Figure 14. Relief map of percent relative error in conductivities recon-

struction for zero'” order: a = 0.32652mm,b = 1.0922mm,c¢ =

10.000mm, h = 37.5mm

3.1. Noise sensitivity

We have performed error (noise) sensitivity by contaminating the
input data. In order to quantize the accumulative effect of the input
uncertainties [7] for the inverse problem, uniformly generated random
errors are superimposed on the computed I'’s. We let a be the max-
imum random error, and ['y,,; the maximum of the magnitude of the
I'’s. Then we impose a limit on the « such that

«

x 100 (60)

max

where 7 is a scaling factor for the generated random noise and x;;, is
a chosen percentage limit relative to I'j,q. - We note that with reference
to the minimum of the magnitude of I'", the percentage noise imposed
will be greater than z,,;,% . The maximum noise introduced therefore

is bounded by

(0%

2% < Tyazo =T x 100 (61)

Fmin
where 7 is computed from equation 60. Figures 15 through 22 repre-
sent the same information in Figures 7 through 14 but with contam-
inated input data. We observe higher values of relative errors in e,
reconstruction at high conductivities and in ¢ reconstruction at high
dielectric constants. We also note noise attenuation in €, reconstruc-
tion and noise amplification in ¢ reconstruction from these plots.
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Figure 15. Contour map of percent relative error in dielectric constants
reconstruction for 1 - element MoM: a = 0.32652mm, b = 1.0922mm, c =
10.000mm, h = 37.5mm, (min% — Tmaz%).

XRELATIVE ERROR IN CONDUCTIVITY : a

Figure 16. Contour map of percent relative error in conductivities re-
construction for 1 - element MoM: a = 0.32652mm,b = 1.0922mm, ¢ =
10.000mm, h = 37.5mm
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Figure 17. Relief map of percent relative error dielectric constants re-
construction for 1 - element MoM: a = 0.32652mm,b = 1.0922mm, ¢ =

10.000mm, h = 37.5mm, (Tmin% — Timaz )

Figure 18. Relief map of percent relative error in conductivities re-
construction for 1 - element MOM: a = 0.32652mm,b = 1.0922mm, ¢ =

10.000mm, h = 37.5mm, (Tmin% — Tmaz%)
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Figure 19. Contour map of percent relative error in dielectric constants
reconstruction for zero'® order: ¢ = 0.32652mm,b = 1.0922mm, ¢ =
10.000mm, h = 37.5mm(Tmin% — Tmaz %)
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Figure 20. Contour map of percent relative error in conductivities recon-

struction for zero' order: a = 0.32652mm,b = 1.0922mm,c =

10.000mm, h = 37.5mm
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Figure 21. Relief map of percent relative error in dielectric constants re-
construction for zero® order: a = 0.32652mm,b = 1.0922mm, ¢ =

10.000mm, h = 37.5mm, (Zmin% — Tmaz%)

Figure 22. Relief map of percent relative error in conductivities recon-
struction for zero' order: a = 0.32652mm,b = 1.0922mm,c =
10.000mm, h = 37.5mm, (Tmin% — Timaz %)
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4. Conclusion

We have performed herein Zero” order and MOM solutions of
the integral equation describing our problem. To ensure practical appli-
cability of our model, asymptotic techniques were employed to dramat-
ically accelerate the summations of the infinite series. Plots presented
show the edge singularities in the MOM solution.

We have derived an expression for the coaxial line reflection coeffi-
cient I of the TEM mode for both Zero! order and MOM solutions.
It was observed that, even though I' was defined only for the coaxial
TEM mode, it had contribution from the higher order modes generated
in the aperture. At low losses (¢ — 0 or high @Q), resonance of the
shorted waveguide is well defined, but diminishes for higher loss since
the excited modes in the cavity are quickly dissipated.

We have solved the inverse problem using Mdiller’s Method. An im-
plicit equation was derived for ¢, , the relative complex permittivity of
the test samples as a function of I' and model parameters. Reconstruc-
tion of the simulated complex permittivities with Muller’s algorithm
shows exceptional accuracies, except at resonant points. In addition,
a noise study of the algorithm was performed using corrupted input
data. Overall, the scheme presented has been very successful in mod-
eling the physics of wave propagation in the media and reconstruction
of the media from its wave propagation properties. Caution must be
exercised to avoid resonant points of the model.

An important limitation of our method is the fact that test sam-
ples have to be prepared to fit the geometry of the model. For geo-
physical logging this may not present any real problem. But in medical
applications, where in vivo measurements are a requirement, this be-
comes a major limitation. Also in nondestructive testing this model is
unsuitable. However, the model could be modified in these cases by let-
ting dimensions ¢ and h approach infinity. This will result in an open
ended coaxial line into a half-space with perfectly conducting flanges.
Stuchly’s et al. [1, 3] and Delecki [25] have done extensive work in this
area using an equivalent circuit model.

Another limitation of our method is restriction to homogeneous
complex permittivity media. For many areas of application, the me-
dium is inherently heterogeneous and must be modeled with variable
Ep .
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