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1. Introduction

Electromagnetic scattering by rough surfaces is important in sev-
eral disciplines including geophysical remote sensing, ocean acoustics,
surface optics, and ultrasound imaging of biological media [1-24]. For
surfaces with small rms height, the conventional perturbation theory
is applicable while for surfaces with large radii of curvature, Kirchhoff
theory gives good solutions. In recent years, several improved theories
have been proposed to extend the range of validity of surface parame-
ters, and numerical simulation studies have been reported [5-24]. This
paper presents a theory based on the first and second Kirchhoff approx-
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imations with angular and propagation shadowing [16-21]. Its range of
validity is considerably larger than most of the previous theories using
Kirchhoff approximations, and it is applicable to rough surfaces with
high slopes of order unity. There are two important points in the theory
[17,18]. The first is that the Green’s function is expressed by the Fourier
transform in the y -z plane transverse to the propagation direction =z,
rather than the usual Fourier transform in the z -y plane parallel to
the average rough surface. The wave on the surface is then divided into
the positive traveling and the negative traveling waves. The advantage
of this technique is that there is no longer a need for the absolute val-
ues |z1 — z2| of the difference heights (21 — 22 ), and therefore large
height variations and large slopes can be incorporated into the sta-
tistical moment calculations. The second important point is that for
second-order scattering we make use of angular and propagation shad-
owing functions. This, in essence, takes care of the multiple scattering
beyond second-order scattering. These two features, the Fourier expan-
sion in the y-2z plane and the shadowing corrections, make possible
the expansion of the range of validity of the theory beyond those for
conventional techniques.

The theory gives an analytical expression for the complete 4 x 4
cross section Mueller matrix. It consists of the first-order Kirchhoff
term which has been obtained previously and the second-order Kirch-
hoff terms including shadowing corrections, which we obtained recently.
The second-order terms include the ladder term and the cyclic term,
and the cyclic term gives rise to enhanced backscattering.

The second-order terms are given by quadruple integrals. These
integrals are then reduced to numerically manageable double integrals.
Numerical examples are shown for the cases of (o = 1A, | = 4)\),
(c=1X\,1=3\),(c =1\, I =2X),and (o0 = 1\, | = 1.4)\) where
o is the rms height and [ is the correlation distance. Co-polarized and
cross-polarized components are calculated and compared with millime-
ter wave experimental data, showing good agreement.

The range of validity of the present theory may be seen in Fig. 1.
The present theory includes the first- and second-order Kirchhoff ap-
proximations with shadowing corrections and is applicable to the re-
gion (E) where backscattering enhancement takes place. There have
been many attempts to extend the region of validity of conventional
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perturbation theory (FP) and Kirchhoff (KA) theory. For example,
phase perturbation theory (PP) attempts to bridge the region between
the perturbation and Kirchhoff theories. More recent work [14] extends
the region of validity of (PP) with computational advantages, while the
unified perturbation method (UPM) [24] covers a wider range of slopes
than the conventional Kirchhoff approximation. The present theory is
directed to the region of high slopes on the order of 0.5 to 1.5 which is
not covered by existing theories.

10.0 ,
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o = rms surface
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I = correlation
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Figure 1. Range of validity of the present theory. The present theory is
valid in the region (E) where backscattering enhancement takes place.
(KA) and (FP) are where Kirchhoff approximation and the field pertur-
bation theory are valid, respectively. (PP) is where phase perturbation
theory is valid.
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2. Formulation of the Mueller Matrix [M] and the
Cross Section Mueller Matrix [o]

Let us consider the wave scattered from two-dimensional rough
surfaces between two media, Figure 2. The scattered wave at the ob-

servation point 7 is given by

E(F) =V XV X7+ iwuV X T, (1)
where
Y
T = — ny X ngdSI
WeQ
T = L El X ﬁlgdsl
w

_exp [Zk ’71 — FQH

47 |71 — 72‘
E, and H; are the surface fields at 7, . If we write

Ey=Ey; + Eqs
Hy=Hq+ Hqs (2)
where (E1;, Hy;) are the incident fields at 77, then the contribution

to (1) from (Ey;, Hy;) is zero, and therefore we can write (1) using
FE1s and His in place of F1 and H;.

Sixyr)

Figure 2. Rough surface is given by z fi(x1,91), and the surface

element dS is at 7y = 212 + y19 + f1(z1,91)3. K; = ki and K = ko.
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The first-order Kirchhoff approximation (KA-1) for Eps is ob-
tained by using the incident wave for Eq;(E1; = F1) and calculating
FE1, from the local reflection coefficient. The second-order Kirchhoff
approximation (KA-2) is obtained by using the Kirchhoff approximat-
ing for the scattered wave from the surface. If we consider the very
rough surfaces, we can make further approximations using the geomet-
ric optics approximation and choosing the normal vectors n; and g
at the stationary phase points. See Figure 3.

O (KA1) b (xA2)

Figure 3. First-and second-order Kirchhoff approximations. The dotted
lines are for the first-order, and the solid lines are for the second-order
Kirchhoff approximations. 71 and 75 are chosen to be at the staionary

phase points.

Let us now consider the far-field scattering; we approximate g in
(1) by

explikR — iK - 7] T 15
pu— pr—
g AR ’ wo 3)

where R is the range from the surface to the receiver. Also note that
V =K , and thus we can write (1) as

. eikR_
E = F 4
- (4)
where
F = (’LF) X (lf) X 471’(4}60 /fbl X Flse_iE'FldSl

K _ —_
— M X /Els X ﬁleflK'Tldsl
4
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If we rewrite this as

[Ee] _ M [fn f12] |:Ez ] (5)
Ey R [ fo1 fo2] | Eig

then we can express the 4x4 Mueller matrix [M] relating the scattered
specific intensity [I] to the incident specific intensity [I;].

1

[s] = ﬁ[M][Ii] (6)
where
5] = 2Re<gngg> il = 2Re<éfeE?¢>
2Im(EpE;, 2Im(EipE},)
(fu1l?) (Ifr121?) Re(f11/12)
(M) = (|f21]%) (| fo2|?) Re(f21f35)

2Re(f11/31) 2Re(f12f35) Re(f11f3 + f12f5)
2Im(fi1f31)  2Im{fraf35) Im(fi1f3 + fi2f3)

—Im(f11f75)
—Im(f21f55)
—Im(f11 /5 — fi12f31)
Re(f11f52 — fi2f51)

The corresponding 4 x 4 cross section Mueller matrix per unit
area is then given by
A

0] = M) (7)

where A is the illuminated surface area.

3. First-Order Kirchhoff and Geometric Optics
Approximation

The first-order Kirchhoff approximation has been studied exten-
sively in the past. Here we give a brief summary using matrix notation
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which will be useful for the second-order Kirchhoff approximation to
be described in the following section.

The incident wave is given by E; = ¢;exp [iK; -71] and H; =
hiexp [iK; -71] with K; = ki. Thus writing the scattered wave as
Els = €15 exXp [l?l . 71] and ﬁls = Els exp [’Lfl . 71] , we get

oikR _

7 F (8)

Erga =

Fi = (iK) x (iK) x ’ /ﬁl X hyee {E-Ki)Ti g,

drweg
— (Z?) X i /513 X flle_i(K_Ki)'Fl dSy
47

Since this is the Kirchhoff approximation, €s and hi, are zero
in shadow regions and will be taken care of by the shadowing function
later.

Let us first examine €. This is the field locally reflected by
the surface, and the reflection coefficients are different depending on
the polarization. The reflection coefficient for the polarization (p-pol)
parallel to the plane of incidence is given by (Figure 4)

_ Vegcost — /e cos by
a \/€o cos B + /€1 cos by

For perpendicular polarization (s-pol), we have

v/ €0 cos By — /€1 cos B
R, = (10)
/€0 cos Oy + /€1 cos 01

where cosfp = 2-7y and |/egsinfy = /€1 sin 0 . Using the unit vectors
P and ¢ in the directions parallel to and perpendicular to the plane of
incidence, respectively, and using p, for the reflected wave for parallel
polarization, we write (Figure 4).

(9)

€1s = Rypr(p-e) + R14(q - &) (11)

where
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For the magnetic field hiy, we get

Els = E—Of‘ X €15 (12)
V o

We also note that under the geometric optics approximation, ni is
constant and equal to its value at the stationary phase point.

. K-K,
= == (13)
K — Ki|
Thus equation (8) is given by
Fi= " —(KxE x iy x#xer)—+ (K x g x 1)
47 k
X / e K=K g, (14)

where it is understood that the surface integral is over the illuminated
area.

Figure 4. Reflection coefficients.

The cross product in (14) can be expressed using the antisym-
metric matrix in the Cartesian coordinate system. For example B x C
is expressed by

_ 0 -B. B, ][C
BllC]=| B. 0 -B.||C (15)
-B, B, 0 C.
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Also we can express A x (B x C) by {A} [E} [C] where {Z} is the

antisymmetric matrix as shown in (15). Note that A x (B x C) is not
associative; A x (B x C) # (A x B) x C'. However with the antisym-
metric tensor matrix, the product is associative,

A ([ = ([ 3]) e

Using the antisymmetric matrix, we can express (14) in a more compact
matrix form. We get

fu = [0]'[H][6:])1 = Hu )y
fiz = 0] [H][¢i] )y = Hiz )y
for = [0]"[H][6:) 1 = HanJy
foo = [¢]"[H][¢)J1 = HaaJy (16)
where [0]T is the transpose of [0], [¢]" is the transpose of [¢], and
1= - (-1 [8] [Flmeg + [Fm) el an

Also note that

[Q] _ [Z] [nl] :
1= ([l ]

v] = @)

ipr] = [Fld]

=1

m] = Il (18)

If the incident wave is in the x — z plane, we have, in Cartesian

system,
cos 0 cos ¢ —cosb;
[0] = | cosOsing | ,[0;] = 0 ,

—sin @ —sin 6;
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—sin ¢ 0
[¢] = cos¢ |, [ =] 1],
0 0
(K] = ko], [Ki] = kld],
sin 0 cos ¢, sin 0;
[o] = | sinfsing |, [i] = 0
cos —cosb;

The cross sections per unit area of the rough surface are then
given by

47
= Opv = — H 21(1)
Opp = O A | 11|
47
Top = Oph = Z|H12|2I(1)
4
Oph = Ohy = Z‘HZIFI(D
47
where
W = ((1J}) = (J)(7))

Note that the coherent component (J;) is negligibly small for very
rough surfaces. The complete cross section Mueller matrix is obtained
using (16) in (6) and (7).

4. Evaluation of (J;J7) in the Geometric Optics
Approximation

In the geometric optics approximation, (Jj) is negligibly small.
(J1) is given by

<J1> — /<€Z(??1)F>dsl (20)
Letting

T=T+ f(xr,y)2 onthesurface,
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dz
dS1 = N dT = dzdy,

Kz - Kiz
K — K
cos 0 + cos b;
v/2 (1 + cos 6 cos 0; — sin 6 cos ¢ sin ;)

N,=ny-2=

we get

(J1) = /e—ﬁi <e—wzf> __

= (21)

This integral is over the illuminated region and therefore can be
expressed by the following integral over the entire surface using the
shadowing correction S, .

<J1> — /e—i5.5<e—ivzf> %Sc (22)

The shadowing correction S, represents the probability that the sur-
face is illuminated by the incident wave. If f is a Gaussian random
variable, then

<6—z’vf> _ e_%UQUQ,O'Q _ <f2> (23)
Also note
/e—i(E—Ei)'fdj = (277)25(E — Fi) (24)
Thus we get
6_2k202 cos? 0;
(1) = @n)6(F — ) S . >

N

where S2 = S(0;,6;) , and S(6;,0) is the shadowing function to be de-
scribed later. It is clear that (J1) is negligibly small for large ko cos6); .
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Now consider IV = (J1.J§) ; we get

//dv'ﬂldxl ﬁ-fd<efwzf1+ivzf1/> (26)

where o = B —R;, Tq = 71 — T, f1 = f(@1), fi’ = f(@), and
v, = K, — K;, . Now, for Gaussian variables f; and fy, we have

(exp —ivy f1 —iva fa) = exp —% (v12012 + 2010201020 + v22057)
(27)
where 012 = (fi%), 02> = (f2?), C = (fifa)/ (5102), and v =
—vg = v, . For very rough surfaces, v,202 > 1, and therefore we
expand C' in a series of powers of |Z; — T}| and keep the first two
terms,

O et 1k
where [ is the correlation distance. Thus we get
<e—Zszl+7/sz2> = exp |—v,%0 - (29)
where z4% = |71 — 7}|?. Substituting this into (26), we get
A 7l? V22
== _-_ ——1 S 30
N,2v,202 xp 4v,202 (30)

where
0,2 = k? (cos 0 + cos 0;)*

v = |R — ;| = k\/sin? 0 + sin% 0; — 2sin O sin 6; cos ¢

The shadowing function by Wagner is given by the following [25]:
In the back direction, ¢ =7 and ¢; =0,

S=S(6) for 0<0<0 (31)

S=2S(6) for <6< g (32)
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In all other directions, S is approximately given by
S = 5(6y,6,) (33)
The functions S(61), S(f2) and S(61,602) are given by

1
SOr) = (1 +erflu]) (1 —e ) — 34
(0r) = ( flog]) (1—e )2Fk (34)
S(01,62) = (1= ) erfz[q()glteg)m (35)
where _ i
91:5 0;, 9225_9’
| tan 6|
- =1,2
Vg 20 /1 k ,2,
1 6_9Uk2/8 e—vi
£ 5 + —(1—
* 2 ( \/3_77Uk ﬁfuk ( erf [Uk])

o, .

Figure 5. Anisotropic rough surface with the correlation distance [, in

the 2’ direction and [, in the 3’ direction.

If the rough surface is anisotropic such that the correlation dis-
tance is [, in the 2’ direction and I, in the gy’ direction (Figure 5),
then M in (30) should be modified to the following:

A 7l (F—7) - #°L> (&%) 7)1

- - S

7 —
N,%v,202 4v,202 4v,202

(36)
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For the shadowing function in (36), the correlation distance [ should
be modified to
72"\ \ 2 7.7\ )2
P =1l l
:(5) W50 e

5. Second-Order Kirchhoff Approximation

The field at 7; consists of the first- and second-order Kirchhoff
approximations, and we have already discussed the first-order case.
The second-order Kirchhoff field at 7; is obtained using the first-order
Kirchhoff approximation at 7o and propagation from 7o to 7.

The field E1(71) at 71 due to second-order Kirchhoff is given by

Ei1(71) =V X VX T +iwpV X T, (38)
_ i N
T = — TLQXHQQQdSQ
weQ
T = ~ EQ X N9 gadSo (39)
wi
where
(iklT1—To|
92 = 471"71 —72|'

Ey and Hy are the fields at 7o which are found using the Kirch-
hoff approximation. We also use real rays from 7o to 71, neglecting
evanescent waves, which is consistent with the geometric optics ap-
proximation. Green’s function ¢o is now expressed in Weyl’s integral
in the y-z plane.

ik 27 ) f
g2 = —= dg | sinadae (40)
0 C

" 82

f=i(ksinacosf)(y1 — y2)
+i(ksinasin §) (21 — 22)

+i(kcosa) |ry — m2|
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where C' is the contour from a =0 to 7/2 to —ioco. However, to
be consistent with the geometric optics approximation, we use only
the real ray from o =0 to 7 /2 and ignore the evanescent wave. For
convenience we use the angles oy and vy in Figure 6 and get

ik w/2 /2 -
92(T1 —T2) = —/ dwo/ cos apdage 1 M) (41)
-7 /2 —7/2

where

K1 = K4+ = kcos ag cos g 2+k cos ag sin g §+ksinag 2 for 1 > xo

Kl = Fl_ = —FH_ for x1 < i)

Note that K{_ is obtained from K, by changing oy — —ag and
Yo — Yo+ .

X

Figure 6. The wave number vector E in real space for the Green’s

function go

The field E; at 71 can be expressed using the 3x3 matrix [H]
in (17). The matrix [H] is a function of K and K; for the first-
order Kirchhoff approximation. For second-order scattering, we use
[H] which is a function of K1 and K; to represent the Kirchhoff
approximation at 7, and propagation from 7o to 71, and [H|; which
is a function of K and K; to represent the scattering at 7; in the
direction of K . Thus, we get

[H]® = [H]1[H]» (42)
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where

ik w/2 w/2
L=— dipg / cos o doyg
2m -7 /2 —7/2

[H]1 = [H] with K and K
= [H] with K; and K;

JQ_// —i(K—K1)T1—i(K:1—K )mds dS2

where the surface integrals are over the illuminated region, which will
be represented by shadowing corrections later.

The cross section Mueller matrix per unit area of the rough surface
for the second-order Kirchhoff approximation is then given by

090 = Opy = %Eﬁ'*HS)Hﬁ)/*[@)
00 = Ovh = %LE’*H{? 2" 1
T4 = Ohy = %Eﬁ’*HQ(? 72" 1@
Tpp = Ohh = %ﬁﬁ’*HQ@ 2" 1@ (43)

where

HY = [0 [H))[9;)
HY) = [0]1H]?[6/]
HY = [6]'[H]®6]
HE = [¢]'[H]@[¢] (44)

6. Evaluation of the Ladder Term (J5, Jo. ")

The expression for Jy is given in (42). However, as stated in
(41), Jo consists of the term Jy; for x; > x9 and the term Jy_ for
1 <x9.

Jo = Joy + Jo_ (45)
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We can therefore write

(JoJ2") = (Jor Joi ™) + (Ja—Jo—7) + 2Re(Joy Jo-7) (46)

The first two terms of (46) represent the ladder term, and the last one
represents the cross term which gives rise to enhanced backscattering.

Figure 7. Change of variables.

Let us first consider (Joi.Jo,*). Here we use K1 = K1, . On the
surface, 71 = T1 + f1Z and To = To + fo2 . We also use

N2 — (cos B — sin ag)?
#1721 — sinf cos ag cos(¢ — 1) — cos O sin ay)
. 0 2
N2, = (sinag + cos b;)

2 (1 — (cos ayg sin 6; cos 1y + sin ag cos 6;))
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We also use the following change of variables from 77 , E’l , To, 5’2 to
T1d, Tic, Tod, T2c, see Figure 7.

Furthermore, we use

Te = (T1c + JIQC) /2 (49)
Also note that
o @T1+ibTs _ —iCTa—idT. (50)
where
C—(a+l_)) /2, d=a—b,
xc—(x1+f2>/2, Tqg=1T1 — T2

It is also reasonable to use the approximation that f; and fo are
uncorrelated. Thus, we get

A
(Nlez2) (NzllNz2,)

(Joy Joy®) = b1 ¢2 Fy So (51)

where

o1 —/6 1T By (214)dT g

e~ 2 T2 By (194)dTag

v1c—( +(F-R)) /2= (v1+7)) /2
2e=(F1—F)+ (Rl —Fi)) /2= (02 +7}) /2
(l'ld) - <€ W(K—Kiz) [i+i(K.— K. )f1'>
<e—wlzf1+zv1z’f1 )
By(2q) = <e (K12 —Kiz) foti(Ki' =K' )f2’>
<€_Z'U2zf2+7ﬂ)2z f2! )
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where

—F1, U] =FK—FK,

|

S
I
=

— — —/ — —
2 =K1 — Ki, Uy =K —K;

3|

R=ksinfcos¢pz + ksinfsingy
R = ksin6; &
R1 = kcosagcosg T + kcosagsinyg g
R = kcosag’ cos by’ & + kcos ap' sinpg’ §
v, = K, — K1, = kcosf — ksin ag
v, =K, — K1, = kcos — ksinag’
vo, = K1, — K;, = ksinag + k cos 6;
v, = K1, — K;, = ksinag’ + k cos 6;
e = (01 +71) /2
Toe = (V2 +0h) /2

Fy represents the propagation from 7o to 77 .
b= /e_i(?l_n)id Sp(xq) dTq (52)

Sp(xq) is the propagation shadowing function, and S is the
angular shadowing function for the second-order Kirchhoff approxima-
tion.

Let us first consider B;. We assume that the height f; is nor-
mally distributed, and therefore we use

<€—i’U1f1—i’U2f2> — 67%(U%U%+U§0’§+2U1U201020) (53)
where o? = (f2), 02 = (f2) and C = (f1fs2) /(c102) . For our prob-
lem in (51), we get

2

By (:L’ld) = exp [—% (’U%Z + Ulz/2 -2 'Ulzvlz/ C(mld)):| (54)

We also use the geometric optics approximation, (28), and obtain

o2 2 12 2 12
¢ = e~ T (W1=mv1s) <77T ) exp [—7010 ] (55)

U2U1zvlz/ 40'2171,2711/
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where v, = [U1c] = (U1 + 7)) /2. Similarly, we get

02 2 l2 l2
po = e~ T (v2=7v22") <7ﬂ- /) exp [—71)26 ] (56)

0'27)22”22 402 V9, V2,

where vy, = WQC‘, Voe = (52 + 52,) / 2

Now consider the propagation shadowing function S,(z4). As
shown in [17] and [18], we note that the second-order wave propagates
only over the distance until it is intersected by the surface. Thus we
write Sp(zq) as

Sp(wa) = e "2/ D" (57a)

belive where D is the mean distance the wave propagates without
being interrupted by the surface. For D, we use the mean duration of
a fade at the level hg = /20 given by

D(ho):geh%“ )<1+erf[\/_a]> (57b)

where Q = /2 /1. We then get D = 11.13] [17]. The integral for Fj
in (51) can now be evaluated for z; > x5 . We have

/di‘d :/ dyd/ dzd/ dxg
—00 —00 0

This integral can be expressed using error functions, but noting that
1 2R, we get

wD? 9 D?
Fd%Texp[ |71 — R 1 ] (58)

where
71— ”y|* = K2 (C082 g 4 cos? ag — 2 cos o cos o’ cos (1 — wol)) .
We conducted a study on how sensitive equation (51) is to the
value of the propagation distance D . We also studied numerically the

sensitivity of the power conservation to D. We concluded that the
results are not sensitive to the value of D for the examples we studied.
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The shadowing function Sy in (51) includes shadowing for the
incident wave at 6;, for the scattered wave at 6, and for propagation
at the angles ap and gy’ . Thus we write

Sy =5 (g - 92-) s (g - 9) (1-S(ap)) (1-S(ad))  (59)

7. Evaluation of the Cross Section for the Ladder
Term

Let us first find the second-order Kirchhoff approximation for the
cross section gl arising from (JoyJoy*). We have from (43)

ir . :
off = ecrauy 1 (60)

1P = (T Jay)

We note, first of all, that K ~ Kll , and therefore we can let
2) 1r(2)"* 2
Hl(l)Hl(l) = |H1(1)’2 (61)
(NleZZ)(NzllNZ2/) — (Nlez2)2

However, we cannot let k1 = &} in (58). Thus the operator £’ operates
only on Fj, and other factors in (61) are all evaluated with L.

Let us first perform the integration with respect to vy’. Noting
that g ~ " in (58), we let

(vo — 1/10’)2

cos (o — thy') = 1 — 5

(62)

We then perform the saddle point integration and get

2yT

kD+/cos o cos ag’
(63)

k% D?
/dz/)g’exp [— 1 Cosapcos oo’ (Yo — ¢0’)2 ~
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Next we perform the integration with respect to ag’. We have

/2 k2D? 2
= / Vcos o’ dag’ exp | — 1 (cos aQp — COS ao’) S (Oéol)
-7 /2

(64)

This integral cannot be evaluated using the ordinary saddle point
technique since the second derivative in the exponent goes to zero
as ap — 0. An approximate integration can be done by noting that
most contributions come from the region of small ag and ay’. We
let cosag’ ~ 1 — ap?/2 and cosag’ ~ 1 — a0’2/2. Then we get
approximately

[e.e]

2D2 2
dag exp [—k <a02 - 040/2) ] (65)

F2 = 4/COS (¢py SQ (ao)/ 16

—0o0

This can be evaluated using [26] (Gradshteyn and Ryzhik, p. 339):

(3] 1 /2v .2 v?
e hat=2wa? g = 4V o K. [_] , Re(u) >0 66
/ W B ] =0

where p = % and v = —kiéﬂ ad . For small ag, v?/(2u) is small,
and we use 1/4
1 1 2
K% (Z) ~ 5 I |:Z:| (;) (67)
We then get
k2D%a}
oxp [ 2020

Fy = \/cosap S(ap) 2T E] VkD

Finally we get

w/2 w/2
Ozzg = 47T/ CcOS OéodOéo/ dY/JO [011]2+
- /2 - /2

2
(o)t = ( i ) !Hff)PMFzSz(ao)

% (Nz1N22)2
mD?\ 47 1 —k*D?%a
= Tz = "0
i ( 2 )(kD)3/2 M exp[ 32 ]

s

Sy =5 (5 - 92-) S (g . 9) (1 - S(ap))? (69)
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where Hg) is given in (44), ¢1 and ¢o are given in (55) and (56),
and S(ap) is the shadowing function given in (34) with 6 replaced
by Qg .

Using Hi2, Ho1, and Hayy given in (43), we get the second-order
ladder Kirchhoff cross sections for oy, 049, and o4e. For Jo, we
use K1 = K1 given in (41), but this is the same as replacing vy by
(m + o) and a9 by —ag. Therefore the formula (70) is valid using
(m+ 1) in place of 9 and —ayp in place of «p.

Finally the ladder cross section agg for the second-order Kirchhoff
approximation is given by

Ogog = Oy + 05y (70)

where Ug;r is given in (70), and Ug; is obtained using K;_ for K.

8. Evaluation of the Cyclical Term

Let us now consider the cyclical term (Ja4Jo—*) . The scattering
cross section per unit area is given by

dr o .
o1 = 2Re | TLL 2" 1@ (71)

where

HY = [0)'[H]) 6]

[H]® = [HL1[H]»

and [H]; is evaluated with K and Ky while [H]y is evaluated with
K14 and K. However H®' | is given by

HP' = (0] [H]?']0] (72)

!/

[H]?" = [H],[H]2

and [H],' is evaluated at K and K, _ and [H]y' at K,  and K,,
) @ . .
see Figure 8. I;” is given by
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I(EQ) :/ dfldEQ e—i(?—?1+)?1—Z‘(?H_—?i)-Fz
leN2z

// dT\dTy §(R-R,_ )7 +i(Ry )7
le N2z
X SpSac (73)

where Nj, is evaluated at K and fH and Ny, at EH and K.
Ny, is evaluated at K and K;_, and N2, at Ki— and K;. S, is
the propagation shadowing function, and Ss. is the angular shadowing
function.

(b)

Figure 8. (a) Ladder term (J2yJ>. ") and (b) cyclical term (JoiJo_ ™).
The dashed lines represent the conjugate waves.
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Following the procedure in the last section, it is possible to express
(73) in the following form:

I?) = Ag1poP (74)

where A is the area and
N — _ _
o1 = | exp —i3 (K} —Fi — K1+ + "51—) - T14B1(214)dT14
Bi(214) = (exp —i (K, — K12) f1 +1i (K" — Ki2) f2)
I _ _ _
¢2 = | exp —i5 (R —Fi + Fiy — K| ) - TogBa(w2q)dTaq
Bo(z24) = (exp —i (K1, — Kiz) fo + i (K. — Ki.') fi')

P= /exp —i (R4 Ri — Ry — F1_) - T1aSp(24)dTy

The general expression (73) is now simplified using approxima-
tions. First, we note that the two rays with %14+ and R}_ are close,
F1+ ~ —Rj_, and therefore P is sensitive to the difference between

1%
1+ and —R)_ . However, other factors HS) , Hl(?) , 01, and oo
are not sensitive to this difference, and therefore we can evaluate these
factors at K14 = —R}_, and L operates only on P. Also we approx-
imate B; and By according to the geometric optics approximation
used for the ladder term. We also use
i

Sp(zq) = exp [—ﬁ} (75)
Then we obtain

D? 4 1

F.=[,'P= W_i z
2 (kD)3/2" |4
272

32

exp |— (a% + 2(sin 6 cos ¢ + sin 9,;))2] (76)
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Finally we get

w/2 w/2
035 = 87T/ COS O dOdo/ dwg [011]26 (77)
-7 /2 —/2

Sa(ap)

1%
[o11]% = <£>2 HS)HS) o1 2 F
2 (AklAQQF

1k
where Hl(f) is given in (44) with R4, Hg) is given in (44) with
k1 =Fk1— = —R1+, and

ml? o, N2 |[F—F;— 2R, |?
=——exp|—— (v —vy')" —
2 0201 ,V9, P [ 2 ( L 2) 402v1,v9,’
ml? o2 N2  |F—Fi+ 2R, |2
=—exp|—— (v9, — v —
92 0201 ,V9, p[ 2 ( % 1Z) 40201, v9,

!/
v, = K, — K1, v, =Ky, — K;

9. Numerical Examples and Comparison with Mil-
limeter Wave Experiment

The first-order Kirchhoff approximation for the scattering cross
section Mueller matrices is given by (19), (16), and (7). The second-
order approximation consists of the ladder term for the positive trav-
eling and negative traveling waves given in (70), and the cyclical term
given in (77). Numerical calculations are performed for the co-polarized
and cross-polarized cross sections in the plane of incidence. In Figure
9(a), numerical examples are shown for TE waves (incident wave in
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horizontal polarization) for the conducting surfaces (o = 1A, I =4\),
(c=1X\,1=3\), (6 =1\, l=2)\),and (o = 1A, [ = 1.4)\). This
is the co-polarized case corresponding to opp. Note that the first-
order term is significant for (o = 1A, | = 4)\), but as the slope
increases, the first-order contribution decreases, and the second-order
contribution becomes comparable to the first-order. In Figure 9(b),
the cross-polarized case o, is shown. Note that the first-order term
is zero as expected, and the total cross-polarized cross sections increase
with the increase in slope. Note also that the cyclical (cross) terms con-
tribute to the enhanced backscattering, and the enhancement increases
with the increase in slope. In Figures 10(a) and 10(b), the co-polarized
and cross-polarized cross sections o, and oy, for vertical (TM) inci-
dence are shown for a dielectric surface with relative dielectric constant
7+ i13. The general shapes of the scattering patterns are similar to
those for conducting surfaces; however, the magnitudes are reduced
considerably due to transmission and absorption of power into the
surface. Figures 11(a) and (b) show the co- and cross-polarized cross
sections opp and o,y for horizontal (TE) incidence for the dielectric
surface. In Figure 12, experimental data for conducting surfaces are
shown for (a) the co-polarized cross section op, and (b) the cross-
polarized cross section o, for horizontal incident polarization and (c)
the co-polarized cross section o, and (d) the cross-polarized cross
section oy, for vertical incident polarization. Note that as the slope
increases, the peaks for the co-polarized cross section shift from specu-
lar to backscattering directions, and the cross-polarized cross sections
show clear backscattering enhancement.



28

Scattering Angle (deq)
(@)

Ishimaru et al.

=17, |=4) o=1A, I=4A
5[ Tofal 5[~ Tofal
a4t - F?rst Order = ] b£> 4 — First Order ]
bﬂ —- Lodder_T&rm ™ > —. Ladder Term
Coske Cross JFerm N ] g 3b Cross Term ]
© 3 Q
> 27 ] 6 27 1
(2]
S it 1 gt 1
0 I b 0
—90 -—45 0 45 90 -90 -45 0 45 20
Scattering Angle (deg) Scattering Angle (degq)
o=1x, |=3x o=1A, =3\
5[ Totat ST Tofal
€ 4 — First Order J bg 4L — First Order ]
£ — Ladder_Term —- Ladder_Term
© | --- Cross Term ] X L --- Cross Term i
.3 o 3
© R ‘ll
|G‘ 2r 2 N 1 ® 2r 1
o) 3 ©
1t 1 o1t 1
° 0 B C gl AT T
-90 -45 0 45 90 -90 -45 0 45 90
Scattering Angle (deg) Scattering Angle (deg)
a=1A, |=2A o=1A, I=2A
S Tofal ST Total v
g4t - Fiorsct rder J b_g 4 |— First Order ]
- — Ladden| Term — Ladder_Term
© | --- Cross [Jerm ] = |--- Cross Term E
2 3 g 3
8 _ E |2} E
2 - @
o) ~
1r &7 —n D 4 o 1t ]
&} . gl 2\ 5, i
—-90 —45 0 45 90 -390 -—-45 0 45 a0
Scattering Angle (deg) Scattering Angle (deg)
o=1A, I=1.4A =17, I=1.4A
5[ Total 5[ Total
4l - F(i)rsot Order 1 b_g 4 |— First Order ]
o —- Lodder, Term —. Ladder_Term
Dok Cross fferm J 5 3F Cross Term |
L - J b J
é 1+ - A ] 3 1 |
° 0Lz — oW S 0
—90 -—45 0 45 90 -90 -45 0 45 90

Scattering Angle (deg)
(b)

Figure 9. (a) The co-polarized cross section oy} and (b) the cross-polarized
cross section o, for horizontal (TE) incident polarization. Plots are for
incident angle §; = 20° and conducting rough surfaces. All cross sections
are plotted in linear scale.
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Figure 10. (a) Co-polarized cross section 0., and (b) cross-polarized cross

section oy, for vertical (TM) incident polaization. Plots are for incident

angle 6; = 20° and dielectric rough surfaces with relative dielectric per-
mittivity €,0 =7+ 113
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Figure 11. (a) Co-polarized cross section o(hh) and (b) cross-polarized
cross section oovh for horizontal (TE) incident polarization. Plots are
for incident angle 6; = 20° and dielectric rough surfaces with relative
dielectric permittitivity €,0 = 7 4+ ¢13.
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Figure 12. Experimental data (a) for co-polarized cross section o) and
(b) for cross section 0, for horizontal (TE) polarization. Experimental
data (c) for co-polarized cross section o0,, and (d) for cross-polarized
cross section op, for vertical (TM) polarization. Plots are for conducting
rough surfaces, fabricated using A = 3mm and are averaged over 95-
100GHz. The incident angle §; = 20°, and the legend refers to (0,t) in

wavelengths.

Comparison between theoretical calculations and experimental
data are shown in Figure 13 for horizontal incident polarization (TE).
The data are smoothed with moving averages. Note that agreement is
good for the cases (0 =1\, I =4X),(c =1\, Il =3)\),and (0 = 1\,
[ = 2)\). However there are some discrepancies for the high slope case
(o0 =1\, I =1.4)\). The difference may be due to the approximations
used for the shadowing functions, and this also indicates a limitation
of the present theory. Experimental data are obtained using a receiv-
ing horn with a field of view of several degrees, which yields averaged
experimental data for which any sharp peak within a few degrees is
smoothed. Figure 14 shows a comparison between theory and experi-
ment for incident polarization (TM). Note that the analytical results
for the TE case are identical to the TM case since the local reflection
coefficients are unity under the geometrical optics approximation. In
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general the analytical theory and experimental data agree well both
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for magnitude and shape for the region noted in Fig. 1.

—-90 -45 0 45 90
Scattering Angle (deg)

o=1A, [=4A o=1A7, |=4x
< i L Ez;ggmv’eﬁ s o_g i L Eg;ejgll:lyment i
.; 3t 3 3f 1
‘I-’- 2r I& 2r 1
S gy 1
o] 0

—90 -45 0 45

Scattering Angle (deg)

90

o=1A, I=3A o=17, 1=3\
5 Theory e S Theory
4t Experiment o 4F Experiment ]
s S ..
. 3F 5 3t ]
S a
&2 b 2T 1
12}
8t ° 1t
0 o :
-90 -45 O 45 90 -90 -45 O 45 90
Scattering Angle (deg) Scattering Angle (deg)
o=1A\, |=2A g=1A, [=2A
5= Theor: < 5= Theory \
4t Exper\mgnt e Experimen ]
S o -
L 3 © 3r
o a
& 2r ho2r 1
w
S it : ° 1t 1
0 © ol s
-90 -45 O 45 g0 -90 -45 O 45 90
Scattering Angle (deg) Scattering Angle (deg)
o=1\, I=1.4A o=1A, [=1.4)
5[=1h 5[ = Theor
sS4t Ex;g{mgnt 1 :; 4t Exper%/ment 1
5 [ .
L 37 9 3r 1
(o]
T 2r 1 b oar 1
St St
0 ° o

-90 -45 0 45 90
Scattering Angle (deg)

(a)

—-90 -—45 0 45

Scattering Angle (deg)
(®)

90

Figure 13. Comparison between theory and experiment. (a) The co-
polarized cross section o) and (b) the cross-polarized cross section o,y
for horizontal (TE) incident polarization. Plots are for incident angle
0; = 20° and conducting rough surfaces. Experimental data are averaged
over 95-100GHz, and the surfaces are fabricated using A = 3mm.
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Figure 14. Comparison between theory and experiment. (a) The co-
polarized cross section 0,, and (b) the cross-polarized cross section
Ohy for vertical (TM) incident polarization. Plots are for incident angle
0; = 20° and conducting rough surfaces. Experimental data are averaged
over 95-1000GHz, and the surfaces are fabricated using A = 3mm.
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10. Summary and Conclusion

We presented an analytical theory for polarimetric scattering by
two-dimensional rough surfaces with an rms slope of order unity. This
is the range where backscattering enhancement takes place. Calculated
results agree well with millimeter wave experimental data. It should
be noted, however, that this theory is based on several approxima-
tions. Shadowing corrections are important for accounting for higher
order scattering. However, the exact form of the shadowing functions
for second-order scattering needs further study. Reduction of the four-
fold integrals to double integrals is important in obtaining numerically
manageable formulas. However, this reduction involves approximations
which could be improved further. We also assumed that the correla-
tion between first- and second-order scattering is negligible. This is
reasonable for the geometric optics approximation used here. However,
this correlation needs to be included if the theory is to be extended
to wider ranges of parameters. The theory is applicable to two me-
dia problems. However, if the second medium is lossless,the theory
gives poor results because the wave penetrates through one part of the
surface and emerges at another part of the surface. In spite of these
limitations, the theory gives an approximate formula for the complete
Mueller matrix for scattering by two-dimensional rough surfaces and
includes backscattering enhancement.
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