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ABSTRACT: Lasers emitting visible light based on high harmonic generation (HHG) have significantly enhanced measurement capabil-
ities, enabling new applications across precision metrology, attosecond science, and ultrafast time-resolved spectroscopy. This paper
discusses the theoretical framework of HHG with a focus on nonlinear effects, examining in depth second-harmonic generation (SHG)
and third-harmonic generation (THG) mechanisms, as well as a thermal nonlinear model for pump stability analysis. The current state
of HHG within integrated optical circuits is reviewed, with a particular emphasis on its implementation in high-index doped silica glass
micro-ring resonators (HDSG MRRs). We conclude by addressing future directions for optimizing these systems to expand their appli-
cability in advanced photonic technologies, highlighting their potential for innovation in both applied and fundamental sciences.

1. INTRODUCTION

High harmonic generation (HHG) has emerged as a key tech-
nique in nonlinear optics, facilitating the production of co-

herent light at multiple harmonics of a fundamental frequency,
spanning the visible to extreme ultraviolet (EUV) range [1–
4]. This nonlinear optical phenomenon is driven by intense
laser-matter interactions and has demonstrated strong poten-
tial when being integrated into on-chip optical platforms [5],
paving the way for compact, efficient photonic devices that can
transform fields such as telecommunications [6], quantum in-
formation [7], and sensing [8, 9].
A significant advantage of optical waveguides lies in their ca-

pacity for advanced phase matching [10], the condition where
the phase velocities of interacting waves in a nonlinear medium
are equal, ensuring that the waves maintain a constant phase
relationship over the interaction length, including birefrin-
gent [11–14], quasi-phase mode in bulk nonlinear optical crys-
tals with periodic structures [15], and Cherenkov radiation-type
phase matching [16, 17]. These methods offer enhanced wave-
length range and conversion efficiency [10] for nonlinear pro-
cesses.
Among structures for the enhancement of nonlinear optical

effects, micro-ring resonators (MRRs) stand out for their high-
quality (Q) factors and capacity to confine light within small
volumes. This feature amplifies local electromagnetic fields,
making MRRs ideal for driving nonlinear processes such as
second-harmonic generation (SHG) and third-harmonic gener-
ation (THG), whose visible emissions have utility inmonitoring
applications [18]. MRR based on the high-index doped silica
glass (HDSG) platform further strengthens these nonlinear in-
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teractions by combining strong material nonlinearity with re-
fined dispersion engineering.
This paper delves into the fundamentals of MRRs and their

role in enhancing HHG on integrated nonlinear platforms, fo-
cusing specifically on HDSG. We also present a detailed the-
oretical analysis of nonlinear effects in integrated optical sys-
tems, including SHG and THG, supported by simulations and
experimental data. Finally, we propose future pathways for op-
timizing these systems within integrated photonics.

2. FUNDAMENTALS OF MICRO-RING RESONATORS
This section outlines the primary guiding properties of MRRs
as they relate to the HHG process.

2.1. Structure

The research on optical coupling between waveguides and
MRRs is burgeoning [19]. An optical dielectric waveguide typ-
ically consists of a dielectric core surrounded by materials with
lower refractive indices. One of the first simulations of an in-
tegrated ring resonator for bandpass filtering was conducted by
Marcatili in 1969, and theMRR has since become a cornerstone
for both passive and active components in optical circuitry [20].
The basic design of a ring resonator involves unidirectional
coupling between a ring and a waveguide [21, 22]. Figures 1
and 2 illustrate a typical MRR structure with four ports: input,
throughput, drop, and add, for a detailed discussion see Rabus
(2007) [23]. When the ring’s circumference matches an integer
multiple of wavelengths, resonance occurs, building up optical
power within the resonator. Transmission through the through-
put port results from the interference of the incident wave with
the wave coupled from the ring to the straight waveguide.
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FIGURE 1. Configuration of the MRR channel dropping filter [23] with
input, throughput, drop, and add ports. The MRR is resonant at wave-
lengths λ2 and λA, enabling selective wavelength filtering. At the In-
put Port, a signal containing multiple wavelengths (λ1, λ2, λ3) en-
ters. Resonant wavelength (λ2) couples into the ring resonator and is
directed to the Drop Port, while non-resonant wavelengths (λ1, λ3)
propagate to the Throughput Port. The Add Port introduces wave-
length λA into the system, which can couple into the ring or pass to
the Throughput Port. The coupling regions facilitate energy transfer
between the waveguides and the ring resonator.

FIGURE 2. Model of a single MRR with an add-drop structure [23]. t
and κ denote the coupling parameter between the bus waveguide and
the micro-ring.

Several basic figures of merit which are usually adopted to

define the MRR include free spectral range (FSR) FSR = λ2

ngL
,

which is the spacing between two successive resonant peaks.
The full width at half maximum (FWHM), the 3 dB bandwidth

of the resonance peak, is given by FWHM = 2δλ = κ2λ2

πLneff
,

withL = 2πR, whereR is the radius of the ring from the center
of the ring to the center of the waveguide, and α is the loss
coefficient of the ring (α = 1 when lossless). ng represents the

group refractive index and is expressed as ng = neff − λ
∂neff
∂λ .

The Finesse F = FSR
FWHM = ∆λ

2δλ ≈ π
κ2 (κ ≪ 1) of the MRR,

largely determined by the loss of the MRR. The quality factor

Q is a measure of the sharpness of the resonant peak, defined
as the ratio of the operation wavelength to the resonance width,

and is a dimensionless parameter, where Q = λ
2δλ =

neffL
λ F ,

with QL, QC , and QI representing the loaded, coupling, and
intrinsic quality factors of the resonator mode, respectively,
1

QL
= 1

QI
+ 1

QC
. The intrinsic Q of the MRR, QI , is the

characteristic of the resonator itself, without any loading effects
such as coupling to the bus waveguides. When being coupled to
the bus waveguide, the resonator experiences additional losses
within the cavity that decreases its Q value, hence the intrinsic
Q is always greater than the loadedQ,QI > QL. In this paper,
the Q-factor refers to loaded Q unless specified otherwise.
When light propagates in anMRR, constructive interferences

occur at certain wavelengths, leading to the buildup of intensity
in the ring. This is referred to as “on resonance”. The intensity
enhancement factor B for the on-resonance case is introduced
as [23]:

B = FE2 =

∣∣∣∣ Er

Ei1

∣∣∣∣ = ∣∣∣∣ −κ∗
1

1− t∗1t
∗
2α

∣∣∣∣ (1)

where FE denotes the corresponding field enhancement. This
property makes MRRs well suited for the use as nonlinear opti-
cal devices due to the substantial intensity enhancement within
the ring.

2.2. Dispersion
Dispersion occurs when electromagnetic waves interact with
confined electrons in materials, where the medium’s response
varies with the wavelength of these waves. This phenomenon,
known as chromatic dispersion, describes how the refractive in-
dex n(λ) depends on wavelength. The origin of dispersion is
generally linked to the medium’s characteristic resonance fre-
quency, at which electromagnetic waves are absorbed due to
the oscillation of bound electrons.
In a single-mode waveguide, different spectral components

of a pulse travel at slightly different group velocities, a process
called group-velocity dispersion (GVD). This kind of disper-
sion has two main contributions: material dispersion (DM) and
waveguide dispersion (DW). Material dispersion arises from
the wavelength-dependent changes in the refractive index of the
material itself, which can often be approximated by the Sell-
meier formula [24] when the wavelength is far from the reso-

nance frequency of thematerial. n2(λ) = 1+
∑
i

Aiλ
2

λ2−λ2
i
, withλi

being the resonance wavelength and Ai the oscillator strength
with λ in unit of µm. Sellmeier coefficients of several inte-
grated materials are given in Table 1.
Dispersion plays a crucial role in the propagation of opti-

cal pulses, as different spectral components travel at different
speeds. The effect of waveguide dispersion is represented by
expanding the mode-propagation constant β in a Taylor series
around the frequencyω0 at which the pulse spectrum is centered
β(ω) = n(ω)ωc = β0 + β1(ω − ω0) +

1
2β2(ω − ω0)

2 + . . .,
where βn is the nth-order dispersion and defined as βn =
( d

nβ
dωn )ω=ω0

(n = 1, 2, . . .) [27]. The material dispersion pa-

rameterDM is defined asDM = d
dλ (

1
νg
) = − 2πc

λ2 β2 ≈ −λ
c
d2n
dλ2 .
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TABLE 1. Sellmeier formula of different integrated materials.

Material n0 @ 1.55µm
Sellmeier coefficients

Ref.A1 A2 A3

λ1 λ2 λ3

Si 3.4777
10.6684293 0.00304347484 1.54133408

[24]
0.301516485 1.13475115 1104

SiO2 1.4440
0.696166300 0.407942600 0.897479400

[25]
0.0684043000 0.116241400 9.89616100

Si3N4 1.9963
3.02490000 40314

[26]
0.135340600 1239.84200

HDSG 1.6981
1.90367004 −159.983127 170.332914

/
0.116837490 13.8135978 14.1421356

HDSG 1.6007
1.58175652 −175.206106 171.058202

/
0.107272080 14.1421356 13.8886677

It can be inferred that material dispersion primarily depends on
material-specific parameters and may reach zero at a certain
wavelength, termed the zero-dispersion wavelength (ZDW) of
the material.
Waveguide dispersion, on the other hand, is an effect of the

waveguiding structure itself. In single-mode waveguides, dif-
ferences in refractive index across various regions cause dis-
persion even when material dispersion is absent. It means
that different frequency components of the fundamental mode
propagate at different velocities within the waveguide due to
these refractive index variations, resulting in persistent disper-
sion. The magnitude of waveguide dispersion is closely related
to the specific refractive index distribution of the waveguide.
The value of waveguide dispersion can be approximated by
DW = −nc∆

3λ ×104[0.080 + 0.549(2.834− V )2] ps/(nm·km),
where V -value (1.3 < V < 2.4) is the normalized frequency of
the waveguide [28], and λ is measured in µm. In single-mode
systems, waveguide dispersion is generally negative, and mate-
rial dispersion often exceeds waveguide dispersion. However,
near the ZDW, their effects can become comparable. By care-
fully designing the waveguide structure, it is possible to bal-
ance waveguide dispersion against material dispersion [29, 30]
to achieve desire results. Figure 3(a) shows the first exper-
imental demonstration of anomalous GVD in silicon waveg-
uides across the telecommunication bands [31].
Although adjusting the waveguide cross-section is a straight-

forward and widely-used method for dispersion engineering,
expanding design options to achieve more precise control
of GVD can offer significant advantages. For example,
in 2016, Vahala’s group introduced a technique to litho-
graphically control higher-order dispersion over an octave
of spectrum by fabricating multi-wedge silica disks, with
precisely controlled wedge angles and radial positions, as
illustrated in Figure 3(b) [31]. Other methods include using
integrated microheaters to control the coupling between two
cavities with slightly different path lengths, enabling modal
dispersion engineering in dual-cavity coupled Si3N4 MRR,
as shown in Figure 3(c) [32]. Additional approaches involve
conformal coating with hafnium dioxide deposited on top of

the Si3N4 core structure via atomic layer deposition (shown
in Figure 3(d)) [33], as well as higher-order modal index
matching [34] and spatial-mode-coupling [35], which offer
further avenues for effective dispersion engineering.
One method to determine the dispersion of the MRR is from

the experimentally measured resonant wavelength [36]. By
simulating the effective index at the excitation wavelength, the
mode orderm can be determined bymλm = nmL = nm2πR,
with λm being the experimentally measured resonant wave-
length at themth resonance with effective index nm. The prop-
agation constant βm at each resonance m can be calculated as
βm ≡ nmωm

c = m
R . To account for waveguide dispersion ef-

fect, the effective refractive index, calculated as a function of
wavelength, should use βm =

2πneff
λ . In silicon-based devices,

the group index typically exceeds the ordinary refractive index,
influencing the phase velocity. The GVD parameter β2 can thus
be determined by β2 = − λ2

2πc2
∂ng

∂λ .

2.3. Nonlinear Parameter
The nonlinearity of the optical waveguide depends on the prop-
erties of the nonlinear material and the intensity distribution of
electric and magnetic fields in the waveguide. The field dis-
tribution within the waveguide is typically nonuniform, with
stronger intensity at the core than the cladding. To account for
these variations, the effective mode area is used to calculate the
nonlinear parameter [37], defined by modal field distribution as
follows:

Aeff =
Z2
0

n2
inter

∣∣∣∫∫Dtot
Re [E (x, y)×H∗ (x, y)] dxdy

∣∣∣2∫∫
Dinter

|E (x, y)|4 dxdy
(2)

where Z0 represents the vacuum wave impedance. Re[] is the
real part. E andH are the electric and magnetic field amplitude
respectively, with the asterisk (*) denoting their conjugates.
Dtot is the area of the total simulation domain, andDinter refers
to the area of the nonlinear material. It is essential that the prod-
uct of the square of the refractive index and the integral of the
electric field distribution raised to the fourth power (in denom-
inator) encompass the entire area of the nonlinear material. If

29 www.jpier.org



Li et al.

(a) (b)

(c) (d)

FIGURE 3. (a) GVD as a function of wavelength for a fixed aspect ratio of 1 : 1.5 (height to width) across cross-sectional areas of 0.09µm2,
0.20µm2, 0.40µm2, and 0.56µm2 [29]. By controlling the degree of waveguide light confinement, dispersion engineering is enabled. (b) SEM
images showing the profile of a quadruple-wedge resonator. Inset: profiles for a single- (top, scale bar = 10µm) and double-wedge resonators
(bottom, scale bar = 10µm) [31]. (c) Micrograph of fabricated dual-cavity device with integrated platinum microheaters [32]. (d) SEM image of
the cross-section of a hafnium dioxide (green) coated Si3N4 (yellow) resonator before the SiO2 top cladding deposition. Inset: Optical micrograph
of a 50µm radius ring resonator and coupling waveguide [33].

the waveguide contains multiple nonlinear materials, their con-
tributions should be integrated separately and then combined to
reflect total nonlinear interactions.
Kerr nonlinearity refers to intensity-dependent refractive in-

dex originating from the third-order susceptibility of a medium.
The nonlinear parameter γ serves as a quantitative measure
of waveguide nonlinearity, determined by γ = k0n2

Aeff
, where k0

represents the free-space wave vector which is defined as k0 =
2π/λ. n2 denotes the Kerr nonlinearity. γ is the accumulation
of nonlinear phase per propagation length and power. Effective
strategies to enhance nonlinear interactions in optical waveg-
uide include ensuring tight optical field confinement, minimiz-
ing two-photon absorption (TPA), maintaining a high nonlinear
Kerr coefficient, and achieving phase matching through either
low dispersion or a shortened waveguide [38].
Overall, the strength of nonlinearity is primarily governed by

material properties, although the structure, particularly in meta-
materials, can also affect nonlinear magnitude. Dispersion can
be engineered in a variety of ways to complement these linear
characteristics. By combining diverse dispersion and nonlinear
properties, applications can be tailored to specific contexts, as
depicted in Figure 4.

3. THEORETICAL BACKGROUND OF HIGH HAR-
MONIC GENERATION

3.1. Nonlinear Effects
Nonlinear phenomena in optical waveguides arise from the
electrons in the outer shells of the atoms resonate with the elec-
tric field of the laser, as illustrated in Figure 5(a). In an isotropic
dielectric medium, the induced polarizationP(t) depends on the
electric field E(t) of the incident light and can be expressed
as [10]:

P (t) = ε0

(
χ(1)E(t) + χ(2)E2(t) + χ(3)E3(t) + . . .

)
(3)

where ε0 denotes the vacuum permittivity, and χ(i) represents
the ith-order optical susceptibilities. For the higher order terms
with i larger than 1, the induced polarization is nonlinear with
unique nonlinear phenomena associated with each of these non-
linear terms. This paper primarily explores the second- and
third-order nonlinear processes in CMOS-compatible optical
materials.
In centrosymmetric material systems, the second-order sus-

ceptibility term χ(2) is absent, but second-order processes can

30 www.jpier.org



Progress In Electromagnetics Research, Vol. 182, 27-54, 2025

FIGURE 4. Applications of different dispersions and nonlinear combinations [39].

still occur due to symmetry breaking at the material interface.
However, symmetry breaking at material interface or through
surface effects can induce these processes. For example, Ja-
cobsen et al. created electro-optic modulators in silicon waveg-
uides by breaking inversion symmetry with Si3N4 straining
layers [40] or χ(2) electro-optic polymers [41, 42]. Addition-
ally, SHG has been demonstrated at the surface of an ultra-
high-Q silica microcavity due to symmetry breaking under a
continuous-wave (CW) pump with power below 1mW [43].
According to Eq. (3), the second-order nonlinear polarization
can be derived as [10]:

P (2) =ε0χ
(2)

[
E2

ω1
e−i2ω1t + E2

ω2
e−i2ω2t SHG

+2Eω1
Eω2

e−i(ω1+ω2)t SFG

+2Eω1
E∗

ω2
e−i(ω1−ω2)t DFG

+Eω1
E∗

ω1
+Eω2

E∗
ω2

]
+c.c. OR

(4)

where c.c. denotes the complex conjugate. This equation re-
veals that two incident waves with frequencies ω1 and ω2 in a
nonlinear medium induce polarization at frequencies±ω1±ω2,
leading to frequency mixing processes such as SHG, sum-
frequency generation (SFG), and difference-frequency gener-
ation (DFG). Additionally, the final terms of Eq. (4) generate a
DC component of the polarization vector. In a medium lacking
an inversion center and exposed to a DC electric field or low-
frequency electric field (relative to the optical frequency), the
refractive index changes linearly with the applied electric field
— a phenomenon known as optical rectification (OR), or the
Pockels effect.
These nonlinear effects enable various all-optical signal pro-

cessing functions, including wavelength conversion [44–46],
optical switching [47, 48], signal regeneration [49, 50], and
optical performance monitoring [51–54]. Such technologies
have been implemented across multiple devices, such as op-
tical fibers [45, 46, 48, 52–55], waveguides [56–58], microcav-
ities [59–61], and semiconductor optical amplifier (SOA) [47].

However, the low intrinsic nonlinearity of silica fibers re-
quires extended fiber lengths to produce notable nonlinear ef-
fects, which in turn introduces large amounts of dispersion over
the propagation distance. Integrated silicon photonic devices,
while exhibiting several nonlinear phenomena, are often lim-
ited by TPA and free carrier absorption (FCA) [62, 63], which
can impede ultrafast signal processing. FCA also restricts SOA
bandwidth.
Third-order nonlinear processes associated with the χ(3)

term are also referred to as the Kerr nonlinearity. The effects
include self-phase modulation (SPM), TPA, cross-phase mod-
ulation (XPM), THG, partially degenerate and non-degenerate
four-wave mixing (FWM), and simulated Raman scattering
(SRS). The third-order polarization P(3), incorporating these
effects at new frequency terms, is expressed as [64]:

P (3) =ε0χ
(3)

[
3 |Eω1

|2 Eω1
e−iω1t SPM, TPA

+6 |Eω2
|2 Eω1

e−iω1t XPM

+ E3
ω1
e−i3ω1t THG

+3E2
ω1
Eω2

e−i(2ω1+ω2)t FWM

+3E2
ω1
E∗

ω2
e−i(2ω1−ω2)t FWM

+6Eω1Eω2E
∗
ω3
e−i(ω1+ω2−ω3)t FWM

+6Eω1
Eω2

Eω3
e−i(ω1+ω2+ω3)t

]
+c.c. FWM

(5)

The first term on the right-hand side of Eq. (5) contributes to
both SPM and TPA, with SPM related to the real part and TPA
to the imaginary part of third-order susceptibility χ(3). SPM
induces an intensity-dependent refractive index change, broad-
ening the incident pulse spectrum, while TPA can cause FCA,
reducing device response speed [65, 66]. The second term rep-
resents XPM, where one wavelength modulates the phase of
another within the nonlinear medium. The refractive index
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(a) (b)

(c)

FIGURE 5. (a) A dipole oscillation P(E) of an atom induced by an electric field E. (b) Possible single-photon dipole transitions contributing to (left)
refractive index changes or to (right) FCA. (c) Third-order nonlinear dipole transitions leading to phenomena such as SPM, TPA, XPM, THG, FWM
and SRS [64].

change induced by XPM is double that caused by SPM, as indi-
cated by the coefficients. The third term describes THG, which
involves frequency tripling, while FWM, an instantaneous pro-
cess, has applications in parametric amplification, frequency
conversion, and optical sampling [64]. Efficient frequency con-
version through FWM requires stringent phase matching con-
ditions to satisfy both energy conservation and momentum con-
servation. Lastly, SRS, as depicted in Figure 5, has been uti-
lized in optical amplification and lasing applications.
Nonlinear effect in the integrated optical waveguide highly

depends on the optical power density in the waveguide. Higher
index materials with larger nonlinearity, as well as resonant
structures that increase the optical intensity in the waveguide,
can enhance the efficiency of nonlinear processes.

3.2. Second-Harmonic Generation

SHG is a second-order nonlinear optical interaction. It was
first demonstrated in 1961 by Franken et al., using a 694 nm
ruby laser to generate a frequency-doubling laser [67]. The
theory behind SHG at the nonlinear medium interface was de-
veloped by Bloembergen and Pershan in 1962 [68]. As a pri-
mary method for generating visible and ultraviolet light, SHG
has been extensively studied over the past half-century. In
inversion-symmetric bulk materials, all second-order nonlinear
processes originating from second-order susceptibility χ(2) of
the materials, including SHG, are forbidden. Despite these lim-

itations, such nonlinear effects are highly desirable for the de-
velopment of electro-optic modulators free from carrier speed
limitations.
Efficient SHG within a waveguide platform typically de-

pends on three critical factors: a high second-order nonlinear
susceptibility, fulfillment of phase matching conditions, and a
strong modal overlap between the pump and harmonic waves.
While theoretical predictions confirm the feasibility of achiev-
ing these conditions concurrently, designing waveguides that
simultaneously optimize all three remains challenging.
When an incident pump wave with frequency ωP is intro-

duced into a nonlinear medium, the pump field AP and SH
field ASH are governed by the following coupled amplitude
equations:

dAP

dz
= iγP

(
|AP |2 + 2 |ASH |2

)
AP

+
i

2
γ∗
SHASHA∗

P exp(−iκz) (6)

dASH

dz
= iγSH

(
|ASH |2 + 2 |AP |2

)
ASH

+iγSHA2
P exp(iκz) (7)

where γSH is defined as γSH =(3ωP /4nP c)ε
2
0αSHfχ(2)|EP |2

|ESH |. nP is the effective refractive index at the pump fre-
quency, and ε0 is the vacuum permittivity.
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Overlap integral fijkl is defined as [69, 70]

fijkl =

〈
F ∗
i F

∗
j FkFl

〉[〈
|Fi|2

〉〈
|Fj |2

〉〈
|Fk|2

〉〈
|Fl|2

〉]1/2 (8)

where angle brackets denote integration over the transverse co-
ordinates x and y.
The wave-vector mismatch is characterized by κ =

∆kp−∆k with∆k defined as∆k = [n(2ωP )−2n(ωP )]ωP /c.
Considering that |ASH |2 ≪ |AP |2 (the pump is undepleted),
Eq. (6) has the solution Ap(z) =

√
PP exp(iγPPP z),

where PP is the input pump power. By introducing
ASH = BSH exp(2iγPPP z) into Eq. (7), the generated
SH power is found to be

PSH(L) = |BSH(L)|2 = |γSHPPL|2
sin2(κ′L/2)

(κ′L/2)2
(9)

where κ′ = κ−2(γSH−γP )PP . Note that both SPM andXPM
processes induce the phase-mismatching. In channel waveg-
uides, the coupling coefficient is dominated by the overlap fac-
tor

∫∫
[E2ω(x, y)]

∗
d(x, y)Eω(x, y)Eω(x, y)dxdy.

In addition to the above mentioned χ(2) process, SHG can
also be driven by a χ(3)-induced DC field. This model, devel-
oped by Stolen et al. in 1987 and validated by experimental re-
sults [71, 72], involves launching a 1.06µm fundamental beam
and a 532 nm harmonic seeding beam into a fiber core simul-
taneously. After a set period, the harmonic irradiation (seed
wave) was removed, yet a relatively strong SH emission (in-
duced wave) persisted at the fiber’s output. The required irra-
diation time in this case depends on the intensities of the two
incident beams, ranging from several minutes to hours, with the
final conversion efficiencies reaching up to 0.24%. According
to this model, the observed harmonic output results from two
successive nonlinear processes. Initially, a spatially periodic
DC field variation is induced by the interaction between the
fundamental wave (ω) and the SH (2ω) through third-order op-
tical mixing (rectification). The corresponding intensity of the
third-order nonlinear polarization is given by [71]:

P
(3)
dc (ω′ = 0)

= ε0χ
(3)
e (ωω−2ω)·|E(ω)E(ω)E∗(2ω)|·cos(∆kz) (10)

This process leads to spatial variations in the DC field along
the propagation direction in the nonlinear medium, with a pe-
riodicity of 2π/∆k. In this nonlinear medium, defects or trap
centers induced by static electric fields or incident lasers can
deviate locally from centrosymmetry under laser-induced DC
field due to charge separation or reorientation. This provides
the possibility for SHG, which can be described by the follow-
ing second-order nonlinear polarization:

P (2)(2ω) = ε0χ
(2)
e (ω, ω) · |E(ω)E(ω)| · ei2k(ω)z (11)

The magnitude and spatial distribution of the effective

second-order nonlinear susceptibility coefficient, χ(2)
e (ω, ω),

determined by the induced DC electric field as represented

in Eq. (10), suggests that the spatial variation of χ(2)
e has a

periodicity π/∆k that matches the effective length l0 for SHG
with∆k ̸= 0. This allows the SHG signal to continue growing
over a propagation distance within the fiber that far exceeds
l0. Moreover, the induced DC field, as described by Eq. (10),
could contribute to the generation of effective SHG through
third-order mixing effects involving the DC field.
This physical model can also explain experimental results

where only a single fundamental beam is incident on the in-
tegrated devices, suggesting that the initial weak SHG sig-
nal in the fiber may arise from magnetic dipole and electric
quadrupole contributions or local deviation from centrosymme-
try. The interaction of this weak SHGwave with the strong fun-
damental wave induces the aforementioned DC field, thereby
enhancing the SHG signal further [73].

3.3. Third-Harmonic Generation
The THG process originates from third-order nonlinear optical
interactions. When an incident pump wave with frequency ωP

is introduced into a nonlinear medium, the TH field ATH sat-
isfies the coupled amplitude equations:

dATH

dz
=
ikTHε0
2εTH

[
aTH · χ(3)(ω, ω, ω)aPaPaP

]
A3

P e
i(3kP−kTH)z

=
ikTHε0
2εTH

χ(3)
e A3

P e
i∆kz

(12)

with effective third-order electric polarization coefficient

χ
(3)
e = aTH ·χ(3)(ω, ω, ω)aPaPaP and phase matching factor

∆k = 3kP − kTH = 6π
λP

[n(ω)− n(3ω)].
The intensity of the generated TH light is given by [58]:

ITH = (3ωP )
2

(
2π

nP c

)4

I3PL
2
(
χ(3)

)2

sin c2
[
∆kL

2

]
f(AP , ATH) (13)

where ωP = kc = 2πc/λ is the pump frequency. L is the
circumference of MRR. nP is the effective refractive index at
pump wavelength. c is the light speed in vacuum. IP is the
pump intensity in bus waveguide. A is the effective mode area.
∆k = kTH − 3kP is the phase-mismatching between the fun-
damental pump and higher order TH waves. f(AP , ASH) is
their spatial overlap.
The phase matching conditions include momentum conser-

vation (mTH = 3mP , which is generally achieved via inter-
modal phase matching, i.e., nP = nTH), and energy conser-
vation (frequency matching, ωTH = 3ωP , i.e., λP = λTH).
Generally, the modal phase matching condition is satisfied at
higher-order TH modes, due to the large effective index dif-
ference between the fundamental pump and fundamental TH
modes.
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3.4. Thermal Nonlinear Model of the Pump and Stability Anal-
ysis
In 2020, Wang et al. conducted experiments on HDSG MRR
and observed a significant blueshift in the TH resonances, at-
tributed to phase mismatch from thermal nonlinearity [74–76].
They developed a thermal nonlinear model to thoroughly ex-
amine this phenomenon, attributing the phase mismatches to
variations in surrounding temperature, thermal nonlinear ef-
fects induced by in-cavity pump energy, and Kerr nonlinear ef-
fect. They further examined phase mismatches due to thermal
behavior- [75]. Their findings reveal that resonance shifts from
thermal mismatches can be effectively counteracted through
combined linear and nonlinear thermo-optic effects, offering a
novel approach to achieve athermal HHG modes and to mea-
sure the thermal coefficients and Q-factor of visible modes.
This research suggests the potential for dynamic compensation
schemes based on temperature dependence, enabling highly ef-
ficient and precise visible emission generation. This has signif-
icant implications for 2f -3f self-referencing in metrological,
biological, and chemical sensing applications.

3.4.1. Theoretical Model and Its Steady-State Solution

For typical THG in MRRs, incorporating both linear and non-
linear TO effects, the thermal dynamics are described by time-
domain rate equations [43, 75, 77–79]

dap
dt

=
[
−iΩ′

p −
κp

2

]
ap − iℏωp

(
gpp |ap|2 + gpt |at|2

)
ap

−3igTHℏωpa
∗
p

2at − i
√
κaepi (14)

dat
dt

=
[
−iΩ′

t −
κt

2

]
at − 3iℏωp

(
gtt |at|2 + gtp |ap|2

)
at

−igTHℏωpa
3
p (15)

d∆T

dt
=

Qp

CpQpa

υgp
2πR

ℏωp |ap|2 −
U

Cp
∆T (16)

where |ap|2 = Ip/h̄ωp, |at|2 = It/3h̄ωp corresponds to the
photon numbers of the pump and TH emission, respectively,
and It is the intra-cavity energy of the TH emission. Here,
Ω′

t(δT ) = 3ωp − ωtr(δT ) and Ω′
p(δT ) = ωp − ωpr(δT )

are the frequency detuning from the resonance peaks of the
TH emission and the corresponding pump wavelength, respec-
tively, where ωpr and ωtr are the corresponding resonance cen-
ter frequencies at δT . In Eqs. (14) and (15), the third terms, the
fourth terms, and the fifth terms on the right-hand side of the
equal sign correspond to SPM, XPM, and TH coupling effects,
respectively. Here, gpp and gtt are the nonlinear factors of the
pump and TH emission, respectively; gpt and gtp are the XPM
factors of the pump and TH emission, respectively; gTH is the
growth rate of the THG. In Eq. (14), the last term refers to the
photon number of Pi, where |pi|2 = Pi/h̄ωp. In Eq. (16), Qp

and Qpa are the loaded Q of the pump mode and the Q-factor
related to pump absorption, respectively. Here, vgp is the pump
group velocity of the MRR, Cp the heat capacity, and U the ef-
fective thermal conductivity between the cavity mode volume
and the chip.

These discussions require a steady and uniform intra-cavity
power distribution for both the pump and TH powers, ensur-
ing that both optical power and net heat are evenly distributed
across the ring cavity. This distribution correlates local ther-
mal nonlinearity with Kerr nonlinearity in the moving refer-
ence frame. Experimentally, this uniform power distribution is
achieved by injecting a continuous-wave (CW) laser into the
resonance with significant normal dispersion. Unlike gener-
ating a Kerr frequency comb [78, 79], the pump wavelength
sweep speed must be slow to allow thermally self-stabilization
of the cavity. This results in equilibrium between intra-cavity
power-induced heat absorption and dissipation, which can be
derived by assuming ∂∆T/∂t = 0 from Eq. (16) and obtain-
ing the steady-state solution as [80, 81]

Qp

Qpa

υgpIp
2πR

= U∆T. (17)

When intra-cavity power of the pump is much larger than
that of the TH emission, it is reasonable to neglect SPM, XPM,
and pump depletion induced by TH emission. By applying the
same steady-state assumption for the pump wave’s intra-cavity
energy from Eq. (14):[
−iΩp−iξpωp0δT− κp

2

]
ap − i(Θp+gpp)Ipap − i

√
κpepi=0.

(18)

Here, Θp =
Qpξ

′
pωp0

UQpa

υgp

2πR is defined as the nonlinear TO shift

rate of the pump in rad/J. ξ′p and ξ′t are the nonlinear TO factors
of the pump and TH modes, respectively. By using the same
assumption to the TH emission and define Θt = ξ′tωt0/τp as
the nonlinear TO shift rate of the TH emission, from Eq. (15):[
−iΩt−iξtωt0δT− κt

2

]
at − i(Θt + gtp)Ipat= igTHℏωpa

3
p,

(19)
where κt is the overall loss of the TH mode. In Eq. (19), the
terms ΩTL = ξtωt0δT , ΩTNL = ΘtIp, and ΩKNL = gtpIp
represent the linear TO phase mismatch, nonlinear TO phase
mismatch, and Kerr nonlinear phase mismatch in THG, respec-
tively. In Eq. (19), XPM effect dominates the Kerr nonlinear.
From Eq. (19), the dependence of It of the TH mode can be
analytically written as

It =
4
3g

2
THI3p

κ2
t + 4 [Ωt +ΩTL +ΩTNL +ΩKNL]

2 (20)

3.4.2. Tunable TO Phase Mismatch and Existence of Steady Atheraml
THG

The overall THG phase mismatch is governed by ∆βtotal =
∆βT + ∆βKNL. Assuming the difference in effective indices
between the pump and TH wave ∆n is neglectable, by ignor-
ing the effects of group velocity dispersion and higher-order
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(a) (b)
(c)

(d)

(e)

FIGURE 6. Illustration of the impact of linear and nonlinear TO effects induced cavity resonance shifts in MRRs. (a) The cavity resonance of MRRs
can be linearly tuned by adjusting the chip temperature δT or nonlinearly by controlling the intra-cavity pump energy Ip through nonlinear TO
effects. (b) In the wavelength domain, when δT increases, the cold-cavity resonance wavelengths of the TH mode (red-dotted line) and the pump
mode (blue-dotted line) will linearly redshift ∆λTL and ∆λTLp, respectively. When up sweeping the CW input pump wavelength, λp and δT
are fixed, the corresponding Ip will induce nonlinear redshift ∆λTNL and ∆λTNLp to the resonance wavelengths of the TH and pump modes,
respectively. For the pump mode, when λp is fixed, the trace of blue open circles defines τp, the ratio between δT and Ip. Similarly, the trace of red
open circles in the upper part of (b) indicates the same ratio τp. The combined effects of∆λTL and∆λTNL determine the effective TDWS of the
TH mode represented as a δT − λp relationship by mapping the trace of red open squares to the lower part of (b). The TDWS of the pump mode
is solely related to the linear TO redshift ∆λTLp, as shown by the blue open squares plotted in the δT − λp diagram. (c)–(e) The effective TFWS
of the TH mode is determined by the thermal mismatch between τp and τt, with (c) a positive TDWS when τp < τt and (d) a zero TDWS when
τp ≈ τt and (e) a negative TDWS when τp > τt in the δT − λp diagram [75].

dispersion terms in CW scenarios,∆βtotal can be approximated
by the following equation:

∆βtotal ≈ ∆βT +∆βKerr ∝ Ωt

+ΩTL(δT ) + ΩTNL(∆T ) + ΩKNL(Ip), (21)

Here, ΩTL = ξtωt0δT , representing the linear TO phase mis-
match determined by the δT . ΩTNL = ξ′tωt0∆T = ΘtIp, is
the nonlinear TO phase mismatch induced by intra-cavity pump
energy Ip.
From Eq. (17), setting ∆βtotal ≈ 0 results in

Ωt = −ξtωt0δT−(Θt+gtp)Ip, indicating that a negativeΩTL

can compensate for the ΩTNL induced by Ip. For athermal
modes, finding the steady-state solution of ∂Ωt/∂T = 0,
yields Ip(T ) = −τtδT , where τt = ξtωt0/(Θt + gtp) is the
rate of compensation required to decrease δT to counteract
the nonlinear TO redshift induced by Ip for the TH modes. It
brings this relationship into Eq. (15):[
−iΩp−iξpωp0δT− κp

2

]
ap+iΘpτpδTap−i

√
κpepi=0, (22)

where τp = ξpωp0/(Θp + gpp) is the compensation rate for the
pump modes.
Figure 6(a) depicts the distinct contributions to the tuning of

cavity resonance resulting from linear and nonlinear thermo-
optical (TO) effects. It is evident from the illustration that the

nonlinear TO phase mismatch (ΩTNL) exclusively induces a
redshift, whereas the linear TO phase mismatch (ΩTL) exhibits
the capacity to induce either a redshift or blueshift depend-
ing on the direction of temperature modulation (ramping up or
down). At maximum efficiency, when the phase mismatch ap-
proaches zero (∆βtotal ≈ 0), one can obtain ΩTL + ΩTNL =
ξtωt0δT + ΘtIp ≈ −Ωt implying that a reduction in δT re-
sults in a negative ΩTL. This negative shift compensates for
the increase in ΩTNL, as illustrated in Figure 6(b). A clearer
understanding of the interplay between the thermal behaviors
of the pump and TH modes can be gained by analyzing their
thermal dynamics independently. τi = ξiωi0/Θi, i = p, t, is
defined as the ratio between the linear TO compensation rates
due to decreasing δT and the nonlinear TO shift rate induced
by Ip for both the pump and TH modes. This ratio serves as
a measure of the effective TDWS for each mode. By map-
ping the δT − λp relationship, it is possible to plot the TDWS
for the TH mode (red dotted lines) and the pump mode (blue
lines) separately as shown in Figure 6(b), where λp represents
the pump wavelength. The resulting effective TDWS for the
TH mode is represented by the red solid lines. Figures 6(c)–
(e) presents three scenarios depicting the effective TDWS of
the TH mode in δT − λp diagrams for different values of τt.
When the TH mode is thermally matched with the pump mode,
meaning that the thermal mismatch (∆τ = τp − τt) is approx-
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TABLE 2. Nonlinear parameters for different optical platforms.

Platform CMOS-compatible n2 (× n of fused silica) γ (W−1m−1) βTPA (cm · GW−1) FOM Ref.
a-Si Yes 700 1200 0.25 5 [97]
c-Si Yes 175 300 0.9 0.3 [64, 98]
HNLF No 1.3 0.021 0 >> 1 [99]
AlGaAs No 760 521 0 >> 1 [100]
ChG No 340 30 9× 10−3 60 [99, 101]

LiNbO3 No 4 0.4 - - [102, 103]
SiN Yes 10 1.4 0 >> 1 [81, 104, 105]

Diamond No 3 - 0 >> 1 [106]
HDSG Yes 5 0.23 0 >> 1 [107, 108]

imately zero, their resonances remain aligned, maintaining the
necessary phase matching condition without external compen-
sation, as shown in Figure 6(d). In contrast, a thermal mis-
match between the pump and TH modes misaligns their reso-
nances which negatively impacts THG efficiency. Figure 6(c)
and Figure 6(e) illustrate the outcomes of under-compensation
and over-compensation, respectively.

4. NONLINEAR INTEGRATED OPTICAL WAVEGUIDE
PLATFORM

4.1. Integrated Nonlinear Optical Platforms
Integrated nonlinear optical platforms with ultra-high response
speeds are essential for all-optical applications. These plat-
forms offer significant advantages over traditional optical
fibers, including: engineered dispersion tailored to specific
operational windows that facilitate phase matching across
various nonlinear processes [82]. They exhibit higher ma-
terial nonlinearity than silica, a compact footprint, lower
cost per element, reduced power consumption, and enhanced
performance. These characteristics are vital for applications
demanding larger bandwidth and increased network flexibility.
Enabled applications span all-optical signal generation and
processing [64, 83, 84], ultra-low-power all-optical switch-
ing [85], and quantum photonics [86, 87]. Notable applications
include optical time-division multiplexed demultiplexing
of signals [88], on-chip parametric gain [82], wavelength
conversion [89], Raman lasing, ultrafast modulation [90],
ultrashort pulse measurement [91, 92], ultra-dense optical data
transmission [93], and optical temporal cloaking [94].
Over the past decade, a number of nonlinear optics phenom-

ena have been demonstrated on silicon-rich integrated optical
platforms utilizing CMOS processes. Silicon nonlinear pho-
tonic circuits, known for their high nonlinearity with a Kerr
coefficient 100 times greater than that of silica, were among
the first to be explored. However, silicon’s TPA in the tele-
com band significantly restricts its utility in this widely used
band. Silicon dioxide (silica) excels in short-wavelength oper-
ation due to its low linear transmission loss and ability to form
high-Q fused silica cavities with minimal dispersion, superior
to all other CMOS-compatible materials. At 778 nm, for in-
stance, GVD of silica is 38 ps2/km, more than five times lower

than that of Si3N4 (> 200 ps2/km) [63]. Yet, silica’s intrinsic
nonlinearity is markedly lower than that of other silicon-rich
materials, such as Si and Si3N4, posing challenges for efficient
wavelength conversion. The handling of stress in thick Si3N4

films has also been a significant fabrication challenge until re-
cent improvements in 2018.
In recent years, the HDSG platform, compatible with CMOS

technology and allowing for an adjustable refractive index
ranging from 1.45 to 1.90 in the C-band [95], has garnered at-
tention [63, 96]. Despite its nonlinearity being an order of mag-
nitude lower than Si, HDSG offers negligible linear and non-
linear losses at telecom wavelengths, resulting in a high non-
linear figure-of-merit (FOM). The platform’s mature fabrica-
tion process and a broad array of supporting optical structures
make it a leading candidate for commercializing integrated non-
linear photonics circuits. Despite extensive investigations into
the properties and applications of hybrid dispersive-soliton gen-
erated (HDSG) nonlinear devices since the late 2000s, new
and promising applications continue to emerge, particularly in
quantum entanglement and processing using the HDSG MRR
devices. The potential for new applications in nonlinear optics
using this platform remains vast.
Table 2 lists nonlinear parameters for several integrated plat-

forms, which have demonstrated a variety of nonlinear phe-
nomena. The large refractive index difference between the core
and cladding of the waveguides significantly reduces the effec-
tive area of the device, enhancing nonlinear interaction capabil-
ities. The following table presents literature review of several
nonlinear waveguide platforms widely studied.
Integrated nonlinear optical materials have transformed pho-

tonics, yet key questions and opportunities for new insights
remain. A major challenge is the interplay among material
nonlinearity, dispersion engineering, and losses, which limits
the efficiency and scalability of HHG in integrated platforms.
While silicon is popular for its fabrication process, its nonlinear
performance is restricted by TPA and free-carrier effects. This
raises the question of whether materials like lithium niobate,
gallium nitride, or chalcogenides can offer better nonlinearity,
low loss, and broad transparency while being compatible with
CMOS fabrication. Additionally, phase matching in compact
devices is limited by nanoscale dimensions, and novel methods
such as dynamically tunable materials or hybrid systems may
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provide solutions. The thermal stability of these materials un-
der high-intensity conditions is also underexplored, impacting
their long-term reliability in practical applications. Addressing
these challenges could enhance our understanding of nonlinear
optics in integrated systems and open new avenues for on-chip
light sources, quantum photonics, and frequency comb genera-
tion.

4.2. Detailed Discussions on Material-specific Platforms

Silicon—As the second most abundant element in the Earth’s
crust, silicon has been foundational in the semiconductor and
integrated circuit (IC) industries for over half a century, since
Gordon Moore invented the silicon-based integrated circuit in
1959. The mass production process for silicon-based electronic
devices is now mature and cost-effective. Moreover, owing to
the strong optical confinement of silicon, compact optical de-
vices with radius of the order of ten to a few hundred microm-
eters are realizable. Silicon is transparent in the spectral region
of 1.1µm to 6µm and possesses many optical nonlinear effects
which can be applied to generate and process optical signals in
low-cost ultra-compact chips. The Kerr nonlinear refractive in-
dex n2 and the Raman gain coefficient of silicon are about 200
and 3000 times greater than those of silica [109], respectively,
which make silicon a promising material to fabricate nonlin-
ear optical devices. However, the small bandgap (1.12 eV) of
silicon leads to significant TPA and FCA in the telecom band,
resulting in high nonlinear loss and a low intrinsic FOM. Sili-
con exhibits relatively low nonlinear thresholds due to TPA and
FCA, which can degrade performance at high intensities, par-
ticularly in the NIR region. Additionally, the relatively high re-
fractive index difference between the core and cladding layers
in silicon-based waveguides results in high transmission losses
in the visible light range. Silicon waveguides exhibit strong
normal dispersion in the telecom band, but their high refrac-
tive index contrast allows for precise dispersion control through
waveguide geometry, though TPA limits applications at shorter
wavelengths.
Jalali’s group at UCLA conducted extensive investigations

into silicon photonics, proving second-order nonlinearity in sil-
icon channel waveguides with stressed silicon-nitride claddings
in 2009 [110]. They also reported broadband coherent anti-
Stokes Raman scattering enhanced by SPM-induced spectral
broadening in silicon [111] and explored silicon-polymer com-
posites where electro-optic polymer modulators were used in
time-stretch A/D converters [112]. Other applications included
a suspended ultra-small disk resonator with radius of 0.8µm on
silicon for optical sensing [113].
Silica—Fused silica is known for its very low optical atten-

uation. However, due to the low nonlinearity of the silica plat-
form, a very long waveguide is required to achieve a significant
nonlinear effect. Therefore, employing a cavity structure to en-
hance nonlinear interaction time is beneficial. The maximum
Q-factor achieved for a fused silica whispering gallery mode
(WGM) reached 1010 in 1996 [114]. Two limiting factors for
the Q-factor of silica microcavities include Rayleigh scatter-
ing from residual surface roughness [115] and chemosorption
from OH− ion [114, 116]. Silica waveguides, though low in

nonlinearity, provide inherently low dispersion and are often
used in high-Q resonators for applications requiring minimal
loss and broad spectral coverage. Nonlinear processes demon-
strated in silica include broadband cascaded FWM in silica mi-
crospheres [117] and optical frequency comb generation from
silica toroidal microcavities [60]. Applications such as high-
resolution spectroscopy using a fused silica sphere with a di-
ameter of 3.8 cm have also been reported [118].
Chalcogenide— Chalcogenide (ChG) glasses are transpar-

ent to far-infrared wavelengths and consist of sulfur (S), sele-
nium (Se), and tellurium (Te) from Group VI-A of the periodic
table, combined with elements of lower electronegativity (e.g.,
Ge, Ga, As) to form non-oxide glassy bulk materials [119, 120].
ChG glasses exhibit excellent thermal, optical, and electrical
properties along with good stability. They possess a relatively
high refractive index, typically ranging from 2.0 to 3.5, low
phonon energy (< 350 cm−1), and flexible constituent adjusta-
bility. Their high nonlinear refractive index, negligible TPA
and FCA [121–124] facilitate engineered dispersion for all-
optical processing, especially in the mid-infrared region. Mate-
rial loss in ChG is relatively low in the mid-infrared, but higher
scattering losses can occur at shorter wavelengths due to fab-
rication imperfections or surface roughness. Advances in de-
position and etching techniques, such as thermal evaporation
and laser-assisted machining, are essential to minimizing these
losses. Nonlinear thresholds in ChG glasses are lower than in
materials like Si3N4 or aluminum nitride, primarily due to their
lower optical damage threshold and susceptibility to TPA at
high intensities. However, their exceptional nonlinear response
compensates for these limitations, making them ideal for appli-
cations requiring compact, high-efficiency nonlinear devices in
the mid-infrared spectrum.
Investigations into the optical properties of ChG glasses

date back over seventy years [125, 126]. The first experimen-
tal demonstration of SPM and FWM in ChG was reported
by Suzuki et al. in a 400µm long photonic crystal waveg-
uide with negligible TPA [127]. Device performance can be
improved by decreasing the cross-section geometry and op-
timizing the components and fabrication process [128]. No-
tably, ChG nanowires have been proven especially useful for
wavelength conversion and parametric gain [129, 130]. More-
over, the intrinsic transparency window of ChG glasses ex-
tends from 2µm to 25µm (varying slightly with composition),
making them appealing for applications in infrared transition,
telecommunications, and optical sensors. Recent reports have
highlighted octave-spanning supercontinuum spectra extending
into the mid-infrared region [99, 131, 132]. More recently, a
photonic-chip-based RF spectrum analyzer with a bandwidth
of 2.5 THz has been demonstrated using a planar rib As2S3
waveguide, applied to characterize 320Gb · s−1 optical sig-
nals [62]. However, challenges remain regarding the stability
and aging of various ChG glasses.
Silicon nitride — Silicon nitride (Si3N4) has merged as a

CMOS-compatible material with high thermal stability. Si3N4

waveguides are highly versatile due to their wide transparency
window (from the visible to the mid-infrared) and the ability
to engineer anomalous or normal dispersion by adjusting the
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(a) (b)

FIGURE 7. (a) A SEM micrograph of the SiN/SiO2 waveguides before the SiO2 upper-cladding deposition [81]. (b) A SEM image of a Si3N4 MRR
coupled to a bus waveguide. Inset: SEM of the cross-section of a Si3N4 waveguide depicting the trapezoidal shape of the core and the cladding
materials [105].

(a) (b) (c)

(d) (e) (f)

(g) (h)

FIGURE 8. Illustrates the photonic Damascene process for integrated SiN waveguides. (a)–(f) Schematic process flow of the photonic Damascene
process. The process involves prepatterning the substrate before depositing the core material, followed by a subsequent planarization step. (g)
Optical image of a SiN MRR surrounded by the stress release structure (rectangle dimensions 5µm× 5µm). The inset zooms in on a 10µm wide
area beside the waveguide that lacks the stress-release structure to minimize scattering losses. The crack formed due to incomplete removal of excess
SiN but does not penetrate the waveguide. Images (h) and (i) show focused ion beam (FIB) crosssections of the coupling region between the ring
resonator and bus waveguide, revealing a sub-200 nm separation and the absence of waveguide shape distortion. The SiN waveguides (blue) measure
1.5µm wide and 0.85µm high and homogenously filled with SiN. The coupling region is free of voids, and no effect of the waveguide proximity
on the waveguide shape is observed [141]. Table 3 compares the confinement and wavelength ranges of state-of-the-art Si3N4 resonators [145].

waveguide dimensions. Moreover, it offers a good balance be-
tween a high nonlinear threshold and low optical losses, with
negligible TPA in the telecommunication range, making it ideal
for broadband HHG. It has not been extensively used as a non-
linear platform until 2008 [81] due to tensile stress issues in
thin films thicker than 250 nm. Such films typically require
annealing at high temperatures (1100◦C) to eliminate residual
hydrogen, which can lead to considerable losses in the telecom
C-band. To confine mode-field distribution better and flexibly
engineer dispersion for nonlinear applications, new techniques
for growing thick films are urgently needed. In 2008, Ikeda et
al. achieved propagation losses below 4 dB/cm through PECVD
for thick films (> 500 nm) [81]. In 2010, Levy et al. em-
ployed a thermal cycling process to create 725 nm thick low-
loss (0.4 dB/cm) Si3N4 waveguides using low-pressure chemi-
cal vapour deposition (LPCVD) [105], as illustrated in Figure 7.
These images illustrate the precise fabrication techniques

that have significantly contributed to the advancements in sil-
icon nitride platforms, particularly in the generation of optical
frequency combs due to their visible-NIR transparency. The
enhancement of nonlinear interactions using MRRs has led to
substantial progress [105, 133–139]. In 2011, Levy et al. ex-

perimentally observed SHG and THG in a Si3N4 MRR [15]. In
2016, Wang et al. reported optical frequency comb generation
in the green spectral region utilizing third-order optical nonlin-
earities on a 1 THz Si3N4 MRR [140].
In the same year, Kippenberg’s group at EPFL introduced an

innovative photonic Damascene fabrication process that lever-
ages substrate topography for stress control and crack preven-
tion in thin films, achieving a loaded-Q of 3.7 × 106 in a
1.35µm thick MRR [141], as demonstrated in Figure 8. Sub-
sequent advancements in 2018 aimed to mitigate the thermal
effects associated with hydrogen absorption, significantly en-
hancing the microresonator Q factor to 15 × 106 and demon-
strating single soliton formation at a 99GHz repetition rate with
a record-low input power of 9.8mW (6.2mW in the waveg-
uide) [142]. In the last few years, high-yield, foundry man-
ufacturing of ultralow-loss, dispersion-engineered, silicon ni-
tride photonic circuits have been achieved on 4-inch [143] and
6-inch [144] wafers. Table 3 summarizes the reported state-of-
the-art LPCVD Si3N4 MRR with high Q-factor [145].
HDSG — Originally developed for the commercial

telecommunication market, the HDSG is another promising
low-loss optical integrated circuit platform [95]. This CMOS-
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(a) (d)
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FIGURE 9. (a) Device schematic of four-port MRR. (b) SEM image of the ring cross-section before depositing the upper cladding of SiO2. Hydex
refers to the trade name of the HDSG (n = 1.7). (c) Electric field modal distribution for a TM polarized beam. (d) Linear transmission through the
MRR from the INPUT port to the THROUGH port for TM and TE polarizations [96].

TABLE 3. State-of-the-art Si3N4 resonator comparison.

Confinement Height (nm) Wavelength range Quality factor (×106) Loss (dB/cm) Ref.
Low 40–100 NIR 260 0.001 [145]

Moderate 150–500 NIR 1 0.36 [146]
High 600–1200 NIR 67 0.004 [147]

Moderate 100–300 VIS+ 3.4 0.25 [148]
High 500–800 VIS+ 3 0.25 [149]
High 950–2500 NIR+ 1 0.22 [26]

compatible platform is fabricated using the standard processing
tools commonly available in microelectronic or semiconductor
fabrication facilities. The planar waveguide circuits produced
on this platform are compact and compatible with commercial
fiber devices, featuring fiber-chip coupling losses less than
1 dB/facet [74, 75, 93, 150]. Its mature fabrication process
and precise dispersion controllability [151] make it robust
and promising for future developments. These glass layers
are deposited through conventional chemical vapor deposition
(CVD) processes without the need for high temperature
annealing steps. The propagation loss is remarkably low,
about 0.06 dB/cm across the S+C+L bands [92, 107], and
below 1 dB/cm in the visible spectrum region. The refractive
index of HDSG is adjustable, ranging from 1.45 to 1.9, slightly
lower than that of SiN but comparable to SiON [95]. MRRs
with Q-factors up to 106 have been demonstrated [152–
156], which can function as wavelength filters and support
wavelength-division multiplexing in the linear regime.
Since the late 2000s, attention has focused on exploring

the nonlinear effects in these HDSG waveguides and circuits.
The nonlinear loss is negligible with pump intensity up to
25GW · cm−2 [107]. Further studies have shown that its non-
linearity parameter is roughly 200 times that of standard single-
mode fibers, with Kerr nonlinearity about 5 times higher than
that of silica [63]. While HDSG has a lower nonlinear refrac-
tive index (n2) than materials like Si or III-V compounds, its

combination of low losses, high thresholds, and dispersion en-
gineering makes it an attractive platform for stable and effi-
cient frequency conversion in integrated photonics. Since Fer-
rera et al. first demonstrated the nonlinear phenomena of FWM
in a 575GHz HDSG MRR in 2008 [96], as shown in Figure 9,
many reports have been highlighted on the nonlinear effects and
their applications. They include efficient SPM in a 45 cm long
spiral waveguide pumped with 1 ps pulses at 1560 nm [107],
phase-sensitive ultrafast pulse measurements using degener-
ate FWM processes by adopting X-SPIDER methods [92], and
the demonstration of a stable mode-locked laser generating pi-
cosecond pulses at a repetition rate of 200GHz with negligible
amplitude noise [157, 158]. Moreover, nonlinear phenomena,
such as microcomb [159], soliton [160, 161], or even quantum
entanglements [86, 87], have been demonstrated with this plat-
form. A summary of the nonlinear applications of the HDSG
platform can be found in the review on the nonlinear optical
platforms byMoss et al. [63] and on quantum optical integrated
circuits by Reimer et al. [86, 87].
Metasurface—The excitation of localized surface plasmon

polariton resonances on metasurfaces can significantly enhance
the electromagnetic field near the meta-atoms. These reso-
nances are extremely sensitive to the size, shape, and dielectric
environment of each meta-atom. These structures are predom-
inantly reported in materials with high second- and third-order
nonlinear susceptibilities, such as silver, gold, and copper. In
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contrast, for full-dielectric structures, the geometry of the de-
vices primarily affects the conversion efficiency of paramet-
ric processes, while the material’s nonlinearity is a critical fac-
tor. Material losses in metasurface devices, particularly those
based on plasmonic materials (e.g., gold or silver), can be sig-
nificant due to intrinsic absorption and scattering at nanoscale
interfaces. Dielectric metasurfaces, such as those made from
silicon or titanium dioxide, offer lower losses and improved
performance in the visible and NIR regions. Nonlinear thresh-
olds are another critical factor, as metasurfaces often operate at
high field intensities. While plasmonic metasurfaces can ex-
hibit nonlinear responses at lower input powers due to field
enhancement, their damage thresholds are relatively low. In
contrast, dielectric metasurfaces typically have higher nonlin-
ear thresholds, making them more robust for high-intensity fre-
quency conversion applications.
Both metasurfaces and plasmonic structures can facilitate

frequency conversion such as harmonic generation and FWM.
For metasurfaces, this is accomplished by manipulating the lo-
cal and global symmetry of meta-atoms. When a light beam
passes through a metasurface, it can induce nonlinear geomet-
ric Berry phases and abrupt nonlinear phase changes, which
can be utilized to shape the wavefront of the resultant non-
linear beams [162]. In full-dielectric structures, these para-
metric processes arise from the χ(3) property of the materials
when being pumped by a laser beamwith strong energy density.
While phase matching conditions are crucial for these nonlinear
processes in full-dielectric structures, they are less significant
in metasurfaces, particularly when considering subwavelength-
thick films where phase matching no longer plays a dominant
role.
The phase, amplitude, and polarization of the generated

waves in metasurfaces can be locally manipulated with sub-
wavelength resolution through spatially varying meta-atoms.
However, plasmonic nanostructures present certain drawbacks.
Significant optical propagation losses and heating due to metal
absorption considerably limit their performance and practical
applications. Additionally, these structures exhibit a low dam-
age threshold when being exposed to strong laser illumination.
Their nonlinear frequency conversion efficiency is also rela-
tively low, largely depending on the arrangement, constituent
materials, and geometry of the meta-atoms [162]. Despite these
challenges, metasurfaces hold great potential for applications in
integrated quantum optics, owing their ability to manipulating
the wavefront and polarization of light, andmay also find utility
in light modulation.

5. HIGH HARMONIC GENERATION IN INTEGRATED
OPTICAL CIRCUITS
HHG has evolved over recent decades from a tabletop phe-
nomenon in gaseous media into a vibrant area of research in
integrated photonics, driven by the need for compact and effi-
cient sources of coherent EUV and attosecond radiation [163].
Initially, the development of femtosecond laser technologies
and nonlinear optics established the potential for HHG in gases.
The significant shift to solid-state platforms [164] was moti-
vated by the demand for on-chip devices compatible with mod-

ern photonics. Recent advancements in metasurfaces [162]
and two-dimensional (2D) materials [165, 166] have further
propelled this field. Metasurfaces allow for precise control
over light-matter interactions, while 2D materials, with their
high nonlinear susceptibilities, enhance harmonic generation
and enable integration with photonic circuits. These advance-
ments align with broader goals of miniaturization and energy
efficiency in photonics, reflecting both technological progress
and a deeper understanding of light-matter interactions at the
nanoscale.
Among these CMOS-compatible materials, silica is one of

the initial nonlinear platforms used to generate visible emis-
sion through THG processes, with telecom wavelengths pump-
ing. Various micro-resonant structures, such as micro-toroids,
micro-spheres, and micro-bottles, have been fabricated to en-
hance the THG conversion efficiency. In 2007, Vahala’s
group experimentally demonstrated and theoretically analyzed
CW, visible emission from a silica micro-toroid using THG
at pump powers below 300µW (Figure 10(a)) [167]. Subse-
quently, in 2014, Farnesi et al. achieved a tunable, room tem-
perature, CWmulticolor emission in silica-whispering-gallery-
mode micro-spherical resonators, though THG and Raman-
assisted third-order sum-frequency generation (TSFG) pro-
cesses (Figure 10(b)) [168]. In 2016, Asano et al. reported non-
linear harmonic generation coupled with SRS and SFG due to
concurrent χ(3) and χ(2) nonlinearities in a silica micro-bottle
resonator (Figure 10(c)) [169]. These foundational experiments
have paved the way for silicon micro-photonic emitters, to ex-
tend emission into the visible spectrum while keeping pump
power at manageable levels. Despite achieving highQ-factors,
potentially in the billions, the inherent nonlinearity of these
micro-cavities is significantly lower than other materials like
Si, Si3N4, and LiNbO3, limiting their wavelength conversion
efficiencies.
On the other hand, silicon-rich platforms, including Si and

Si3N4, compatible with CMOS technology, exhibit substan-
tially greater nonlinearity. These platforms have proven effec-
tive for THG within resonance structures like MRR [15, 140]
and photonic crystals [58], achieving higher efficiencies than
silica-based cavities. For instance, one of the earliest reports
of THG in silicon was demonstrated in a two-dimensional
photonic-crystal waveguide enhanced by slow-light effects, as
shown in Figure 11(a). The 520 ± 5 nm green light with a
peak power of 10 pW was obtained under a 1560 nm pump
with a peak power of 10W, and the conversion efficiency is
about 1× 10−7 [58]. By 2015, this efficiency had increased to
2.3 × 10−5 due to tight electric field confinement and strong
light-matter coupling from surface plasmon modes in a silicon-
loaded nano-plasmonic waveguide covered by a 60 nm thick
gold cap, enabling efficient nonlinear optical mixing over mi-
crometer length scales [170].
In 2009, Sasagawa and Tsuchiya observed green emission

arising from THG in a periodically poled MgO:LiNbO3 disk
resonator, with simultaneously generated SH [171], as shown
in Figure 11(c). Lipson’s group demonstrated SHG and THG
simultaneously in a centrosymmetric CMOS-compatible Si3N4

MRR, with a χ(2) response induced by symmetry breaking at
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(a) (b)

(c)

FIGURE 10. (a) Left: Tapered fiber via which the pump is evanescently coupled into the ring cavity. Right: Top and side views of the cavity; TH
power is visible from the side [167]. (b) Recorded visible emission indicating TSFG among the pump wavelength and cascaded Raman lines [168].
(c) Left: Diagram of nonlinear processes observed in a silica micro-bottle resonator. Right: Optical microscope image of the fabricated micro-bottle
resonator [169].

the Si3N4 core and silica cladding interface in 2011 [15]. In
2013, Ning et al. reported robust THG from a 1064 nm fun-
damental wavelength to a 355 nm UV wavelength in SiN thin
films and SiN resonant nanostructures [172], showing that res-
onant enhancement in a waveguide grating (RWG) could am-
plify the THG signal by a factor of 2000 compared to the TH
generated from planar SiN films. In 2016, Wang et al. demon-
strated a visible frequency comb from THG and SFG within
a SiN MRR [140]. This comb achieved phase matching be-
tween the pump mode and several visible higher-order modes
for increased efficiency compared to a single visible higher-
order mode, as shown in Figure 11(b). In 2018, Tang’s group
at Yale reported efficient THG in composite aluminum nitride
(AlN)/Si3N4 MRRs [173]. Other innovative approaches to en-
hancing THG conversion efficiency have been explored, such
as Wei’s group proposing a metal-clad plasmonic double-slot
waveguide structure to enhance the pump-TH modal overlap,
achieving a theoretical THG efficiency of 1.5 × 10−5 at a
waveguide length of approximately 10µm in 2015, shown in
Figure 11(d) [174].
Continued research into SHG has utilized quasi phase match-

ing (QPM) [175] and modal phase matching (MPM) tech-
niques over the past fifty years. QPM is a technique used
in nonlinear optics to achieve efficient frequency conversion
by compensating for the phase mismatch between the interact-
ing waves in the nonlinear medium. QPM is attained through
the growth of orientation-patterned structures [176] or the in-

termixing of quantum wells in semiconductor materials [177],
countering the adverse effects of periodic destructive interfer-
ence caused by phase-mismatch. While QPM offers viable
solutions, challenges remain in achieving low-loss fabrication
processes and on-chip integration. Various structures have
been proposed to achieve phase-matched second-order non-
linear upconversion, including an M-structure waveguide for
LiNbO3 [178] and multilayer configurations for AlGaAs/GaAs
waveguides [11, 179]. Additionally, significant modal disper-
sion in SHG has been observed [180].
In centrosymmetric materials such as Si, silica, or Si3N4,

second-order nonlinearity is typically absent in the bulk mate-
rial but can manifest at the interface layer due to surface effects
or grating effects [181, 182]. In 2011, Lipson’s group reported
SHG in Si3N4 MRR as a result of symmetry-breaking at the
SiO2/Si3N4 interface [15], as shown in Figure 12(a). In 2012,
Cazzanelli et al. theoretically and experimentally demonstrated
bulk second-order dipolar nonlinear optical susceptibility in-
duced in Si waveguides by a stressing SiNx overlayer [183],
as shown in Figure 12(b). In 2016, Puckett et al. achieved SHG
process through multi-modal phase matching in Si3N4 waveg-
uides andmeasured its second-order bulk nonlinearity of the or-
der of 10−1 pm/V [184]. More recently, in 2019, Xiao’s group
at Peking University demonstrated SHG induced by symme-
try breaking at the surface of a silica WGM under a CW pump
with power less than 1mW [43] (as shown in Figure 12(c)),
and, in 2020, they produced microcombs spanning more than
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FIGURE 11. (a) Schematic of slow-light enhanced THG in silicon. Fundamental pulse at frequency ω (energy h̄ω) is spatially compressed in the
slow-light photonic-crystal waveguide, increasing electric field intensity, with the third-harmonic signal, at frequency ωTH = 3ω extracted at a
specific angle off the vertical direction by the photonic crystal [58]. (b) Photograph of the probed device, fabricated SiN MRRs with loaded Q-
factors of 1.3× 106 with∼ 1THz FSRs [140]. (c) Photograph of simultaneous SH and TH waves in the PPMgLN disk resonator. The fundamental
wavelength was 1554 nm [171]. (d) Cross-section of the proposed metal-clad plasmonic double-slot waveguide [174].

two-octave (450 nm to 2008 nm) through χ(2) and χ(3) nonlin-
earities in a deformed silica microcavity [185]. Additionally,
Brès’s group at EPFL demonstrated SHG via all-optical pol-
ing in an 81-mm-long Si3N4 waveguides [186] and in a Si3N4

MRR with output SH power exceeding 2mW and efficiency
as high as 280%/W under milliwatt-level pumping [187], as
shown in Figure 12(d). In 2023, Smith et al. presented a high-
performance Si3N4 photonic integrated circuit platform operat-
ing at visible wavelengths, accessible through the commercial
foundry, LIGENTEC [188]. For wavelengths above 630 nm,
propagation losses were measured to be less than 1 dB/cm for
TE and 0.5 dB/cm for TM polarizations. At ∼ 635.3 nm, an
average intrinsic Q-factor of 2.28× 106 was achieved.

6. HIGH HARMONIC GENERATION IN HDSG MRRS

6.1. Introduction
Recent experiments have demonstrated THG [74] and
SHG [189] in HDSG MRRs. We have developed a thermal
nonlinear model to calibrate the TH resonance wavelength by
compensating for thermal nonlinear shifts induced by pump
intensity. The dynamic phase matching process, essential
for momentum conservation during harmonic generations, is

achieved by meticulously adjusting dispersion and employ-
ing thermal detuning. A TEC controls the device’s global
temperature, allowing for detailed investigation of the power
dependencies of THG and SHG relative to in-cavity power,
by tuning the global temperature and sweeping the pump
wavelength with a CW laser.
Maximum conversion efficiency is realized when the har-

monic mode coincides spatially with the pump cavity mode,
and the harmonic and pump wavelengths align simultane-
ously [43]. For SHG, the second-order nonlinearity due to
symmetry breaking at the interface of the HDSG core and
SiO2 cladding layer is characterized. The dynamics of phase
matching, including the shift rate of the second-harmonic
mode and pump mode, are quantified. The highest measured
on-chip conversion efficiency is 1.0×10−8W−1, significantly
underestimated due to the low coupling coefficient between the
micro-ring and bus waveguide at SHwavelength. Furthermore,
we propose methods to optimize the structure to enhance the
conversion efficiency.
Although the devices presented in this work cannot couple

the THG output to the waveguide and the coupling coefficient
at SHG wavelength is low, with appropriate waveguide disper-
sion engineering, the emissions from the top of the ring can
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FIGURE 12. (a) Visible (upper) and spectral output (lower) from generated SH light in a Si3N4 MRR [15]. (b) Top-view optical (left) and SEM (right,
zoom in) images of silicon waveguides strained by Si3N4 [183]. (c) Upper: SH signals generated from symmetry-breaking-induced nonlinearity
at the surface of a silica WGM and the electric multipole response in the bulk. Lower: Measured SH spectrum (red) and corresponding pump
(black) [43]. (d) MRR all-optical poling using an external tunable laser. Light is incoupled using a lensed fiber. The generated SH light is visible to
the camera sensor showing the intense circulating power inside the resonator [187].

(a)

(b)

FIGURE 13. C+L bands phase matching conditions and measured THG power as a function of detuning. (a) Drop-port power and (b) THG intensity
dependence on pump wavelength at swept step of 2 pm. Measured cold resonances at 25◦C are plotted in gray lines for TM polarization [74].

serve as high-quality illumination backlight sources for f-2f-
3f referencing frequency comb applications in microscopy and
bio-imaging. Current efforts are aimed at improving the cou-
pling of HHG directly from the ring to the waveguide, opening
new avenues for using second- and third-order nonlinear pro-
cesses in HDSG photonics.

6.2. THG in HDSG MRR
The redshift introduced to the cold resonance due to the ther-
mal effects of the pump can significantly impact the accuracy
of measurements. Therefore, monitoring the exact in-cavity
power during experiments is essential for accurately account-
ing for actual power consumption. Figure 13(a) illustrates the
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(a)
(b)

FIGURE 14. (a) THG power dependence on in-cavity power for MRRs with different gap values. (b) Microscope image of the green emission from
the three MRRs simultaneously. Gap sizes are marked below each MRR [74].

TABLE 4. Quality factor and conversion efficiency for optical platforms demonstrating THG.

Platform Structure Dimension (µm)* Q-factor η(W−2) Ref.
SiO2 Micro-sphere 28.5 1.0× 107 2.0× 10−3 [168]
Si Photonic crystal waveguide 80/0.7/0.22 - 19.5 [58]

Si3N4 MRR 116/1.5/0.725 - 5.8× 10−10 [15]
Si3N4 MRR 22.85/1.6/0.85 1.3× 106 4.0× 10−3 [140]

AlN/Si3N4 MRR 20/1.85/0.33 4.0× 105 1.8 [173]
AlN MRR 60/3.5/0.65 5.0× 105 2.4× 10−10 [190]

MgO : LiNbO3 MRR 3400/500 5.0× 106 1.5× 10−2 [171]
HDSG MRR 135/2/1 1.4× 106 2.7× 10−5 [74]

(Dimension*: radius/width/height for MRR, radius/height for microdisk, radius for microsphere, and length/width/height for
waveguide.)

detected pump power at the drop port across the swept wave-
length range 1534–1584 nm. At each resonance, thermally in-
duced resonance shifts result in increased drop power as the
swept wavelength approaches the resonance peaking before de-
clining to zero as the pump wavelength moves away from the
resonance. Notably, THG modes are observable at nearly ev-
ery resonance (Figure 13(b)), with some resonances exhibiting
multiple peaks corresponding to phase matching with various
TH modes. Maximum THG emission occurs when the phase
matching condition is fully satisfied, aligning the pump wave-
length with the pump cavity mode, THG wavelength, and TH
mode. The detuning between the pump wavelength and pump
cavity mode, between the THG wavelength and TH mode, and
between the pump cavity mode and TH mode, each contributes
to the intensity of THG emission.
We studied the steady-state thermal behaviors [80] at differ-

ent global temperatures for three MRRs with gaps of 0.8µm,
1.0µm, and 1.2µm, as shown in Figure 14. The extracted
maximum on-chip conversion efficiencies, η = PTH/P 3

i , are
5.3×10−6W−2, 8.9×10−6W−2, and 2.7×10−5W−2, respec-
tively. These values are significantly lower — by two orders of
magnitude — than that of the silica microsphere, which exhibit
a Q-factor of 107 [168]. Conversely, these efficiencies are five
orders of magnitude greater than the performance observed in
Si3N4 MRRs under imperfect phase matching conditions [15]
and two orders of magnitude lower than results in demonstrat-
ing frequency comb generation in the green spectrum using SiN

micro-resonators [140]. A comparative summary of these var-
ious platforms is provided in Table 4.
The conversion efficiency of HHG in integrated optical

waveguides is influenced by waveguide dimensions and mate-
rial properties. Smaller dimensions improve confinement and
nonlinear overlap, enhancing efficiency, but if too small, they
can cause scattering and mode mismatch. Longer interaction
lengths generally increase efficiency, though phase mismatch
in long waveguides can counteract this benefit. Materials with
high nonlinear susceptibilities, such as silicon and Si3N4, allow
for more efficient HHG due to their strong nonlinear response.
However, intrinsic optical losses, like scattering and absorp-
tion, can reduce effective power for nonlinear interactions, par-
ticularly affecting higher-order harmonics where sensitivity to
losses is greater.

6.3. SHG in HDSG MRR

The MRR consists of two bus waveguides coupled to a central
ring in a side-by-side configuration. The waveguide core has
a cross-section of 2µm× 1µm, is filled with HDSG with a re-
fractive index of 1.70, and is surrounded by silica. Fabrication
of the device involved depositing a ∼ 1µm thick HDSG film
using standard CVD, followed by photolithography and reac-
tive ion etching (RIE) to pattern and create the waveguides. An
∼ 8µm thick SiO2 layer was then deposited to encapsulate and
protect the entire chip. Notably, this CMOS-compatible fabri-
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(a) (b)

FIGURE 15. (a) SEM image of the sidewall of the MRR with radius of 135µm. (b) Zoom-in image of (a).

(a) (b)
(c)

FIGURE 16. (a) SEM image of the cross-sectional geometry of the MRR, with a radius of 135µm. (b) Calculated dispersion of the fundamental
TE and TM modes, with inset: Fundamental TM bending mode profile of the 200GHz MRR waveguide with a 7◦ sidewall angle. (c) Effective
refractive index for the fundamental pump mode and higher order SH modes, with inset: 7th-order bending mode profile at 775 nm [189].

(a)

(b)

(c)

(d)

(e)

FIGURE 17. Characterization of the SHG by collecting scattered light with a collimator and a spectrometer. (a)–(c) Measured SHG power (red curve)
and pump power from the drop port (black curve) as a function of pump wavelength at TEC temperature of (a) 23◦C, (b) 27◦C, and (c) 41◦C, under
a fixed pump power of 279mW. (d) Measured (red solid circle) and Lorentzian curve-fitted (solid lines) SHG power versus pump wavelengths in
(c). (e) Quadratic dependence of the measured SHG power on fundamental frequency in-cavity pump power, with solid circles and hollow squares
denoting the fitted left and right Lorentzian distribution in (d), respectively [189].
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TABLE 5. Loaded quality factor and conversion efficiency for optical platforms demonstrating SHG.

Platform Structure Dimension (µm) QP,L QSH,L Pi (mW) η η (W−1) Ref.
PPLN* WGM 1500/500 1.2× 107 8× 106 25 0.5 19.7 [191]
LiNbO3 WGM 1900/500 2× 107 - 0.03 0.09 3000 [197]
GaN MRR 40/0.86/0.4 104 - 120 1.8× 10−5 1.53× 10−4 [198]
Si3N4 MRR 116/1.5/0.725 - - 315 3.2× 10−4 1.0× 10−3 [15]
AlN MRR 130/1/0.33 - 105 22 2.5× 10−5 1.1× 10−3 [199]

β-LiNbO3 WGM 0.91/- 3× 106 - 1.1 6.9× 10−4 0.63 [200]
AlN MRR 30/1.12/1 2.3× 105 1.2× 105 27 0.12 25 [195]
GaP Micro-disk 3.26/- 1.1× 105 1.0× 104 0.35 1.3× 10−4 0.38 [201]
GaN Micro-disk 4/0.742 - - 1.1 - 2× 10−6 [202]
Si3N4 waveguide 4/1.5/0.87 - - - - 5× 10−4 [203]
LiNbO3 Micro-disk 13/0.5 1.5× 105 - 5 1.4× 10−5 2.8× 10−3 [204]
AlN MRR 30/1.2/1 5.9× 105 2.5× 105 3.5× 10−2 5.9× 10−3 170 [205]

LiNbO3 MRR -/1.8/0.5 3.7× 105 1.3× 106 5.6× 10−3 1.3× 10−2 2.3× 103 [206]
Si3N4 MRR 25/1.15/0.5 3.0× 105 - 3.5× 10−2 0.3 8.6× 103 [207]
LiNbO3 Micro-disk 29.92/0.6 9.6× 106 - 0.3 0.03 99 [208]
LiNbO3 MRR 50/0.69/0.6 1.4× 105 9× 104 3.5× 10−2 5× 10−4 15 [209]
Si3N4 waveguide 40000/1.5/0.87 - - 91 3.1× 10−4 3.4× 10−3 [210]
SiO2 Micro-sphere 62 - 8× 106 0.88 4.3× 10−7 4.9× 10−4 [43]
SiC MRR 27.5/2.5/0.35 8× 104 2× 104 0.3 1.1× 10−3 360% [211]
Si3N4 MRR 23/1.2/0.6 6× 105 1.6× 106 15 0.38 2500% [3]
Si3N4 MRR 900/2/0.5 2.5× 106 - 33 7% 280% [187]
HDSG MRR 135/2/1 1.5× 105 4.4× 104 372.1 3.9× 10−9 1.0× 10−8 [189]

(PPLN*: periodically poled lithium niobate with poling periods of 14µm.)

cation process does not require high- temperature annealing to
reduce propagation loss.
SEM images in Figure 15 reveal the sidewalls roughness

of the waveguide, an artifact of the e-beam lithography
and RIE processes. Notably, the periods are in the scale
of tens of nanometers, which is too small to act as a grat-
ing [181, 191, 192]. However, scattering loss induced at
sidewall roughness limits the Q-factor of the device. Fu-
ture fabrication improvements, such as surface passivation
via atomic layer deposition, could reduce sidewall rough-
ness [193, 194]. The SEM image in Figure 16(a) shows the
cross-section of the fabricated device, where the two bus
waveguides match the cross-sectional geometry of the ring.
The sidewalls are tilted at an angle of approximately 7◦,
resulting from the chemical RIE process. Dispersion of the
200GHz MRR, simulated using the FEM method, is shown
in Figure 16(b). The dispersion is normal for both the TE
and TM polarizations in the telecom window, allowing for
the characterization of SH behavior as only one frequency is
generated at the visible region under each pump wavelength in
the telecom range.
In our studies [189], modal dispersion (nP = nSH ) of

higher-order SH modes is adopted to offset material disper-
sion [195]. As shown in Figure 16(c), phase matching is
achieved between the fundamental pump mode and higher-

order SHG modes (6th and 7th). SHG is observed only with
the TM pump, indicating that the sidewall of the resonator in-
duced a much stronger surface nonlinearity. The mode profiles
of the fundamental pump mode (TM polarization) and the 7th-
order SH mode (TM polarization) are tightly confined within
the waveguide core, as depicted in the inset of Figures 16(b)
and (c), respectively.
Dynamic thermal behavior and self-thermal stability of

pump and SH modes were studied using a resonance sweeping
method [80], as shown in Figures 17(a)–(c). This method
highlighted how tuning the TEC temperature and sweeping
the pump wavelength could dynamically reveal SH mode
behavior. Shift rates for pump and SH resonance modes were
measured to be 19.3 pm/◦C and −3.8 pm/◦C, respectively,
indicating a redshift and a blueshift of the resonance with
increasing global temperature. These findings suggest that
maximum conversion efficiency can be achieved by simul-
taneously adjusting the pump wavelength and TEC global
temperature. In Figure 17(d), splitting of the SH resonant peak,
due to surface roughness of the ring as shown in Figure 15,
introduces contra-directional coupling of the SH wave in the
ring [196]. The SHG process was further verified by the
quadratic relationship between the in-cavity power and the SH
power from the measurement result, as shown in Figure 17(e).
The maximum on-chip conversion efficiency was calculated to
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be 1.0 × 10−8W−1. Conversion efficiencies of SHG among
different platforms, such as semiconductor platforms like GaN
and infrared nonlinear crystals, which typically exhibit higher
second-order susceptibilities, are summarized in Table 5.
Furthermore, the relatively low conversion efficiency of the

HDSG platform can be partly attributed to the small coupling
coefficient at the SH wavelength. Coupling coefficients for the
fundamental pump and 7th-order SHG waves, simulated using
the BPM method, are presented in Figure 18. These values de-
crease significantly when the gap separation exceeds 0.8µm
resulting in a substantial underestimation of the conversion ef-
ficiency when relying solely on SH power recorded from the
drop port due to weaker evanescent coupling (−18.2 dB) from
the micro-ring to the bus waveguide. To collect more scattered
SH lights, a visible light spectrometer was employed for fur-
ther characterization of the SHG. Future design efforts aim to
increase the coupling coefficient at the SH wavelength by po-
tentially incorporating a pulley-coupled structure that encircles
the micro-ring [212], and/or employing a narrower bus waveg-
uide that ensures the ring remains unloaded at the pump wave-
length, thereby preserving its Q-factor [199].

FIGURE 18. Coupling coefficient between the bus waveguide and the
micro-ring for the fundamental pump and 7th-order SH waves.

7. SUMMARY AND PRACTICAL CHALLENGES

7.1. Summary
With the escalating demand for higher bandwidth, all-optical
signal processing that leverages nonlinear optical effects to
manage signals directly in the optical domain remains an at-
tractive solution to circumvent the limitations of electronic sys-
tems. This paper has surveyed HHG in integrated nonlinear
platforms, which hold significant potential for applications in
metrology and sensing. High Q MRRs amplify the intensity
within the resonator, thereby enhancing nonlinear effects.
Compared to other nonlinear optical waveguide platforms,

the salient features of the HDSG waveguide platform stand
out for its low losses, both linear and nonlinear, and its man-
ufacturability. Consequently, future research efforts will fo-
cus on augmenting the nonlinear properties of this platform
and exploring the nonlinear phenomena arising from χ(2) and
χ(3) processes, while preserving these advantageous features.
We reviewed the first demonstration of THG and SHG in
the centrosymmetric, CMOS-compatible HDSG platform using

200GHz MRRs. To achieve these nonlinear optics effects, the
modal phase matching condition was satisfied by aligning the
refractive index of the fundamental pump mode with the cor-
responding higher-order harmonic modes. A thermal nonlinear
model was developed to account for the dependence of reso-
nance detuning on in-cavity power. Using the extracted thermal
nonlinear coefficients, the measured TH resonance shift was
calibrated by subtracting the thermal nonlinear-induced phase
mismatch, leading to a theoretical threefold wavelength rela-
tionship that aligned with the measured cubic power relation-
ship. For SHG, the generated power exhibited a quadratic de-
pendence on the in-cavity power of the fundamental pump at
approximately 1550 nm. These findings enable new capabili-
ties for frequency conversion to produce tunable on-chip visible
laser sources and provide deeper insights into the mechanism
underlying THG and SHG emissions.
Moving forward, research should concentrate on waveguide

design for dispersion engineering, such as flattening the disper-
sion across a broader bandwidth using multilayered structures.
This could further enhance nonlinear effects, including THG
and FWM. The demonstration of HHG in the HDSG platform,
pumped with telecom sources, is particularly promising as it
opens up access to optical frequencies beyond the traditional
telecom bands using cost-effective telecom sources. This also
adds another CMOS-compatible platform for generating visible
lasers in silicon-based on-chip optical networks. In this context,
the initial demonstration of SHG in the HDSG platform could
enable applications in producing squeezed state lights for quan-
tum optics research [213], or be integrated with semiconductor
lasers to achieve a compact and efficient short-wavelength co-
herent light source. For practical applications, however, chal-
lenges remain in designing structures that can effectively cou-
ple visible light from HHG in resonance cavities to the output
waveguide while maintaining high Q at the pump wavelength.
Addressing this issue may involve specific designs that incor-
porate a pulley-coupled structure surrounding the micro-ring,
as detailed in [212], alongside a narrower bus waveguide to en-
sure that the ring is not loaded at the pump wavelength, thereby
preserving its Q-factor [199].
Finally, semiconductor thin films or other 2Dmaterials, such

as transition metal dichalcogenides, could be utilized to form
metasurfaces that generate high-harmonics with high efficiency
in terahertz nonlinear optics [162], leveraging inter-band tran-
sitions or plasmon resonances. Additionally, light localization
in metamaterials and metasurfaces may help reduce all-optical
switching time. For instance, using materials with near-zero
permittivity and high Kerr nonlinearity, such as aluminium-
doped zinc oxide or indium tin oxide, could tailor switching
times and modulation depths [162].

7.2. Practical Challenges

Energy efficiency is essential for integrating HHG sources into
practical devices, impacting their viability for real-world ap-
plications. Efficiency depends on the nonlinear interactions
between pump power and generated harmonics, influenced by
material properties, waveguide geometry, and phase-matching
conditions, especially in the operation wavelength range where
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mode competition will reduce the efficiency of the overmoded
waveguides [76]. To optimize energy use minimizing losses
from scattering, absorption, and imperfect coupling is vital.
High-quality resonators and dispersion-engineered waveguides
can improve efficiency by confining light for longer interac-
tion times. However, achieving high energy efficiency is chal-
lenging due to trade-offs with thermal effects, fabrication tol-
erances, and nonlinear losses at high pump powers. Innova-
tions in material design and fabrication techniques are crucial
for maximizing efficiency while maintaining performance.
Effective thermal management is necessary to prevent heat-

related issues, such as thermal-induced index changes and ma-
terial degradation. Strategies include using thermally conduc-
tive substrates and incorporating heat sinks or cooling systems.
Optimizing waveguide designs and selecting materials with
high thermal conductivity are also key to minimizing thermal
effects.
Critical fabrication tolerances involve precise control over

waveguide dimensions, where variations of±10 nm can disrupt
phase matching. Sidewall roughness should be controlled at the
sub-nanometer level to reduce scattering losses. In resonant
structures, deviations in geometry can compromise efficiency.
Advanced techniques like high-resolution lithography and real-
time monitoring are vital for achieving the precision needed for
reliable HHG integration.
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