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ABSTRACT: In this paper, an enhanced FDTD algorithm is proposed for an efficient characterization of HTS (high temperature supercon-
ductors) microwave planar filters. The developed algorithm, which can be generalized to any microwave planar circuit, is based on the
two-fluid phenomenological model. Further, an irregular mesh discretization allowed improving the CPU time. Also, the thermal effects
and normal conductivity have been rigorously taken into account for better performance. The impact of the operating temperature as well
as the choice of the superconductor thickness was investigated. Computed results are in good agreement with simulated data using CST
commercial software.

1. INTRODUCTION

Compared to conventional conductors, high temperature su-
perconducting devices show some key advantages such as

low dispersion and distortion, very low attenuation, and small
losses in the design of passive devices such as interconnects,
resonator filters, transmission lines, switches, couplers, and
antennas [1–5]. Recently, high-temperature superconductors
(HTSs) have become even more attractive in designing mi-
crowave filters because of their ultra-low losses and excellent
out-of-band performances [3]. Furthermore, thanks to their low
surface resistance compared to conventional materials, HTS
resonator filters were produced with extremely low insertion
losses and high-quality factor.
The development of simulation tools based on numerical

models has become essential to predicting the thermal and
electromagnetic (EM) behavior of high temperature supercon-
ductors, particularly in a precommercial stage of HTS struc-
tures. These numerical models have become an unavoidable
tool thanks to the availability of relatively cost-effective com-
puting tools. It also comes from the fact that the superconductor
technology is becoming more and more widespread and is find-
ing a variety of applications. On the other hand, predicting the
EM behavior of such materials is not easy to simulate [6].
Several numerical approaches have been proposed to

model superconducting materials like finite element method
(FEM) [7–11], spectral domain approach (SDA) [12–15],
integro-differential techniques [16, 17], RLC distributed
model [18, 19], and finite-difference time-domain (FDTD)
method [20–23].
In [7], the authors calculated the microwave surface resis-

tance of HTS samples using the FEM based on the model pro-
posed by Bonura et al. [8] and Coffey and Clem (CC) model.

* Corresponding author: Mohamed Lamine Tounsi (mltounsi@ieee.org).

The dependence of the surface resistance versus the applied
magnetic field was presented. COMSOL Multiphysics was
then used to obtain the current distribution in the superconduc-
tor and the microwave surface resistance in the critical state.
The results showed that for thin film low superconductor thick-
nesses, the predicted surface resistance value is considerably
lower than those reported in the technical literature. This can
be explained by the fact that the CC model is not applicable in
this range of thickness values.
In [9] and [10], the FEMmethod was used to model the HTS

material losses and current, while the superconductor was mod-
eled with a power-law resistivity. In [11], another 2D FEM
method based on the critical-state model was proposed to ana-
lyze HTS superconductors. In [12], the SDA method was pro-
posed to model high superconductor films purity by using the
CC unified theory where the surface impedance was evaluated
as well as the propagation parameters depending on the operat-
ing temperature and the HTS thickness for three types of HTS
quality. The complex conductivity of the superconductor was
also evaluated versus magnetic field.
In [13], the Galerkin moment method was applied to model

microstrip antennas with superconducting patches. Resonant
frequency and half-power bandwidth were evaluated versus the
operating temperature based on the two-fluid model and Lon-
don’s equations. The HTS thickness effect was also presented.
In [14, 15], the propagation characteristics of a coplanar HTS
waveguide, microstrip line, and slotline, using SDA approach,
are reported. The superconductivity is introduced by the sur-
face impedance of the HTS material based on modified two-
fluid theory (from the Coffey and Clemmodel). The dispersion
and attenuation parameters as well as the unloaded quality fac-
tor were evaluated versus the temperature and HTS thickness.
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In [16], a 3D integro-differential model was developed and
applied to compute the EM field of HTS composite materi-
als, which are characterized by a nonlinear anisotropic electri-
cal conductivity and multiscale dimensions. This model was
formulated with the electric vector potential and discretization
using the finite-difference method while in [17], a variational
formulation has been adopted to model the superconductor.
The EM problem was resolved using an integral formulation.
In [18], RLC circuits were investigated to model the surface
impedanceRs of HTS films. Linear, quadratic, and exponential
dependence of Rs versus the RF magnetic field was simulated
for a Hakki-Coleman dielectric resonator to study the nonlin-
ear response of HTS material based on the modified two-fluid
model. In [19], the authors studied the frequency-dependent
RLGC electrical parameters of a high-speed HTS interconnect
circuit, and an analysis response was proposed. A comparative
simulation was carried out with normal conductors such as Alu-
minum (Al). The results showed that the crosstalk phenomenon
was reduced with superconducting material.
In [20], an FDTD approach was applied to simulate a super-

conducting microstrip resonator. The resonant frequency was
calculated versus the temperature using the kinetic inductance
of the superconductor. In [21], FDTD approach was also used
to model an HTS microstrip line based on Maxwell’s equations
and London theory. The effective dielectric constant, attenua-
tion, supercurrent density distribution, and the magnetic field
were evaluated. In [22], a 2D FDTD code with weighted La-
guerre polynomials (WLP-FDTD) was applied to model mi-
crostrip superconducting lines with the advantage that the ob-
tained algorithm is not restricted by the stability condition.
In [23], a nonlinear phenomenological model of HTS mate-
rial that combines the linear model of London equations and
Ginzburg-Landau theory was proposed, leading to an empirical
formula of the surface resistance of the superconductor with the
use of YBCO (Yttrium barium copper oxide) as HTS material.
The model was then applied to study the nonlinearity of an HTS
filter.
One of the major problems encountered in the design of HTS

microwave filters is the choice of the substrate which must have
low losses on the whole operating frequency band and temper-
ature. The substrate must also have a good resistance to me-
chanical stress during the transition to cryogenic temperature
as well as a suitable crystalline mesh and a clean surface with-
out defects [24, 25]. Another constraint with superconducting
thin layers is compatibility criterion. Indeed, the cooling of the
circuit to the cryogenic temperature causes a temperature dif-
ference about 220◦K, so the materials undergo a thermal ex-
pansion more or less different. To quantify this phenomenon,
one can define the coefficient of thermal expansion/dilatation
(CTE) by [26, 27]:

k =
∆l

l0∆T
(1)

with ∆l being the variation of the length, ∆T the variation of
temperature, and l0 the initial length.
The coefficient k must be similar for the thin film HTS and

substrate since the difference in CTE between the supercon-
ducting material and substrate can cause cracking during ther-

mal cycling [28]. Another important parameter to take into con-
sideration is the crystallographic property of the material. The
lattice constant of the superconductor must be close to that of
the substrate to allow epitaxy since the dielectric must not re-
act with the components of the material HTS [29]. The values
of the thermal expansion k and the lattice constant for different
materials are reported in Table 1.

TABLE 1. Structural and thermal properties of selected substrate mate-
rials suitable for deposition of high-quality YBCO films [29].

YBCO MgO LaAlO3 Al2O3

Thermal expansion
10−6/K

10–16 13–14 9 5–9

Lattice constant
(nm)

0.382 0.421 0.379 0.348

Typically, the substrates that meet the mentioned criteria are
Lanthanum aluminate (LaAlO3), magnesium oxide (MgO), and
sapphire (Al2O3) [29]. Lanthanum aluminate allows a good
miniaturization, but the problem is related to its homogene-
ity that can affect the ability to set the frequency correctly,
especially in narrow-band filter applications. This inhomo-
geneity can cause variations in the performance of the cir-
cuit [30, 31]. Magnesium oxide substrate (MgO) offers less
miniaturization than Lanthanum aluminate but has satisfactory
microwave properties with a loss tangent between 2 · 10−6 and
10−5 at T = 77K and f = 10GHz [29]. The thermal expan-
sion is compatible with YBCO thin films.
In this work, we highlight the materials and their character-

istics for the design of HTS passive microwave circuits, in par-
ticular resonators and filters in planar technology. This design
requires a precise the knowledge of materials properties and an
in-depth study of their theory. An enhanced FDTD algorithm
is therefore proposed to describe the superconducting material
based on the two-fluid model and phenomenological model of
superconductor in fullwave analysis. A coupled microstrip res-
onator is rigorously designed taking into account the thermal
effect and HTS thickness.

2. MODELING OF HTS FILMS --- FDTD FORMALISM

2.1. London Theory --- Phenomenological Approach
Different theoretical approaches have been proposed to de-
scribe the properties of superconductors [32–35]. Gorter and
Casimir [32] proposed a model to describe the thermodynamic
properties of superconductors. In [35], London improved the
two-fluid model by introducing the notion of penetration depth.
In [34], Ginzburg and Landau showed that it is possible to de-
scribe the nonlinear behavior of superconductors by a macro-
scopic approach. Another more complete theory called BCS
(Bardeen-Cooper-Schrieffer) was developed in [33] for low
temperatures and used to interpret the superconducting phe-
nomenon in HTS materials.
So, in the absence of a suitable and confirmed theory for the

characterization of superconductivity at high critical tempera-
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tures, scientists are trying to solve this problem using other ap-
proaches. The phenomenological model is indeed a quantita-
tive description of microscopic properties [36]. As a general
rule, the model is based on the two-fluid approach where con-
ductivity σ is a complex quantity given by [37]:

σ = σn − jσs (2)

where

σn = σc ·
(
T

Tc

)4

(3a)

σs =
1

ωµ0λ2L
(3b)

where σn is the normal conductivity at critical temperature Tc,
and λL, ω, and µ0 are the London penetration depth, pulsation,
and vacuum permeability.
The total current density is given as the sum of the normal

current density
−→
Jn and the supercurrent density

−→
Js:

J⃗ =
−→
Jn +

−→
Js (4)

This model introduces the concept of field penetration depth. It
can be generally approximated by [36, 38, 39](

λL (0)
λL (T )

)2

= 1−
(
T

Tc

)Υ

(5)

In the case of known superconductors such as Pb, Sn, or Nb,
a good agreement with measurements was noted for Υ =
4 [36, 40]. Note that from (3a), the normal conductivity σn

at temperature T is always lower than the critical one σc at
T < Tc. However, the measurements carried out on YBCO su-
perconductors [41, 42] show that σn is larger than σc. A wide
margin was observed between measured results and both clas-
sical two-fluid model and BCS theory [37]. Therefore, these
two models are sufficient to explain the phenomenon of super-
conductivity at low temperature but are not applicable to HTS
materials [43].
Another macroscopic model called enhanced two-fluid

model was proposed in [43]. In this approach, parameter Υ
depends on the superconductor films quality. In [36], Vendik
et al. proposed a phenomenological model to describe the high
temperature superconductors, where the empirical parameterΥ
varies between 1.5 and 2.5. In addition, several experimental
results show that HTS films have a parameter Υ value around
2 [38, 40].
From experimental results, three categories of HTS films

were identified based on the superconductor quality: high,
medium, or low purity films. This classification depends on the
surface resistance properties [36, 38]. In [12], these three cat-
egories were highlighted and characterized by a phenomeno-
logical description of complex penetration depth, and the au-
thors proposed a modeling methodology to analyze the HTS
purity film by an EMwave propagation concept using a slotline
configuration. Usually, for high quality YBCO parameter Υ is
close to 2, while for poor YBCO quality, Υ tends to 1.5 [36].

Moreover, several empirical results show that the penetration
depth at T = 0◦K depends on the parameterΥ according to the
following equation [38]:

λL (0) = 120 · exp (1.27− 0.5Υ) [nm] (6)

As mentioned before, since (3a) is incorrect for HTS thin films,
and the validity range of (6) is restricted to LTS (low tem-
perature superconductor) films. For the modified two-fluid
model and for T ≤ Tc, the following equation was then pro-
posed [36, 39]:

σn (T ) = σc ·
(
T

Tc

)Υ−1

+ α

(
1−

(
T

Tc

)Υ
)

(7)

The empirical parameter α can be considered as the residual
resistance that determines the value of the surface resistance
at low temperatures [39]. Typically, α varies between 1 and
20 [36]. Note that for poor quality HTS thin films, the value of
α is high (for example α = 15 and Υ = 1.5 [38]).
The surface resistance plays a fundamental role in the per-

formance of superconductors for both passive and active com-
ponents; it is the main parameter that indicates the material
quality during the measurements and is defined as the ratio be-
tween transverse electric and magnetic fields relative to the sur-
face [7].
In the case of HTS bulk samples which correspond to the case

of HTS thicknesses t greater than twice of the London pene-
tration depth (t > 2λL), the surface impedance is then given
by [36, 39]:

Zs = Rs + jXs (8)
where

Rs =
1
2
(ωµ0)

2σnλ
3
L (9a)

Xs = ωµ0λL (9b)

If the thickness ‘t’ of the superconducting film is less than twice
of the London penetration depth (t < 2λL), one can use the
following approximation [36, 39]:

Rs = (ωµ0)
2σn

λ4L
t

(10a)

Xs = ωµ0
λ2L
t

(10b)

2.2. FDTD Modeling of HTS Material
In this work, the FDTD approach has been used to resolve
Maxwell’s equations. Based on Yee notation (Fig. 1), the res-
olution of the partial derivative equations is performed in full-
wave mode.
The proposed FDTD algorithm developed for modeling an

HTS material uses an updated equation formulation. The elec-
tromagnetic (EM) field components are expressed at time tn =
(n + 1)∆t, where ∆t is the time step. The electric field is lo-
cated by the mesh index (m, p, q) along the (x, y, z) directions
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FIGURE 1. Field components in a Yee unit cell.

respectively. The tangential components of EM fields (parallel
to the plane of the circuit) are [44]:

En+1
x

(
m+

1

2
, ps, q

)
= AEs

x · En
x

(
m+

1

2
, ps, q

)
+En

x1 (m, ps, q) + En
x2 (m, ps, q) + En

x3 (m, ps, q) (11a)

En+1
Z

(
m, ps, q +

1

2

)
= AEs

Z · En
Z

(
m, ps, q +

1

2

)
+En

z1 (m, ps, q) + En
z2 (m, ps, q) + En

z3 (m, ps, q) (11b)

where

En
x1 (m, ps, q) = BEs

x ·
[
H

n+ 1
2

Z

(
m+

1

2
, ps +

1

2
, q

)

−H
n+ 1

2

Z

(
m+

1

2
, ps −

1

2
, q

)]
(12a)

En
x2 (m, ps, q) = CEs

x ·
[
H

n+ 1
2

y

(
m+

1

2
, ps, q +

1

2

)

−H
n+ 1

2
y

(
m+

1

2
, ps, q −

1

2

)]
(12b)

En
x3 (m, ps, q) = DEs

x ·
∑k=n

k=1
Ek

x

(
m+

1

2
, ps, q

)
(12c)

En
z1 (m, ps, q) = BEs

Z ·
[
H

n+ 1
2

y

(
m+

1

2
, ps, q +

1

2

)

−H
n+ 1

2
y

(
m− 1

2
, ps +

1

2
, q

)]
(12d)

En
z2 (m, ps, q) = CEs

Z ·
[
H

n+ 1
2

x

(
m, ps +

1

2
, q +

1

2

)

−H
n+ 1

2
x

(
m, ps −

1

2
, q +

1

2

)]
(12e)

En
z3 (m, ps, q) = DEs

Z ·
∑k=n

k=1
Ek

Z

(
m, ps, q +

1

2

)
(12f)

The coefficients AEs
i , BEs

i , CEs
i , and DEs

i (i = x, z) are
given in [45]. ps refers to the HTS interface index while t, λL,

and σn represent the thickness films, London penetration depth,
and normal conductivity, respectively. T and Tc are respec-
tively the operating temperature and the critical temperature of
the superconductor. Note that a refinement has been adopted
using an irregular discretization [44].

2.3. Instability Problem and Time Incrementation
There are mainly two important criteria that must be respected
in the FDTD numerical approach, namely, the numerical dis-
persion criterion and the choice of the time step. As far as the
numerical dispersion is concerned, a spatial step must be cho-
sen sufficiently small, in the band corresponding to [λmin, λmax],
according to:

Max {∆x (m) ,∆y (p) ,∆Z (q)} ≤ λmin
20

(13)

with λmin being the minimum wavelength of the propagated
wave.
In the case of standard FDTD formulation involving dielec-

tric/magnetic linear media, the time increment step is not arbi-
trary, and an upper limit must be set to avoid overflow problem.
This limit is fixed by the CFL (Current-Friedrichs-Lewy) con-
dition [45]:

∆t ≤ 1

Vmax
√

1
∆x2 + 1

∆y2 + 1
∆z2

(14)

Vmax =
C

√
µrεr

(15)

Vmax is the maximal speed of the propagated wave; C is the
speed of light; εr and µr are the relative permittivity and per-
meability, respectively.
However, in a superconductor region, the CFL conditions are

not applicable. There are no known criteria for the choice of∆t
for this type of material, and it is necessary to consider a step
∆t lower than the one imposed by CFL.
As in [20], we considered two kinds of time increments (i)

∆t that meets the CFL criterion, with the spatial region being
the volume of the structure that includes the substrate and up-
per layer, (i.e., the air), to which the superconductor region is
restricted, and (ii) ∆t0 only dedicated to the HTS films spatial
region and given such as:

∆t = i∆t0, i ∈ N (16)

3. STUDY OF THE HTS RESONATOR PERFORMANCE
In this section, the performances of an HTSmicrowave coupled
resonator (Fig. 2) are analyzed. The HTS thermal and thickness
effects on resonance frequency, insertion losses, and bandwidth
are investigated. The physical dimensions of the coupled res-
onator are reported in Table 2 [20].
The resonator is etched on two layers: the bottom layer is

a dielectric material MgO with εr = 8.5. The top layer is a
microstrip pattern of YBCO films with Tc = 88K, σc = 2.7 ·
106 (s/m), α = 3.1, and Υ = 1.95. The bottom and upper
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FIGURE 2. The HTS coupled microstrip resonator [20].

TABLE 2. Dimensions of the HTS coupled resonator [20].

a b c G W L1 L2 h

Dimensions
(mm) 5 5 10 0.5 0.5 2.5 4 0.5

parts of the structure as well as the side parts are delimited by
perfectly electric conductors (PECs) (Etg = 0). Two walls
with first order Mur condition (absorbing condition of Mur) are
placed at z = 0 and z = c in order to eliminate the effect of
parasitic reflections. The waveform excitation is a Gaussian
signal, and the pulse width is chosen small enough to cover the
band [0–15GHz].

3.1. Effect of the HTS Thickness
The operating temperature is fixed at T = 77◦K. As shown in
Figs. 3, 5, 6 for the transmission coefficient (S21) and Figs. 4,
7, 8 for the refection coefficient (S11) at different thicknesses,
the computed results are in good agreement with those simu-
lated with CST EM tool. The modeling of the HTS film under
the CST simulator is carried out using the surface impedance
procedure depending on the thickness t value.
Figure 9 illustrates the variation of the parameter t

λL
versus t

at T = 77◦K. According to (5) and (6), the London penetration
depth is evaluated as λL = 336.62 nm. Therefore, the HTS
material is considered as bulk samples for thicknesses exceed-

Frequency (GHz)

S 
   

(d
B

)
21

t = 510 nm

t = 100 nm

t = 80 nm

FIGURE 3. S21 parameter versus frequency for different thicknesses.
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S 
   

(d
B

)
11
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t = 100 nm

t = 80 nm

FIGURE 4. S11 parameter versus frequency for different thicknesses.
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S 
   

(d
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)
21
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FIGURE 5. S21 parameter versus frequency for t = 80 nm.

Frequency (GHz)

S 
   

(d
B

)
21

Our FDTD result
CST result

FIGURE 6. S21 parameter versus frequency for t = 510 nm.

ing 673 nm and as thin film in the other case. Let us recall that
according to the Vendik model, the superconducting material is
considered as thin films for a thickness less than 2λL(

t
λL

< 2),
and is considered as bulk sample in the other case.
Figures 10–12 show the variation of the structure parameters

vs. the HTS thicknesses at T = 77K. As shown in Fig. 10,
the insertion losses (IL) is maximum for low values of t, with
a relatively constant value from 505 nm (about 1.5λL). This
phenomenon has already been demonstrated in the case of nor-
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FIGURE 7. S11 parameter versus frequency for t = 80 nm.
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11
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FIGURE 8. S11 parameter versus frequency for t = 510 nm.

t (nm)

FIGURE 9. Variation of t
λL

versus t.

Thickness (nm)

Our FDTD result
CST resultsIL

 (
dB

)

FIGURE 10. Variation insertion losses versus the thickness of super-
conductor at T = 77K.

mal conductors [46, 47]. In [12], the attenuation coefficient of
an HTS microstrip line was evaluated using the spectral do-
main approach (SDA) method; the superconducting material
was modeled by its surface impedance; and the results showed
that the attenuation tended to increase for low values of t. The
attenuation of a microstrip line was related to the losses by joule
effect. The result demonstrates that for the low values of the
thickness of the HTS film, the losses in the material increase,
which implies more insertion losses. This analysis shows that
the choice of the thickness t is important for the design process,

Thickness (nm)

Our FDTD results
CST results

B
W

 (
%

)

FIGURE 11. Variation relative bandwidth versus the thickness of su-
perconductor at T = 77K.

and an unwise choice can lead to significant losses causing a
degradation of the filter performance.
In Fig. 11, the relative bandwidth (BW) decreases drastically

for low values of t and then becomes almost constant from the
same t value (t = 505 nm). A sudden threshold effect is re-
ported showing that the resonator becomes more selective with
a maximum quality factor. This coincides also with a minimal
IL in this range. This variation is explained by the fact that
the unloaded quality factor (inverse of the relative band) is in-
versely proportional to the losses in the resonator.
As for Fig. 12, it is shown that the resonance frequency f0

follows almost the same behavior: it increases with t until
1.5λL before converging to a constant value.
Our result predicts a shift in resonance frequency depending

on the thickness of the HTS film.
To explain this resonance phenomenon, it is known that in-

dependent of the shape of the resonator, it is possible to model
it by an RLC network where the resonance frequency can be
evaluated as:

f0 =
1√
LC

(17)

L and C represent respectively the equivalent inductance and
capacity of the resonator. For HTS microstrip lines, the equiv-
alent inductance is mainly due to the kinetic inductance (eval-
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f  
 (

G
H

z)
0

FIGURE 12. Variation of resonance frequency versus the thickness of
superconductor at T = 77◦K.

Thickness (nm)

FIGURE 13. Variation of kinetic inductance versus the thickness of HTS
films.

uated using the transport properties of charge carriers in the
superconducting parts of the resonator) while its geometry de-
pends on the external magnetic field [36, 48–50]. The surface
kinetic inductance can be deduced from (9b) and (10b) as [36]:

xsur = wLk (18)

From (18), we can obtain the variation of the kinetic induc-
tanceLk versus HTS thickness. Fig. 13 illustrates this variation
where a decrease in the kinetic inductance is observed versus
t. Since the resonant frequency is proportional to the inverse
of the inductance root, we can explain the variation of f0 in
Fig. 12. This analysis shows the need to take into account the
thickness of the superconductor in any design process; other-
wise, large offsets can occur in the resonant frequency. A good
agreement was obtained in comparison with the CST results
with an average relative error of 6%, 7%, and 0.21%, respec-
tively for relative band, insertion losses, and the resonant fre-
quency.

3.2. Effect of the Operating Temperature

In this study, the HTS thickness is fixed at t = 510 nm. First,
we note that according to the phenomenological model pro-
posed by Vendik et al. [36], the surface impedance Zs depends
on the ratio t/λL (thin films and bulk sample case), and the
ratio depends on the operating temperature (Fig. 14). So, we

T (  K)o

FIGURE 14. Variation of t
λL

versus T .

Frequency (GHz)

S 
   

(d
B

)
21

T = 77 K
T = 84 K
T = 85 K

FIGURE 15. S21 parameter versus frequency for different operating
temperatures.

must use the adequate formula of Zs according to the operating
temperature.
The operating temperature is fixed to T = 77K. As shown

in Figs. 15, 17, 18 for the transmission coefficient (S21) and
Figs. 16, 19, 20 for the refection coefficient (S11) at different
thicknesses, the computed results are in good agreement with
those simulated with CST EM tool. The modeling of the HTS
film under the CST simulator is carried out using the surface
impedance procedure depending on the thickness t value.
After simulating the structure at different values of the op-

erating temperature T , we obtained the curves illustrated in
Figs. 21, 22, and 23.
Figure 21 gives the variation of the insertion losses (IL) ver-

sus T at t = 510 nm. We can observe a progressive decrease of
IL for temperatures ranging from 0 to 75K before decreasing
dramatically. This can be explained physically: at temperatures
below the transition temperature Tc and according to the two-
fluid model, the normal electrons behave like super-electrons;
therefore, all the current is carried by them. However, by in-
creasing the temperature, a part of the current is carried by the
normal electrons which causes collisions in the material and
then in power losses. Approaching Tc, most of the electrons
become normal, and the material loses its superconductivity.
Several studies have highlighted this phenomenon [12, 36, 51].
Note that the obtained results are in good agreement with those
simulated by CST software tool.
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FIGURE 17. S21 parameter versus frequency for T = 77K.

Frequency (GHz)

S 
   

(d
B

)
21

Our FDTD results
CST results

FIGURE 18. S21 parameter versus frequency for T = 85K.
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FIGURE 20. S11 parameter versus frequency for T = 85K.
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FIGURE 21. Variation of insertion loss versus T at t = 510 nm.

Figure 22 gives the variation of relative bandwidth (BW) ver-
sus T at t = 510 nm. Note that BW is independent of the tem-
perature from T < 75K, then a significant increase appears
before being maximum near the critical temperature due to the
presence of a significant proportion of normal electrons. Thus,
the quality factor is better for low temperatures with minimal
insertion losses in this temperature range.
The variation of BWcan be explained by Fig. 21 (because the

unloaded quality factor is inversely proportional to the losses

in a resonator), and this observation has already been under-
lined in other works [13, 52]. A good agreement was obtained
in comparison with the CST results with an average relative
error of 9%, 13%, and 0.11%, respectively for relative band,
insertion loss, and resonant frequency.
Figure 23 gives the variation of the resonance frequency f0

versus T at t = 510 nm. A progressive decrease of the res-
onance frequency is reported for T in the range 0–75K. This
decrease is greater near the transition temperature. A good
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FIGURE 24. Variation of the kinetic inductance versus the operating
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FIGURE 25. CPU time versus temperature T .

agreement is observed with regard to CST simulations, with
an average relative error that does not exceed 0.1%. This phe-
nomenon is similar to that observed in Fig. 12 based on the
RLC model (Equation (17)). We can then deduce that the vari-
ation of f0 is determined by that of kinetic inductance. Note
that the measured resonant frequency shows an increase with
temperature [50], and this phenomenon is attributed to the ki-
netic inductance. Using (9b), (10b), and (18), we plotted the
variation of f0 versus T (Fig. 24).
This study shows a significant dependence of the resonant

frequency f0 vs. the temperature, especially close to the tran-
sition temperature. Hence, the HTS material cannot be simply
modeled by a perfectly conductive material (PEC). This illus-
trates the importance of the model describing the superconduc-
tor while the temperature dependence is taken into account.
As already mentioned, since the proposed enhanced algo-

rithm considers an irregular discretization, it allows improv-
ing the CPU time. Next, the superconducting material was
introduced rigorously via an in-depth study based on the phe-
nomenological two-fluid approach taking into account the HTS
thin film as well as the thermal dependence of the filter perfor-
mance.

Figure 25 illustrates the CPU time of the proposed FDTD al-
gorithm with regard to the one obtained with CST at different
temperatures (with t = 800 nm) showing a considerable CPU
time saving particularly for low temperatures. Note also that the
CPU time increases linearly versus temperature which is con-
firmed by the linear fitting in both computed and simulated data
using the proposed FDTD algorithm and CST tool respectively.

4. CONCLUSION
In this work, a newFDTD algorithmwith nonuniformmesh dis-
cretization is proposed to describe high temperature supercon-
ductor (HTS) based on a two-fluid phenomenological model.
The developed update equations can be applied to analyze a
spectral behavior of planar microwave circuit based on HTS
material. The thermal effects as well as the impact of thick-
ness HTS films on the resonator performances were also inves-
tigated; we have highlighted the importance of the choice of the
thickness of the HTS thin film. Our investigation showed that
it is suitable to use a thickness about 1.5 times of the London
penetration depth to reduce the insertion losses and increase the
resonator selectivity. A relatively large shift of the resonance
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frequency was reported versus HTS thickness. This denotes the
necessity to taking into account the HTS thickness to avoid er-
rors in the design process. The effect of temperature was stud-
ied too. The computed results have shown a significant im-
provement in the resonator performance at low temperature: the
insertion losses were minimized and the selectivity improved.
Furthermore, the obtained results show a strong dependence on
the performance of the filter for temperatures close to the crit-
ical temperature. This highlights the importance of the chosen
model to describe the HTS thin films, for filter design. The
proposed approach was demonstrated through close agreement
with CST simulated data. Note that the proposed model can be
improved in the future work by including the magnetic field de-
pendence of the London penetration depth and, thus, the nonlin-
ear character of the superconductor. The precision can also be
improved by adopting other absorption conditions in the FDTD
algorithm, especially perfectly matched layers (PMLs).
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