
Progress In Electromagnetics Research, Vol. 179, 113-124, 2024

(Received 17 April 2024, Accepted 25 July 2024, Scheduled 28 August 2024)

Josephson Traveling Wave Parametric Amplifier as Quantum
Source of Entangled Photons for Microwave Quantum

Radar Applications
(Invited Paper)

Patrizia Livreri1, 2, *, Bernardo Galvano1, 2, 3, Luca Fasolo3, Luca Oberto3, and Emanuele Enrico3

1University of Palermo, Department of Engineering, 90128, Palermo, Italy
2Consorzio Nazionale Interuniversitario per le Telecomunicazioni, Viale G.P. Usberti, 181/A, Parma, Italy

3Istituto Nazionale di Ricerca Metrologica — INRiM, strada delle Cacce, 91, 10135, Torino, Italy

ABSTRACT: Josephson Traveling Wave Parametric Amplifier (JTWPA) has the potential to offer quantum limited noise and a large
bandwidth. This amplifier is based on parametric amplification of microwaves traveling through a transmission line with embedded
non-linear elements. In this paper, starting from the fabrication of the JTWPA, based on Quantum Electrodynamics (QEDs), operating
as a non-classical quantum source for generating a signal-idler entangled state, its characterization in terms of scattering parameters is
presented. The cryogenic and room temperature experimental results are discussed. The good performance of the JTWPA in terms of
wide bandwidth and increased transmitted power makes it an ideal candidate forMicrowave QuantumRadar (MQR) applications. Finally,
the performance of an MQR based on the JTWPA developed at INRiM is reported, showing a radar maximum range equal to 82.2m,
which represents a greater value than previously published works.

1. INTRODUCTION

Quantum Radar concept began with the initial proposal of an
interferometric quantum radar by Dowling [1] and evolved

simultaneously through the work of Lloyd, who introduced the
idea of Quantum Illumination (QI) [2], well developed by other
important research groups [3–7]. A radar is a remote sensing
system developed to detect very low cross-radar section tar-
gets. Photonics and electronic quantum sensing systems exploit
quantum advantage [2, 8–10]. Photonics quantum sensing tech-
nology has been largely proposed for its simplicity compared
to electronics quantum sensing [11, 12]. Recently, the gener-
ation of quantum signals at microwaves has been proved [13–
20], paving the way for microwave quantum radars (MQRs).
Quantum Illumination exploits the phenomenon of entangle-
ment, a condition in which two or more physical systems are
interconnected in such a way that the overall quantum state is
a superposition of their individual states, to make a precise dis-
tinction between the signal and background noise. To illustrate,
a typical quantum illumination procedure is characterized by
the generation of two entangled signals, one of which is sent
towards a target while the other is used for performing a simul-
taneous comparison measurement with the returned signal re-
ceived. This process of comparing the two signals allows us to
identify whether the received signal is indeed a signal coming
back or just noise.

* Corresponding author: Patrizia Livreri (patrizia.livreri@unipa.it).

The original idea of QI was not specifically aimed at the de-
velopment of quantum radars, and those who had the intuition
to apply such a protocol to realize radars encountered various
problems immediately. Indeed, this technique presents signifi-
cant challenges, particularly the difficulty of performing simul-
taneous and joint measurements on two entangled pulses with-
out precise preexisting knowledge of the distance to the target.
This complication makes the original QI protocol impractical
for traditional radar applications.
In 2019, Luong et al. presented the first microwave quantum

radar that operated with microwave entangled photons [10].
The proposed system is based on a Josephson Parametric
Amplifier (JPA) as a quantum source generating radio fre-
quency (RF) entangled signal-idler pairs at 7.5376GHz and
6.1445GHz, respectively. The transmitted signal, scattered
from the target is extracted from the background noise owing
to the correlation between the idler and the signal. However,
the JPA exploited in MQR is limited in terms of operating
bandwidth owing to its high-quality factor resonator. The
narrow bandwidth B limits the transmitted power P , because
P = EB for one photon per mode with energy E. Moreover,
the number of interrogating pulses, given byM = TB with T
being the time duration of the illumination [21, 22], is limited.
Consequently, the JPA, with a maximum dynamic bandwidth
equal to a fewMHz, is expected to be useful only for very short
range (cm-range) MQR applications (see also the very recent
demonstration of quantum advantage at ultracryogenic temper-
atures by Assouly et al. [23], employing a JPA). To overcome
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these limitations, superconducting technology has approached
the so-called Josephson Traveling Wave Parametric Amplifiers
(JTWPAs) [24, 25].
Over the years, several proposals have been made to over-

come these issues. One of the particular interests is the Quan-
tum Two-Mode Squeezing Radar (QTMS radar) [26–28]. This
technique exploits a specific type of continuous-variable quan-
tum entanglement known as Two-Mode Squeezed Vacuum
(TMSV). Similar to QI, this technique is based on the gener-
ation of two entangled signals where one is sent to free space,
and the other is measured. To distinguish an actual signal from
noise, the metric of interest is the covariance matrix, which al-
lows the quantification of the correlation of a pair of signals.
These matrices are constructed with the distributions of the sig-
nals in the phase and quadrature (I-Q) planes [29]. The covari-
ance matrix contains all the information on the correlation be-
tween states, allowing them to be identified as entangled or not.
In this study, the characterization of scattering parameters

of JTWPAs, fabricated at INRiM, operating as a non-classical
quantum source in an ultra-cryogenic environment, is reported.
These results indicate that the JTWPAs perform well under
real conditions, encouraging their practical applicability. Mi-
crowave entangled signal-idler signals in a TMSV state are ex-
ploited for microwave quantum radar applications. Compared
with a JPA quantum technologies, JTWPAs provide a substan-
tial leap forward with their broad operational bandwidth. The
performance of a microwave quantum radar based on the devel-
oped JTWPA is evaluated, and a radar maximum range equal to
82.2m is obtained. This is a notable improvement over tradi-
tional JPAs, which suffer from limited range and power output.
The enhanced bandwidth and efficiency of JTWPAs mean that
MQR systems can now have a longer range and more powerful
performance, overcoming previous limitations, as given by the
JPA.
The article is organized as follows. In Section 2, we briefly

describe the quantum illumination protocol. In Section 3, the
non-linearity of the JTWPA is discussed, and the relationships
between the scattering parameter and gain are reported. More-
over, the squeezing produced by the devices of interest is ad-
dressed. Section 4 presents the preliminary experimental re-
sults. In Section 5, the performance of a microwave quantum
radar using JTWPA as the quantum source is reported. Finally,
conclusions are presented in Section 6.

2. QUANTUM ILLUMINATION PROTOCOL

Quantum illumination (QI) is a quantum remote sensing proto-
col in which shared entanglement between an electromagnetic
(EM) mode (annihilation operator aS , the signal) probing a tar-
get region and a second EMmode (annihilation operator aI , the
idler) stored locally in the emitting station is used to detect the
presence of a remote target (see Fig. 1).
The quantum correlations of the transmitted state are ex-

ploited at the receiving station by means of proper joint mea-
surement on the signal and idler modes. The peculiar aspect of
QI is that quantum advantage manifests itself in the unexpected
regime of low signal and large background thermal noise, in

FIGURE 1. Schematic description of target detection via quantum illu-
mination.

which the initial entanglement contained in the quantum state
sent by the transmitter is rapidly destroyed.
The problem is modeled as a binary decision problem with

two hypotheses,H0 (target absent) andH1 (target present) [2].
With absent target, the return mode arriving at the receiver
(with annihilation operator aR) is given by aR = aB , where
aB describes a thermal background EM mode with ⟨a†BaB⟩ =
NB ≫ 1. In the presence of the target (H1) instead, aR =√
κaS +

√
1− κaB , with κ ≪ 1 the roundtrip sender-target-

receiver transmissivity, and ⟨a†BaB⟩ = NB/(1− κ), so that
the mean noise photon number is equal under both hypotheses.
QI was first proposed and analyzed within a Bayesian de-

cision approach [30], i.e., in which one aims to minimize the
mean error probability Pe = λPM + (1− λ)PF , where PM =
Prob(H0|H1) is the miss probability; PF = Prob(H1|H0) is
the false-alarm probability; and λ is the a priori probability for
target presence, usually assumed to be equal to 1/2. Ref. [22]
shows that by choosing as the signal-idler state to be transmit-
ted, a TMSV state

|Ψ⟩SI =

∞∑
n=0

√
Nn

S

(NS + 1)n+1
|n⟩S |n⟩I , (1)

where ⟨a†SaS⟩ = ⟨a†IaI⟩ = NS and ⟨aSaI⟩ =
√

NS(NS + 1)
are the only nonzero first-order and second-order corre-
lations. To achieve a satisfactory signal-to-noise ratio
SNR = MκNS/NB , it must hold that M ≫ 1, and this al-
lows us to reach the minimum value of Pe allowed by quantum
mechanics, known as the Helstrom bound [31]. In particular,
in the assumed working regime of low signal NS ≪ 1, and
large background thermal noise NB ≫ 1. They showed that
whenM ≫ 1,

PQI
e ≤ e−MκNS/NB/2. (2)

Ref. [22] also determined the optimal classical binary decision
strategy, that is, using only the classical states of the EM field:
sending M identical coherent states of the signal mode with
the same mean energyNS , |

√
NS⟩ directly to the target. In the

latter case they proved that in the limit of a largeM

PCS
e ≤ e−MκNS/4NB/2, (3)
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implying that QI provides an improvement by a factor of 4 (i.e.,
6 dB) in the error rate exponent compared with the best classical
protocol with the same signal photon number NS . We notice
that in both cases it is M = BT , where M is the number of
independent pulses emitted by the quantum source; T is the
time duration of the illumination; andB is the bandwidth of the
coherent source in the classical case, while it coincides with the
phase-matching bandwidth of the entangled signal-idler source
in the QI case.

3. JOSEPHSON TRAVELING WAVE PARAMETRIC
AMPLIFIER: SQUEEZED STATES VIA JOSEPHSON
NON-LINEARITY

In recent times, progress in the field of quantum technologies
and advancements in detection experiments have made the de-
tection of extremely weak signals in the microwave frequency
spectrum essential.
Parametric amplifiers have been very successful in recent

years, extensively studied and proven to be highly successful
in the microwave regime. Parametric amplifiers are appreci-
ated for their ability to improve sensitivity in detecting weak
signals, finding applications in various fields, including quan-
tum optics, qubit readout, and single-photon detection in mi-
crowaves. They offer the important advantage of high gain,
allowing them to approach or surpass the quantum noise limit.
The concept of parametric amplification has roots dating

back in time, but significant early experiments occurred in the
1960s. In the optical domain, the first optical parametric am-
plifiers (OPAs) were developed [32–35], while in the realm
of microwaves, initial steps towards parametric amplification
were taken using varactor diodes as nonlinear elements, no-
tably at Bell Laboratories. A few years later, in the mid-1970s,
the first theoretical studies and experimental investigations of
microwave parametric amplification using Josephson junctions
emerged [36]. The first to achieve this goal were Yurke [37]
and his research team at the end of the 1980s, also at Bell Lab-
oratories. Despite the importance of this result, its value was
underestimated until the beginning of the new millennium due
to the lack of direct applications for cryogenic amplifiers.
The phenomenon of parametric amplification is based on the

concept of wave mixing induced by the non-linearity present in
the circuit. A strong EM signal, known as pump tone, is sent,
which interacts with other (weak) signals. Within the device,
EM waves at different frequencies can interact and combine,
exchanging energy and generating new spectral components.
The fundamental aspect is the extraction of energy from the
pump tone, which is then directed towards the band of inter-
est.
The mentioned non-linearity can be introduced in various

ways, influencing both the device’s performance and its physi-
cal properties, and sometimes even the fabrication techniques.
The most commonly used types of non-linearity are Josephson
non-linearity using Josephson Junction (JJ) [36], kinetic induc-
tance [38], and many others in the field of optics. We focus
exclusively on non-linearities in the microwave field, particu-
larly on those introduced by the Josephson effect.

Other geometries are dictated by the adopted circuit topol-
ogy, i.e., whether one decides to place the JJ (or a nonlinear
medium in general) inside a resonator (with a certain quality
factor Q) or within a series array of junctions. Both methods
aim primarily to enhance stimulated emission, achieved by in-
creasing the interaction time between pump and signal waves
inside the nonlinear medium. This example is also derived from
LASERs (Light Amplification by Stimulated Emission of Ra-
diation), where pump radiation is “trapped” in the resonant cav-
ity.
In the first case, the technique known as resonant amplifi-

cation is used, yielding JPA devices [39]. Essentially, improv-
ing the Q of the resonator forces each photon to pass through
the JJ on average Q times before leaving the resonator, thereby
increasing nonlinear interaction. This first type is simpler to
implement but has a relatively narrow bandwidth around the
resonator’s characteristic frequency. In these devices, the inter-
action between the circulating photons and a small number of
nonlinear elements is enhanced by means of a resonator with a
high quality factor which effectively limits the operating band.
Additionally, since the Josephson non-linearity is realized with
few Josephson junctions, it will consequently have a small sat-
uration power [39]. Moreover, the non-idealities of the inter-
action, represented by non-linearities of a higher order than the
engineered one, can cause distortions of the output squeezed
quantum field.
To overcome these well-known limitations, superconduct-

ing technology has approached the second type, the so-called
Josephson Traveling Wave Parametric Amplification.
J-TWPA consists of many cells in series containing nonlinear

elements with a Josephson-based core and exploiting the device
length to increase wave mixing and hence gain. In Fig. 2, an
electrical equivalent model of the N elementary cells compos-
ing an JTWPA is shown. The central conductor of the coplanar
waveguide is a chain of rf-SQUIDs composed of a geometri-
cal inductor Lg, a Josephson junction of critical current Ic, and
capacitance CJ. The line is capacitively shunted to ground by
ground capacitors Cg. The distribution of non-linearity over
the entire device and the elimination of resonant structures al-
low the generation of fields with substantial squeezing in a high
dynamic range and an emission of broadbandmicrowave entan-
gled states [40, 41].
It has a much wider bandwidth, a few GHz, and also a larger

saturation power since each JJ is excited only once. On the
other hand, a complex realization is required since the device
must be engineered to ensure phase (or momentum) conserva-
tion, caused by different phase velocities of the signal and pump
photons, given their large difference in frequency.
Drawing from dispersion engineering techniques, well estab-

lished in quantum optics and photonics, where the refractive
index is modified to manipulate the momentum of a transmit-
ted signal, O’Brien’s group has devised a solution to the phase
misalignment problem. They inserted resonators at regular in-
tervals along the TWPAs, useful for slowing down the pump’s
phase velocity, adapting the device’s phase through its wave
vector. This technique is known as Resonant Phase Match-
ing (RPM) [42]. Finally, another valid method that guaran-
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FIGURE 2. Representation of the electrical equivalent of the N elementary cells composing an JTWPA. The central conductor of the coplanar
waveguide is a chain of rf-SQUIDs composed of a geometrical inductor Lg and a Josephson junction of critical current Ic and capacitance CJ . The
line is capacitively shunted to ground by ground capacitors Cg .

tees a wide bandwidth and a wide dynamic range, achievable
again through the Josephson effect, is known as superconduct-
ing nonlinear asymmetric inductive element (SNAIL) [43]. The
SNAIL is a nonlinear element composed of a superconducting
ring formed by a small JJ and several larger junctions in par-
allel. State-of-the-art JTWPAs have shown phase-insensitive
amplification with high gain values (up to 20 dB) and wide
bandwidths (3GHz) at cryogenic temperatures, and have the
potential to approach the SQL regime characterized by a num-
ber of added noise photons equal to namp = 0.5 for phase-
insensitive operating mode [44]. It is emphasized here, as re-
ported in [45], that a phase-sensitive linear amplifier has the
possibility of exceeding the threshold of the SQL, obtaining
an amplification without the added noise of a single quadra-
ture, and paying the price of a deamplification of the conjugate
quadrature. The SQL is a fundamental noise limit that arises
from the principles of quantum mechanics. It represents the
minimum possible noise that an amplifier can achieve while
still obeying the Heisenberg uncertainty principle [46]. These
features pave the way for the generation of TMSV states, in
which two EMmodes are entangled, with a large correlation be-
tween quadratures which cannot be achieved classically. This
makes TMSV states an ideal resource for applications in quan-
tum radar. Proper biasing condition can change the overall
transmissivity of an RF-SQUID-based JTWPA since the series
inductance of the Transmission Line (TL) depends on the value
of the Josephson inductance. As an example, a change of the
DC current flowing into the TL, IDC, can cause a modulation
of its characteristic impedance Z =

√
L(I)/C where C is the

capacitance to ground per unit length, and L(I) is the series
inductance per unit length, which is current dependent. For
this reason, a measure of the reflected and transmitted power
in terms of scattering parameters as a function of IDC can give
important hints about the impedance matching of the transmis-
sion line and how this feature gets modified by the biasing.

3.1. TWPAs Gain
To better understand how the process of parametric amplifica-
tion occurs in the TWPA, we will see how it unfolds following
a comprehensive approach similar to that described in [47]. For
the TWPA in question, a distributed parameter model is utilized
along a coplanar waveguide with a certain periodicity, with the
Josephson inductance serving as the nonlinear element. The

starting point is the nonlinear relationship of the Josephson in-
ductance dependent on current, which can be generally written
as:

L(i) = LJ(1 + ηi) (4)
where η is a proportionality constant that accounts for the cur-
rent variation along the JJ (Josephson Junction), and through

some mathematical steps, it can be shown that η = I2

2I2
C
[36].

Furthermore, for this analysis, only the frequencies ωp, ωs, and
ωi are considered, representing the pump, signal, and idler fre-
quencies, respectively, and are linked by the relationship:

ωs + ωi = ωp (5)

Moving on to the equations characterizing the transmission
lines, namely the telegrapher’s equations, and perform-
ing mathematical manipulations on them, we obtain the
d’Alembert wave equation:

∂2i

∂z2
=

1

v2ph

∂2i

∂t2
(i+ ηi2) (6)

where vph is the phase velocity of the wave propagating along
the transmission line.
By considering simplified situations for the current i and

through some mathematical steps, it is possible to obtain mixed
products from which a parameter can be derived that accounts
for the growth constant of the amplified waves, namely:

α0 =
ηI30
2

√
k1k2 (7)

From this, we can derive that:

G = 20 log cosh(α0l) [dB] (8)

where G is the gain in dB, and l is the length of the line. Es-
sentially, an approximate model for the gain G in a TWPA un-
der small perturbation conditions has been obtained. This gain
is derived from a small signal analysis and is an approximate
solution, but it well explains that for small lengths, a gain is
achieved according to the law mentioned above.
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3.2. TWPA S-Parameters
In this subsection, we will briefly explain how to obtain the
generalized multi-port scattering matrix for an arbitrary net-
work of parametrically coupled modes (also valid for reso-
nantly coupled modes). This is achieved through a matrix of
equations of motion (EoM) of the coupled modes M , as de-
scribed in [48, 49]. In the general case, a good starting point
can be the equations of the TWPA relating the complex am-
plitudes of the signal’s propagating normal modes, as+, to its
parametrically coupled idler, ai+∗:

das+
dz

= jκks
anp
n
a∗i+ (9)

dai+
∗

dz
= jκki

anp
n
a∗s+ (10)

where ap is the pump amplitude, assuming that it is constant
along the transmission line (the so-called “stiff pump approx-
imation”), where “*” denotes the complex conjugate, and the
signal and idler frequencies and propagation constants are para-
metrically constrained by the pump values, from the relation-
ships:

nωp = ωs + ωi (11)
nkp = ks + ki (12)

with n = 1 in the case of using 3-wave and n = 2 for 4-wave
mixing.
Equations (9) and (10) represent a system of first-order dif-

ferential equations, which interconnects the energies of the two
coupled modes, signal and idler, propagating along a transmis-
sion line.
Equations (11) and (12) impose the energy conservation

andmomentum conservation (known as “phase-matching”), re-
spectively. The coupling constant k is generated by modulating
the inductance in series at frequency ωp. In the specific case
of TWPAs, this process is carried out using transmission lines
composed of arrays of Josephson junctions [36], which provide
nonlinear inductances that can be modulated through pump cur-
rents.
An interesting observation that can be derived from the EoM

is the complex spatial dependence that advances the phase of a
movingwave in space, intensifying through the parametric cou-
pling between signal and idler wave pairs. This phenomenon
is particularly evident in TWPAs, where coupling is driven by
frequency mixing induced by the pump wave, with a phase
ϕp(t, z) = kpz − ωpt, which depends on both time t and dis-
tance z along the line. Furthermore, from the relation (12) link-
ing the propagation constants, it is possible to deduce the rela-
tive phase between the signal and idler waves.
By transforming the EoM, using Fourier transform, it is pos-

sible to obtain, more simply, the solutions of the coupled multi-
modal system parametrically. Furthermore, by performing fur-
ther manipulations, it is possible to derive the following scat-
tering parameter matrix:

S = jKM−1K − I (13)

where matrix M synthesizes the motion equations in the fre-
quency domain, illustrating how energy transfer occurs be-

tween oscillating fields and their frequency combinations. Ma-
trix K describes how energy is dissipated or absorbed by the
circuit components through the circuit in/out ports.
A noteworthy consideration between the above definition

and classic S parameters is that here the scattering parameters
are defined as the ratio of the output and input amplitudes of the
selected modes normalized to energy quanta, h̄ωk

s, namely:

Sjk =
aoutj

aink
(14)

whereas, classic scattering parameters are commonly defined
by the ratio of equivalent voltage amplitudes, i.e.:

vanTreesSjk =
V out
j

V in
k

(15)

Therefore, by considering different definitions between the two
formulae, a process with unit gain according to the convention
above will be associated with a gain factor in the common def-
inition of scattering parameters in electronic engineering. For
further details, see [48].

3.3. Squeezing
To quantify the squeezing of the devices of interest, we included
a mathematical treatment and considerations on the quantum
model of JTWPA. As mentioned earlier, the quantum states
produced by typical JTWPAs induce a two-mode squeezed vac-
uum state |Ψ⟩ through non-degenerate spontaneous parametric
down-conversion of a pump photon, if now we rewrite Eq. 1 as:

|Ψ⟩SI =

∞∑
n=0

√
cosh(r) einθ(r)|n⟩S |n⟩I (16)

in which |Ψ⟩SI denotes the two-mode squeezed vacuum state in
the Fock-state basis of the signal (S) and idler (I) output fields.
The parameter r, representing the modulus of the squeezing
parameter, depends on the metamaterial components and fre-
quency characteristics, elucidated by a circuit-Quantum Elec-
troDynamics (c-QED) model [50]. The squeezing of the two
quadratures qj and pj :

qj = aj + a†j , pj = i(a†j − aj) (17)

of the TMSV state generated by a JTWPA with r values of 0.5
and 1.5 is depicted in Figs. 3(a), (b) and (c), (d), respectively,
using their associated Wigner distributions. Here, aj and a†j
are the bosonic creation and annihilation operators for the j-th
mode. Experimental evidence has shown that the squeezing pa-
rameter r in JTWPAs can reach values up to approximately 3,
corresponding to a gainG about 20 dB [50–52]. This parameter
determines the squeezing capabilities across the bandwidth as
illustrated in Fig. 4(a), where different experimental conditions
lead to varying rMAX values. Fig. 4(b) shows the correspond-
ing squeezing spectrum S. Higher values of r indicate more
intense squeezing. The apical S values of r for the three curves
are 0.5 (red), 1.5 (blue), and 3 (green), leading to a maximum
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(a) (b)

(c) (d)

FIGURE 3. Wigner distributions of the TMSV states for different values
of the squeezing parameter. In (a) and (b), r = 0.5, while in (c) and
(d), r = 1.5.

squeezing magnitude of−4.5 dB,−13.2 dB, and−26.5 dB, re-
spectively. All the curves have been calculated following the
model in [50] and supposing a pump frequency of 12GHz. The
squeezing between two quadratures under low gain conditions
(r = 0.5− 1.5, corresponding toG = 7.2 dB−1.1 dB) is visu-
ally represented in Figs. 4(a) and 4(b).

(a)

(b)

FIGURE 4. (a) The modulus of the squeezing parameter r and (b)
the squeezing spectrum S as a function of the signal frequency νs.
The peak S values of r for the three curves are 0.5 (red), 1.5 (blue),
and 3 (green), resulting in maximum squeezing levels of −4.5 dB,
−13.2 dB, and−26.5 dB, respectively. All curves are computed using
the model from [50] with a pump frequency of 12GHz.

  

(a)

(b)

FIGURE 5. (a) Picture of the fabricated JTWPA chip with a size 10×10
mm2. (b) Detail of the fabricated JTWPA.

4. EXPERIMENTAL PRELIMINARY SCATTERING PA-
RAMETERS FOR THE DEVELOPED JTWPA
We report the performance and the first characterization of our
recently developed JTWPA operating as a TMSW entangled
quantum source, shown in Fig. 5. The signals of interest, called
TMSV states, exploit a particular type of continuous-variable
entanglement, causing sequences of TMSV pulses to follow a
Gaussian distribution, which can be measured through the I-Q
quadrature voltages. The representation of a state within this
mapping is not static due to the influence of electronic noise;
consequently, the states are observed not to be localized at a
fixed point but rather distributed within a certain area. This
distribution is uniquely defined by its mean and covariance
matrix, which respectively describe its center and dispersion
in the variable space. Essentially, as the input variable to the
devices, we send the ‘vacuum state’ (state with minimum un-
certainty). This refers to a specific condition of an EM field
where the photon number is zero, yet there exists zero-point
energy (1/2hν). This zero-point energy is a manifestation of
the intrinsic quantum fluctuations of the field. The existence
of zero-point energy is closely related to the uncertainty prin-
ciple: indeed, the idea that the energy in a quantum mode can
never be exactly zero due to the uncertainty relation [46]. For
the generation of such signals, parametric devices as JTWPA
are used, which perform a process called spontaneous down-
conversion (SPDC). It is an instantaneous nonlinear optical pro-
cess that converts a higher-energy photon (pump photon) into a
pair of lower-energy photons (signal photon and idler photon),
in accordance with the laws of energy conservation and con-
servation of momentum. It is an important process in quantum
physics for generating entangled photon pairs. A first charac-
terization of the RF-SQUIDs based JTWPA, biased by a DC
current in order to promote three-wave mixing (3WM) inter-
actions by tuning the Josephson non-linearity, is performed by
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FIGURE 6. Experimental cryogenic setup, composed of a dry dilution
refrigerator with a base temperature of 10mk, used to acquire data with
a VNA.

measuring the output idler tone power, generated via 3WM and
4WM. The experiment is carried on into a dry dilution refrig-
erator (see the experimental setup in Fig. 6), manufactured by
Leyden Cryogenics capable of reaching a base temperature of
10mK. The JTWPA inside its packaging (see Fig. 7) is posi-
tioned at the bottom of the cryostat, in the coldest stage (in the
so called “Mixing chamber”), in order to maintain the thermal
noise contribution as low as possible and avoid the destruction
of the generated entanglement.
The device is fed with a driving pump frequency ωp/2π =

6.75GHz and a signal frequency ωs/2π = 3.3GHz with signal
power Ps = −64 dBm.
Thanks to the low losses of the JTWPA based on three-wave

mixing (3WM) design, estimated at around 0.6 dB, the gener-
ation of frequency entangled microwave signals, starting from
the vacuum state, spaced in frequency up to (ωi − ωs)/2π =

17MHz and with a (base 2) logarithmic negativityE = 0.86±
0.21, has been demonstrated [53]. For the single frequency
operation mode instead (ωi = ωs), 2.4 ± 0.7 dB of quantum
squeezing has been achieved. Furthermore, in Fig. 8, the com-
parison between the idler measured powers for the 3WM and
4WMmixing processes vs the DC bias current ranging between
−50µA and +50µA is reported. The 3WM and 4WM pro-
cesses are shown in Figs. 9(a) and 9(b), respectively. The pump
tone is set to 6.75GHz with the power of −52 dBm while the
signal tone is set to 3.3GHzwith the power of−64 dBm, which
sets the 3WM idler frequency to 3.45GHz and the 4WM idler
to 10.2GHz. The possibility to send a DC current to the RF-
SQUIDS in the TWJPA allows to tune their nonlinearity in or-
der to generate 4WM and 3WM processes. When the DC bias
current flows through the nonlinear transmission line, the in-
ductance of each cell changes, in a periodic manner due to the
SQUID behavior. The periodicity corresponds ideally, in our
device, to 46µA, which is the distance between the second and
fourth minima, Fig. 8.
According to the 3WM process, the frequency of the idler is

equal to ωi/2π = 3.45GHz so that ωs + ωi = ωp is verified.
The proposed microwave QI detection schemes implement

homodyne detection similar to what is commonly used in op-
tical counterparts [54]. Experimental detection protocols, im-
plemented in cryogenic microwave apparatuses, typically use
a concatenation of quantum amplifiers followed by cryogenic
high electron mobility transistor (HEMT) amplifiers. From the
Friis formula, for this type of condition [55], the nominal value
of the total noise depends mainly on the noise properties of the
first amplifier, which can again take advantage of the peculiar
features of the Josephson amplifiers.
Figure 10 shows two contour plots of very preliminary data

of our developed JTWPA, related to the scattering matrix el-
ements S21 and S11 parameters in a frequency range between
4GHz and 12GHz and in an IDC range between −20 µA and
20 µA. The spectra show several dips related to the resonat-
ing condition which get more or less deep depending on the
value of IDC. These features testify a loss of transmitted en-
ergy localised in different narrow frequency bands that can be
explained taking into account a multiple resonant mechanism
caused by the geometrical features of the device. Supposing
an imperfect impedance matching between two subsequent sec-
tions of the transmission line, we can think of the interfaces as
the input and output ports of a resonator of length a, equal to the
length of the section taken into account. In Fig. 11, the detail
of the S11 parameter in a narrow region is around 7.5%GHz
for IDC values from −20 uA to 20 uA. A clear harmonic de-
pendence of the resonating condition as a function of IDC is
visible.
Experimental results for the fabricated JTWPA in terms of

gain vs frequency over the 0 to 12GHz frequency band, as a
function of the pump current Ip normalized on the critical cur-
rent Ic of Josephson junctions composing the referenced de-
vice, are reported in Fig. 12. For a signal central frequency
equal to 6GHz, a maximum gain of 32.40 dB and maximum
bandwidth of 4GHz at the 3 dB threshold level, identified with
the dashed lines, are obtained [66].
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(a)

(b)

FIGURE 7. (a) Cryostat dry refrigerator CF-CS110-500 used for the experiment, (b) JTWPA source for TMSV states, fabricated at INRIM, with its
packaging designed for cold applications.

FIGURE 8. Measured power of the 3WM (blue) and 4WM (yellow)
idlers vs the DC bias current ranging between −50µA and +50µA.

5. JTWPA-BASED MICROWAVE QUANTUM RADAR
PERFORMANCE
Microwave quantum radar leverages the principles of quantum
mechanics to enhance detection performance compared to clas-
sical radar systems. It utilizes phenomena such as quantum en-
tanglement and squeezed states to reduce noise and improve
system sensitivity. Here is an overview of the operating princi-
ple and the range of a microwave quantum radar.

5.1. Operating Principle

The quantum radar, unlike a classical radar that uses a conven-
tional EM signal, employs pairs of entangled photons, known as
the idler photon and signal photon. The quantum states of these
photons are correlated such that the state of the entire system is
described by their linear combination. The signal photon is sent
towards a region where a target might be present, while the idler
photon is measured immediately or retained within the system

(b)

(a)

FIGURE 9. (a) 3WM and (b) 4WM idler tones measured by a spectrum
analyzer. The pump tone is set to 6.75GHz with a power of−52 dBm
and the signal tone is set to 3.3GHz with a power of −64 dBm; this
sets the 3WM idler frequency to 3.45GHz and the four-wave mixing
(4WM) idler one to 10.2GHz.

.
to be later compared with the returning signal photon. In this
way, the reference and received signals are used to simultane-
ously measure their correlation. In Fig. 13, the schematic block
diagram of a microwave quantum radar prototype is shown.
This protocol utilizes TMSV state signals. Despite the loss

of entanglement due to the interaction with the environment
(including amplification), the QTMS radar aims to exploit the
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FIGURE 10. Very preliminary characterization of JTWPA in terms of S21 and S11 scattering matrix elements over the range 4 − 12GHz for IDC
values from −20 µA to +20 µA.

FIGURE 11. Detail of the S11 parameter in the region around 7.5GHz
for IDC values from −20 µA to +20 µA.

FIGURE 12. Gain spectrum vs frequency, expressed in dB, as a func-
tion of the pump current Ip normalized on the critical current Ic of
the Josephson junctions composing the referenced device. The dashed
lines identify the bandwidth of this device at the 3 dB threshold level.

correlation caused by entanglement to detect signal photons in
noise by calculating the correlation multiple times [2, 22]. As
mentioned in Section 3, the source generating the TMSV sig-
nals is the JTWPA, powered solely by the pump. In the output,
two signals (shown in blue and yellow) are obtained and travel
through the amplification line. The signal photon is then prop-
agated while the idler photon is digitized and measured (using
the so-called joint measurement). Obviously, once the signal
has been sent, if reception occurs, the process of comparing
the returning signal with the measured idler can be carried out.
To enhance performance in the receiving stage, various tech-
niques have been introduced over the years to achieve optimal
receivers [56–60].

5.2. Maximum Range of Microwave Quantum Radar

The maximum range of a microwave quantum radar depends
on various factors similar to those of classical radars, with ad-
ditional enhancements from quantum technologies. The trans-
mitted power directly affects the range. Higher power increases
the range. As in classical radars, the gain of the transmitting
and receiving antennas affects the range. High-gain antennas
can transmit and receive higher signals. The wavelength of
the microwave radiation determines the radar’s ability to pene-
trate obstacles and atmospheric conditions. Lower frequencies
(longer wavelengths) tend to have a greater range in adverse
atmospheric conditions. The radar cross-section of the target
influences the amount of reflected signal. Larger or more re-
flective targets can be detected at greater distances. Using en-
tanglement and squeezed states allows for noise reduction and
SNR improvement, increasing the effective range of the radar.
Quantum techniques can enable effective detection at greater
distances than classical radars with the same power and gain
setup. Since the MQR based on TMSV can be considered a
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FIGURE 13. Block diagram of the microwave quantum radar prototype.This is a simplified block diagram, illustrating only the most important
elements of the IN/OUT lines of the cryostat. The process begins with the generation of the pump signal, which is directed towards the JTWPA
(Josephson Traveling Wave Parametric Amplifier). The output from the JTWPA produces TMSV signals. These signals are partly directed to the
transmitter (signal photons) and partly digitized and directly measured (idler photons) through the so-called joint measurement. Finally, on the
receiver side, potential returning signal photons are expected and compared through the correlation of the stored signal and idler photons.

modified version of the classical noise radar, the equation of the
maximum radar range for a quantum radar based on a JTWPA
can be derived by Eqs. (1), (4)–(8) of Chapter 2 in [61], from
Eq. (17) of [62], Eq. (20) of Chapter 2 in [63], and [64].

TABLE 1. MQR performance based on the developed JTWPA and com-
parison with MQR parameters based on JPA and JPC.

Parameters JPA JPC JTWPA
[10] [65] [This work]

Antenna bandwidth (GHz) X-band C-band S-band
Antenna Gain (dB) 15 15 15
Target RCS (m2) 1.0 1.0 1.0
Bandwidth (MHz) 1.0 20 3,000

JPA/JTWPA Power Gain (dB) 20 30 30
Signal Gain (dB) 96 94 83.98

Signal Power (dBm) −82 −128 −64

Pump frequency (GHz) 13.6821 16.89 6.75
Signal frequency (GHz) 7.5376 10.09 3.3
Idler frequency (GHz) 6.1445 6.8 3.45

Signal to Noise Ratio (dB) −19 −18 −13.48

Range (m) 0.5 1 82.2

Starting from these equations, it occurs:

Rmax =

(
GAeσPs

(4π)2Pn(SNR)Qmin

)1/4

(18)

where Rmax is the maximum radar range; G is the antenna
gain;Ae is the effective antenna area; σ is the target radar cross-
section; Ps and Pn are the signal power and noise power, re-
spectively; and (SNR)Qmin is the minimum signal to noise ratio
at the input of the receiver.
In Table 1, the performance of a Microwave Quantum Radar

exploiting the JTWPA developed and characterized at INRiM,
Italy, jointly with the comparison to MQR parameters based on
JPA and JPC, is reported. The parameter RCS, that is the re-
ceiver cross section denoted σ, is a measure of how detectable

an object is by a radar. In particular, for the developed JTWPA
operating as a non-classical entangled-photons source over the
S-band, a detection range equal to 82.2 meters is obtained,
which represents a greater value than the values reported in [10]
and [65]. Our maximum radar range value above the limit of
2m imposed by the JPA technology paves the way to a real-
world microwave quantum radar.

6. CONCLUSION
In this study, we have conducted an investigation into a poten-
tial technology for the implementation of a microwave quan-
tum radar. We started the theoretical study of the quantum il-
lumination protocol and then moved on the analysis of a de-
vice that generates the entangled signals of interest, JTWPA.
The JTWPA, in fact, exhibits wider operational bandwidth and
higher efficiency than traditional JPA. Our calculations indi-
cate that JTWPAs can operate effectively across a wide range
of frequencies, which is advantageous forMQR applications re-
quiring different operational conditions. The wide bandwidth
allows for more flexible and powerful MQR systems, address-
ing the range and power output limitations of JPAs.
In addition to a theoretical physical study, we conducted

a modeling and a very preliminary characterization of the
JTWPA, based on simulations and application of mathematical
models. This allowed us to obtain information on the possible
range achievable using JTWPAs.
Despite the promising results, there is still room for further

research to optimize JTWPAs for complex quantum radar sys-
tems. Future work could focus on increasing the entanglement
and exploring hybrid systems that combine the strengths of
JTWPAs with other quantum technologies. Additionally, refin-
ing the design to further reduce noise and improve operational
efficiency will be critical for advancing the technology.
In conclusion, the development and application of JTW-

PAs represent a significant milestone in the evolution of quan-
tum radar technology. Our comprehensive approach, involving
simulations, theoretical calculations, and experimental valida-
tions, including detailed analysis of scattering parameters, has
demonstrated that JTWPAs are not only viable quantum sources
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but also have the potential to revolutionize the field of quan-
tum sensing. The findings from this study pave the way for fu-
ture advancements and practical implementations of JTWPAs
in various high-impact applications.
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