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ABSTRACT: The paper addresses how to improve the degree of freedom of array for DOA (direction of arrival) estimation. According
to the DOA estimation model for cyclostationary signal, a method of constructing virtual extended array based on two cyclic spectral
components using a single uniform linear array and a method of estimating DOA based on the virtual array are proposed. Firstly, two
array receiving data matrices of uniform linear arrays are constructed by using cyclic autocorrelation function of two different cyclic
frequencies. Then, the array receiving data matrix of the virtual nested array is constructed by the Kronecker product of the two linear
array receiving data matrices. Through virtual expansion, anM2-dimensional array receiving data matrix is obtained based on a uniform
linear array of M -array elements, so that the DOAs of M2 − 1 sources can be estimated. It breaks the limitation of array degrees of
freedom. Finally, the direction finding model for the virtual nested array is formulated, and the compressed sensing algorithm is used to
estimate the DOAs of sources. Through computational simulation experiments, the performance of the algorithm is verified.

1. INTRODUCTION

With the development of direction finding technology, array
antennas are widely used in wireless positioning, satellite

navigation, radar, and many other fields, but the performance
of conventional direction finding algorithms is limited by the
number of array elements of antenna arrays, that is, the de-
gree of freedom of antenna arrays [1]. For the antenna array
of an M -matrix, the degree of freedom of the antenna array is
M − 1. When there are few antenna array elements, direction
finding technology cannot be applied to the complex electro-
magnetic environment with a larger number of signals. In re-
cent years, virtual array technology has attracted widespread
attention from scholars because it has expanded against arrays
by constructing virtual array elements. While increasing the de-
gree of freedom of the array and improving the anti-interference
performance of the array, it can also expand the aperture of the
array and improve the resolution of angle. It has been widely
concerned by scholars and becomes a hot research topic in array
signal processing [2, 3].
Virtual array technology originated in themid-1990s. Its pur-

pose is to improve the degree of freedom of array by using vir-
tual array elements under the condition of specific array size,
so as to use fewer array elements to process more signals and
reduce the complexity of equipment. The commonly used array
expansion algorithms include virtual array expansion algorithm
based on interpolation transform [4–6], virtual array expansion
algorithm based on conjugate virtual array [7], virtual array ex-
pansion algorithm based on high-order cumulant [8], etc. The
algorithm based on virtual interpolation has the problem of an-
gle sensitivity. When the direction of the incoming wave of
interference is not within the range of interpolated variation,
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the performance of the algorithm will decrease. Ni et al. pro-
posed a beamforming method based on a conjugate virtual ar-
ray [9]. The algorithm used the received data of the antenna
array to construct the received data matrix by conjugation and
realized the virtual extension of the array, but the algorithmwas
only applied to non-circular signals with real-valued character-
istics. The virtual array expansion algorithm based on high-
order cumulants can estimate more signal sources than the ac-
tual number of array elements, which improves the spatial res-
olution, but the complexity is too high to be applied in practi-
cal engineering. In order to avoid calculating high-order cu-
mulants, scholars have proposed a virtual array construction
method based on the properties of Khatri-Rao (KR) product.
Hiroyoshi et al. proposed a virtual array technology based on
Khatri-Rao product and applied it to ocean surface current radar
to minimize the array aperture without reducing the angular res-
olution [10]. Zhu et al. proposed a single snapshot direction of
arrival (DOA) estimation method based on Khatri-Rao product.
Using the joint sparse representation of signal subspace, the es-
timation accuracy is higher than that of traditionalMultiple Sig-
nal Classification (MUSIC) and Orthogonal Matching Pursuit
(OMP) algorithms at low signal-to-noise ratios (SNRs) [11].
Wang proposed a virtual array construction and DOA estima-
tion method based on Khatri-Rao subspace of signal cyclosta-
tionarity. Compared with the method based on high-order cu-
mulants, the algorithm has less running time [12].
In addition, in order to further improve the utilization of vir-

tual array elements, scholars have proposed the method of con-
structing virtual arrays by nonuniform arrays such as coprime
arrays and nested arrays [13, 14]. Aimin proposed a DOA es-
timation method based on a complementary coprime array and
verified the improvement of degree of freedom, angle resolu-
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tion, and accuracy of complementary coprime array through
simulation experiments [15]. Aiming at the problem of coher-
ent source direction finding, Song et al. combined compressed
sensing technology with virtual array aperture theory and used
convex optimization method to solve the target azimuth. This
method has higher spatial resolution than traditional methods
under the conditions of low SNR, coherent source, and small
snapshot number [16].
In this paper, based on uniform linear array, two different vir-

tual uniform linear arrays are constructed by using two cyclo-
stationary components for the cyclostationary signal. Accord-
ing to the nested virtual array theory, the Kronecker product of
the received data matrices of the two virtual uniform linear ar-
rays is proposed as the virtual extended received data matrix,
and then the compressed sensing algorithm is used to estimate
the DOA of the signal. The algorithm extends the degree of
freedom of the array and can estimate the DOAs of M2 − 1
signals with an array composed ofM -array elements.

2. CYCLE CYCLOSATIONARY SIGNAL DIRECTION
FINDING MODEL
Assuming an array composed of M -array elements, the posi-
tion and characteristics of each array element are determined.
Considering K far-field signals s1(t), s2(t), ..., sK(t) incident
to theM -array elements of the antenna array from different di-
rections θ1, θ2, ..., θk, the received signal of the mth array ele-
ment can be expressed as

xm(t) =

K∑
k=1

sk(t+ τm(θk)) + em(t). (1)

where sk(t) is signals incident from the kth direction θk; em(t)
is the random noise on the mth array element; τm(θk) is the
time delay of sk(t) reaching themth array element.
For uniform linear arrays in which the spacing is d, τm(θk) =

(m− 1)d sin θk/c, and c is the speed of light.

xm(t) =

K∑
k=1

sk (t+ (m− 1)d sin θk/c) + em(t). (2)

Assuming thatK far-field signals are cyclostationary signals
with cyclic frequency α, noise signal is white Gaussian noise,
and there are no correlations amongK far-field signals and be-
tween K far-field signals and noise at cyclic frequency α. By
cyclostationarity theory it is known that

Rα
sksi

(τ)=Rα
skei

(τ)=Rα
ekei

(τ)=Rα
ek
(τ) = 0, k ̸= i. (3)

The cyclic autocorrelation function of the received signal
xm(t) of themth array element is:

Rα
xm

(τ) =

〈 K∑
k=1

sk (t+ τ/2 + τm(θk)) sk (t− τ/2

+τm(θk)) e
−j2παt

〉
=

K∑
k=1

Rα
sk
e−j2πατm(θk)(4)

Set:

Rα
X(τ) =

[
Rα

x1
(τ), ..., Rα

xm
(τ), ..., Rα

xM
(τ)

]T (5)

Then:
Rα
X(τ) = A(α, θ)Rα

S (τ) (6)
in which, Rα

S (τ) = [Rα
s1(τ), ...,R

α
sm(τ), ...,Rα

sM (τ)]T ,
A(α, θ) = [a1(α, θ1), ..., ak(α, θk), ..., aK(α, θK)],
ak(α, θk) = [ej2πατ1(θk), ej2πατm(θk), ..., ej2πατM (θk)]T .
In the above, A(α, θ) can be regarded as the steering vector of
the antenna array to the incident signal in the cyclic frequency
domain, and Rα

X(τ) is the pseudo-received data matrix of the
antenna array in the cyclic frequency domain.

3. CONSTRUCTION METHOD OF VIRTUAL NESTED
ARRAY BASED ON CYCLIC SPECTRAL COMPONENT
The communication signal is usually realized by the signal to
be transmitted to modulate a parameter of the periodic signal.
For example, the amplitude modulation, frequency modulation,
and phase modulation of the sinusoidal carrier, as well as the
pulse amplitude, pulse width, and pulse position modulation of
the periodic pulse, will produce a signal with cyclostationarity.
Autocorrelation function of periodic cyclostationary signal:

Rx(t, τ) = E[x(t)x∗(t−τ)] = E[x(t+mT0)x
∗(t+mT0−τ)]

(7)
It can be seen from the above formula that the periodic cyclo-

stationary signal has multiple proportional cyclic frequencies.
Assume that the incident signal has a periodic stationary charac-
teristic with a cyclic frequency of α1, α2 and has the following
relationship

α2 = Pα1, (8)
where P ≤ M . From the direction finding model, the cyclic
autocorrelation receiving matrix based on the cyclic frequency
α1 is

Rα1
X (τ) = A (α1,θ)Rα1

S (τ) (9)
where

A(α1,θ) = [a(α1, θ1), ..., a(α1, θk), ..., a(α1, θK)] (10)

a(α1, θk) =
[
ej2πα1τ1(θk), ej2πα1τm(θk), ..., ej2πα1τM (θk)

]T
(11)

The cyclic autocorrelation receiving matrix based on the cyclic
frequency α2 is

Rα2
X (τ) = A(α2,θ)Rα2

S (τ) (12)

where

A(α2,θ) = [a(α2, θ1), ..., a(α2, θk), ..., a(α2, θK)] (13)

a(α2, θk) =
[
ej2πα2τ1(θk), ej2πα2τm(θk), ..., ej2πα2τM (θk)

]T
(14)

Substitute Equation (8) into Equation (14)

a(α2, θk)=
[
ej2πPα1τ1(θk), ej2πPα1τm(θk),..., ej2πPα1τM (θk)

]T
(15)
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FIGURE 1. The virtual array, (a) array with d1 = c/(2α1); (b) array
with d2 = c/(2α2); (c) extended array with α1, α2.

Assuming a uniform linear array consisting of M -array ele-
ments as shown in Figure 1(a), the array element spacing d is
equal to half the wavelength of signal with the corresponding
frequency α1. Then a(α2, θk) is equivalent to the steering vec-
tor of the signal incident on a uniform linear array with an array
element spacing of d/P as shown in Figure 1(b). For the con-
venience of discussion, we assume that P = M . For the case
of P < M , we only need to select P array elements. Set

Rα
X(τ) = Rα1

X (τ)⊗ Rα2

X (τ) (16)

Based on the properties of Kronecker product Rα
X(τ) can be

obtained

Rα
X(τ) = (A(α1, θ)⊗ A(α2, θ))(Rα1

S (τ)⊗ Rα2

S (τ)),

= A(α,θ)Rα
S (τ), (17)

where

A(α, θ) = A(α1, θ)⊗ A(α2, θ) (18)
Rα

S (τ) = Rα1

S (τ)⊗ Rα2

S (τ) (19)

In the above formula (17), A(α, θ) can be equivalent to the
steering vector of the virtual array, and the virtual array is
shown in Figure 1(c).

4. DOA ESTIMATION ALGORITHM BASED ON COM-
PRESSED SENSING

Assuming that the number of snapshots of array receiving data
isN , and the array receiving data matrix can be constructed by
using the virtual array receiving model as

RX(τ) = [Rα
X(Ts),Rα

X(2Ts), ...,Rα
X(NTs)] ,

= A(θ) [Rα
S(Ts),Rα

S(2Ts), ...,Rα
S(NTs)] (20)

According to the compressed sensing theory, the DOA of the
signal is divided into Q grids, that is

Θ = [θ1, θ2, ..., θQ] (21)

Thus, the array model Â(α,Θ) of the corresponding grid is
obtained, and its column vector corresponds to the steering vec-
tor of each grid point.
For Equation (20) multi-delay parameter model, θ can be

solved by sparse recovery algorithm such as ℓ1-SVD algorithm.
Singular value decomposition (SVD) of Rx(τ) can be attained

Rx(τ) = ULV H (22)

ForK incident signals, construct anM2 ×K matrix YSV

YSV = ULDK = RX(τ)V DK , (23)

YSV contains most of the signal energy of RX(τ), where
DK = [IK0], IK is a unitary matrix of K × K, and 0 is a
unitary matrix ofK ×N −K. Set

PSV = PV DK (24)
NSV = NVDK (25)

We can get

YSV = A(θ)PSV +NSV (26)

So the spatial spectrum P̂k can be attained by solving the
following equation

P̂k = argmin
∥∥∥YSV − Â(α, θ)P̂SV

∥∥∥2
f
+ η

∥∥∥P̂ ℓ2
k

∥∥∥
1

(27)

The above ℓ1-SVD algorithm can be solved quickly by CVX
toolbox. The method of using compressed sensing algorithm
to get the DOA estimation of the signal for the virtual array is
called Virtual Aarry-ACS-CS (VA-ACS-CS) algorithm.
The steps of VA-ACS-CS algorithm are as follows:
Step 1: For selected cyclic frequencies α1, α2 (assuming

known or estimated by an existing algorithm), for the received
signal of each array element, calculate the cyclic autocorrela-
tion functionRα1

xm
, Rα2

xm
corresponding to the cyclic frequency.

Step 2: UseRα1
xm

, Rα2
xm

to construct new array receiving data
matrix RX(α1), RX(α2) and construct the cyclic autocorrela-
tion matrixRα

X(τ) of the virtual array receiving data according
to Equation (17).
Step 3: Calculate the pseudo-spectral P̂k, for the multi-delay

model by solving Equation (27).
Step 4: Then search the pseudo-spectrum to attain K max-

imum values and their corresponding angles, which are the
DOAs of the signals.

5. ALGORITHM PERFORMANCE SIMULATION
In this section, the performance of VA-ACS-CS algorithm un-
der different numbers of sources is simulated, and the root mean
square error of the algorithm is compared with the existing vir-
tual array expansion algorithm based on quasi-cyclic station-
ary characteristics, such as DCA-CyclicMUSIC algorithm. As-
suming that the antenna array is a uniform linear array with 4-
array elements and that the incident signal code rate is 4Mb/s
BPSK modulation signal, the carrier frequency is 10Mb/s; the
cyclic frequency α1 is 4MHz; and the cyclic frequency α2 is
16MHz. The array element spacing is half of the wavelength
corresponding to the cyclic frequency α1. Sample the received
signal of the array element with a 32MHz sampling clock. The
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snapshots N of each trial is 8192. The root mean square error
of the algorithm is attained by 100 Monte-carlo simulations.

5.1. Simulation of DOA Estimation Results When the Number of
Sources Is Less Than the Number of Array Elements
Suppose that 2 BPSK modulation signals are incident from
−14.48◦ and 14.48◦ to a 4-element uniform linear array. Fig-
ure 2 shows that the space spectral of algorithm when SNR is
5 dB. It can be seen from Figure 2 that the algorithm can accu-
rately estimate the signal.

FIGURE 2. The space spectral of algorithmwhen the number of sources
K = 2, SNR = 5 dB.

5.2. Simulation of DOA Estimation Results When the Number of
Sources Is Greater Than the Number of Array Elements
Assuming that 12 BPSK modulation signals are incident from
−61.05◦, −48.59◦, −38.68◦, −26.74◦, −14.48◦, −7.18◦,
7.18◦, 14.48◦,26.74◦, 38.68◦, 48.59◦, and 61.05◦ to a 4-
element uniform linear array with a symbol rate of 4Mb/s. Fig-
ure 3 shows the space spectra of algorithm when SNR is 5 dB.

FIGURE 3. The space spectral of algorithmwhen the number of sources
K = 12, SNR = 5 dB.

It can be seen from Figure 3 that the virtual array constructed
by the cyclic frequency component effectively expands the ar-
ray degree of freedom, and the algorithm can still accurately
estimate the signal when the number of signals is greater than
or equal to the number of arrays.

5.3. Simulation of Root Mean Square Error of Different Algo-
rithms
Assume that the 4-BPSK modulation signals are incident from
−26.74◦, −14.48◦,14.48◦, and 26.74◦ to a 4-element uniform
linear array, respectively, and the symbol rate is 4Mb/s. Fig-
ure 4 shows the root-mean-square error (RMSE) of DOA esti-
mation for different algorithms. As shown in Figure 4, the vir-
tual array extended direction finding method proposed in this
paper can correctly estimate the DOAs of the signals, and the
performance is close to the existing algorithms.

FIGURE 4. The RMSE of DOA estimation for different algorithms.

6. CONCLUSION
In this paper, an array receiving data matrix of the real and vir-
tual uniform linear arrays are constructed by the cyclic autocor-
relation function of two different cyclic spectral components of
the periodic stationary signal. Then, the virtual nested received
data matrices are constructed by using the Kronecker product
of two uniform linear received data matrices, and the direction
of the incoming wave is estimated by the compressed sensing
algorithm. In the case that only a single uniform linear array
is needed, the method realizes the expansion of the array ele-
ments, thus breaking through the limitation of the array degree
of freedom, and realizes the correct estimation of the direction
of the incoming wave when the number of array elements is
less than the number of sources. For M -uniform linear arrays,
the direction of the incoming wave of M2 − 1 signals can be
realized. The computer simulation shows that the virtual array
extended direction finding method proposed in this paper can
correctly estimate the DOA of the signal, and the performance
is close to the existing algorithm.
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