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Modification of Fast Inverse Laplace Transform
for Transient Response Analyses
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ABSTRACT: The fast inverse Laplace transform (FILT) proposed by Hosono is recently applied to various transient response problems
in electromagnetics. The frequency-domain methods have been the mainstream of electromagnetic simulation for many years, and a lot
of knowledge has been accumulated. The FILT makes it possible to utilize frequency-domain techniques to transient analyses, and it
is expected to provide reliable transient response analyses. Since the evaluation points of the image function in the conventional FILT
depend on the observation time, the scope of application is sometimes limited when evaluation of the image function takes a relatively
long computation time. This paper modifies the FILT so that the evaluation points are independent of the observation time, and the
number of image function evaluations is reduced.

1. INTRODUCTION

Broad band signals are often used in recent applications of
electromagnetic waves, and the time-domain simulations

are drawing more attention. The most famous technique for
the time-domain simulation may be the finite difference time-
domain (FDTD) method [1], and it is used in a wide variety
of transient phenomena. FDTD arranges the calculation points
of the field components on a staggered grid, and the differential
operations in the Maxwell equations are approximated by finite
differences. The obtained relations are rearranged in the form
of an update relations for time, and the field components are
sequentially calculated for each time step. The basic idea of
FDTDmethod is simple, but its relatively heavy computational
cost sometimes limits the scope of application.
On a different note, transient phenomenon in electrical cir-

cuits has often been analyzed by using the Laplace transform,
which converts differential equations into algebraic equations.
However, since the inverse transform is relatively difficult to
calculate, the Laplace transform has been used only for prob-
lems where the image function can be expressed as a superpo-
sition of the functions listed in the Laplace transform table [2].
Several methods have been proposed to numerically compute
the inverse Laplace transform [3], and the fast inverse Laplace
transform (FILT) [4] is one of such methods. The FILT does
not require an analytical expression of the image function to ob-
tain the original function, but estimates the value of the original
function at the observation time from the values of the image
function at a finite number of evaluation points. This implies
that numerical analyses can be used to evaluate the image func-
tion. The transform parameter s, which is introduced by the
Laplace transform, is also understood as an extension of the fre-
quency to a complex number space, and the frequency-domain
simulation techniques can be applied in many cases to evaluate
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the image function. The frequency-domain approaches have a
long history, and we have a vast store of knowledge. The FILT
makes it possible to utilize these knowledges for the transient
response analyses of electromagnetic fields.
The FILT has been combinedwith various frequency-domain

techniques and applied to a lot of transient problems [5–10].
However, the evaluation points of the image function depend
on the observation time, and it is undesirable for the problems,
in which evaluation of the image function takes a relatively long
computation time. This paper proposes a simple modification
of the FILT to fix the evaluation points of the image function
and shows some results of numerical experiments to validate
the modification. In this paper, ℜ(z), ℑ(z), and arg(z) denote
respectively the real part, imaginary part, and argument angle
of a complex number z. The superscript asterisk indicates com-
plex conjugate.

2. CONVENTIONAL FILT
This section shows outline of the conventional FILT to make
the calculation techniques clear and define the notations used
in the following sections.
Let f(t) be a piecewise continuous function of a real argu-

ment t satisfying |f(t)| = O(eα t) (t→ ∞) with a real constant
α. Then, the Laplace transform converts f(t) to an image func-
tion f̃(s) of a complex variable s, which is formally defined by

f̃(s) =

∫ ∞

0

f(t) e−s t dt, (1)

for ℜ(s) > α [3]. The image function f̃(s) has no singular
point in ℜ(s) > α, and it is often thought as extending its do-
main to the entire s-plane by the analytic continuation. The
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inverse transform is given by the Bromwich integral as

u(t) f(t) =
1

i 2π

∫ σ+i∞

σ−i∞
f̃(s) es t ds (2)

where σ is a real constant that satisfies σ > α, and u(t) denotes
the Heaviside unit step function.
The FILT replaces the exponential function appearing in

Eq. (2) by

χ(z, σ0) =
eσ0

2 cosh(z − σ0)
(3)

where σ0 is an appropriate positive constant. The function
χ(z, σ0) gives a good approximation of ez for z satisfying
eℜ(z) ≪ eσ0 and e2σ0−z for z satisfying eℜ(z) ≫ eσ0 . If σ0 is
chosen so as to satisfy eσ0 ≫ eα, the inverse Laplace transform
(2) is approximated as

u(t) f(t) ≈ 1

i 2π

∫ σ+i∞

σ−i∞
f̃(s)χ(s t, σ0) ds (4)

for σ satisfying σ > α and eσ ≪ eσ0 . The function χ(z, σ0)
is periodic in the imaginary direction with period 2π and has
simple poles at

zn = σ0 + i π

(
n− 1

2

)
(5)

forn ∈ Z, whereZ stands for the set of integers. Then, χ(z, σ0)
is also expressed in the partial fractional series as

χ(z, σ0) =
i eσ0

2

∑
n∈Z

(−1)
n

z − zn
. (6)

Substituting Eq. (6) into Eq. (4) and applying the residue the-
orem to evaluate the integrals, we may obtain an approximate
expression of the inverse Laplace transform in the following
form:

u(t) f(t) ≈ eσ0

4π t

∑
n∈Z

(−1)
n
∫ σ+i∞

σ−i∞

f̃(s)

s− zn
t

ds

=
eσ0

i 2 t

∑
n∈Z

(−1)
n
f̃
(zn
t

)
. (7)

If the original function f(t) is real, the image function satisfies
f̃(s∗) = f̃(s)∗. Using an equality: z−n+1 = zn

∗, the inverse
Laplace transform approximately expresses the original func-
tion f(t) as

u(t) f(t) ≈ eσ0

t

∑
n∈N

(−1)
n ℑ

(
f̃
(zn
t

))
(8)

where N stands for the set of natural numbers.
Since the series appearing in Eq. (8) seems to be alternating,

it is expected that its convergence is accelerated by the Euler

transform [11]. Applying the Euler transform, Eq. (8) is taken
into the following series:

u(t) f(t)≈ eσ0

t

∑
n∈N

n−1∑
k=0

(−1)
k

(−2)
n

(
n− 1

k

)
ℑ
(
f̃
(zn−k

t

))
, (9)

which is expected to converge more rapidly. In actual compu-
tation, the infinite series should be replaced by a sum of finite
terms, and the FILT is often used in the following form:

u(t) f(t) ≈ eσ0

t

[
N1∑
n=1

(−1)
n ℑ

(
f̃
(zn
t

))

+(−1)
N1

N2∑
n=1

w(N2)
n ℑ

(
f̃
(zN1+n

t

))]
. (10)

The expression of Eq. (7) is used for the firstN1 terms, and the
expression of Eq. (9) is used for the following N2 terms. The
weights for the second summation w(N)

n are derived as

w(N)
n =

(−1)
n

2N

N∑
k=n

(
N

k

)
(11)

and their values are recurrently obtained by

w(N)
n =


(
− 1

2

)N : n = N

−w(N)
n+1 +

(−1)n

2N

(
N

n

)
: n ∈ [1, N − 1]

(12)

in descending order.

3. MODIFICATION OF FILT
As shown in Eq. (10), the conventional FILT evaluates the im-
age function at discrete points {zn/t}, which depend on the ob-
servation time t. It is undesirable when a relatively long com-
putation time is required to evaluate the image function. In this
section, a simple idea is proposed to reduce this difficulty.
Let tref be a reference time. The inverse Laplace transform

Eq. (2) can be rewritten as

u(t) f(t) =
1

i 2π

∫ σ+i∞

σ−i∞
f̃(s) es(t−tref) es tref ds. (13)

Replacing es tref by χ(s tref, σ0) and using the expression given
in Eq. (6), we may obtain the following approximation:

u(t) f(t) ≈ eσ0

4π tref

∑
n∈Z

(−1)
n
∫ σ+i∞

σ−i∞

f̃(s) es(t−tref)

s− sn
ds

(14)

where sn = zn/tref for n ∈ Z denote the poles of χ(s tref, σ0).
The residue theorem is applied to evaluate the integrals for the
case t < tref and yields the following approximation:

u(t) f(t) ≈ eσ0

i 2 tref

∑
n∈Z

(−1)
n
f̃(sn) e

sn(t−tref). (15)
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If the time function f(t) is real, Eq. (15) is rewritten as

u(t) f(t) ≈ eσ0

tref

∑
n∈N

(−1)
n ℑ(f̃(sn) esn(t−tref)), (16)

and the actual computation may be performed by the following
finite series:

u(t) f(t) ≈ eσ0

tref

[
N1∑
n=1

(−1)
n ℑ(f̃(sn) e−sn(tref−t))

+ (−1)
N1

N2∑
n=1

w(N2)
n ℑ(f̃(sN1+n) e

−sN1+n(tref−t))

]
.(17)

This formula includes the values of image function evaluated
at the poles of χ(s tref, σ0), and the evaluation points {sn} are
independent of the observation time t if t < tref.

4. NUMERICAL EXPERIMENTS
To validate the present formulation, this section shows the re-
sults of some numerical experiments on fundamental transient
problems. The absolute difference between es t and χ(s t, σ0)
is approximately given as |es t − χ(s t, σ0)| ≈ e3ℜ(s) t−2σ0

for eℜ(s) t ≪ eσ0 , and the theoretical limit of the accuracy of
FILT is estimated as O(e−2σ0) for large eσ0 [4]. In this sec-
tion, σ0 = 7 is used for the numerical experiments. Also, we
sometimes writeN1 = 0 orN2 = 0, which means that the first
or second summation in Eqs. (10) and (17) disappears.

4.1. Step Response of RLC Series Circuit
First, we consider an electric circuit, in which a resistor R, an
inductor L, and a capacitor C are connected in series as shown
in Fig. 1. Let u(t) be the Heaviside unit step function, and apply
a voltage e(t) = Au(t) to the circuit. If the initial current is
supposed to be i(t) = 0 for t ≤ 0, the image function of the
current through the circuit is given by

ĩ(s) =
AC

LC s2 +RC s+ 1
=
A

L

1

(s− p1) (s− p2)
(18)

where the poles are given by p1 = −α+
√
α2 − β2 and

p2 = −α−
√
α2 − β2 with α = R/ (2L) and β = 1/

√
LC.

Applying the inverse Laplace transform to Eq. (18), the exact
expression of the current can be calculated analytically as
follows:

i(t) =


u(t)

Ae−α t sinh(
√

α2−β2 t)

L
√

α2−β2
: α > β

u(t) A
L t e

−α t : α = β

u(t)
Ae−α t sin(

√
β2−α2 t)

L
√

β2−α2
: α < β

. (19)

Figure 2 shows numerical results of the conventional and the
modified FILTs for the transient responses of RLC series cir-
cuit with the circuit parameters: A/L = 1, α = R/ (2L) = 1,
and β = 1/

√
LC = 0.1, 1, 10. Three values β = 0.1, 1, 10

FIGURE 1. RLC series circuit.

make the circuit over-damped, critically damped, and under-
damped states, respectively, and the poles of the image func-
tion ĩ(s) are located at p1 ≈ −0.005 and p2 ≈ −1.995 for
β = 0.1, p1 = p2 = −1 for β = 1, and p1 ≈ −1+ i 3.873 and
p2 ≈ −1 − i 3.873 for β = 10. Both of the conventional and
modified FILTs are performed with N1 = 10 and N2 = 15,
and the reference times for the modified FILT are chosen as
tref = 1, 2, 3. The exact currents obtained from Eq. (19) are
also drawn in Fig. 2, but they are not visible due to overlap
with the results of the conventional FILT. The modified FILT
seems to give rough estimations for t ≲ 1.4 tref, though it is of
no use for t > 1.4 tref. In the formulation shown in the pre-
vious section, this modification is thought to be valid only for
t < tref, but the practical range seems to have some difference.
To check accuracy in more detail, the absolute errors of the nu-
merical results shown in Fig. 2 are plotted in Fig. 3. This figure
shows that the absolute error also increases when the observa-
tion time t is somewhat smaller than tref. The modified FILT
provides almost the same accuracy as the conventional one for
|t− tref| ≲ 0.2 tref, and this is not very different for any of the
three states.
Figure 4 shows the convergences of the mean absolute er-

ror (MAE) for |t− tref| ≤ 0.2 tref. Let the division num-
ber be L, the time interval and evaluation points be given by
∆t = 0.2 tref/L and tl = tref + l ∆t, respectively. Then, the
MAE is here defined as

(MAE) =
1

2L+ 1

L∑
l=−L

|iFILT(tl)− iexact(tl)| (20)

where {iexact(tl)}Ll=−L are obtained from Eq. (19), and
{iFILT(tl)}Ll=−L are calculated by Eq. (10) or (17) with the
truncation numberN = N1 +N2. The values plotted in Fig. 4
are computed for L = 50 and N2 = N − N1 with various
N1, and the results of the modified and conventional FILTs are
respectively denoted by the solid and dotted curves. Although
the truncation numberN1 has to be chosen carefully especially
for the under-damped state (α = 1 and β = 10), the conver-
gence acceleration by Euler transformation is very effective for
the modified FILT as well as for the conventional FILT. From
Fig. 4, we can see that the convergence of the modified FILT is
not much worse than that of the conventional one. Considering
the modified FILT requires only N values {f̃(sn)}Nn=1 to
compute f(t) in the time domain 0.8 tref ≲ t ≲ 1.2 tref, we
may understand that the present modification contributes
sufficiently to reducing the number of evaluations of the image
function.
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FIGURE 2. Transient currents through the RLC series circuit. (a) α = 1
and β = 0.1. (b) α = 1 and β = 1. (c) α = 1 and β = 10.
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FIGURE 3. Absolute errors of the transient currents obtained by the FILT.
(a) α = 1 and β = 0.1. (b) α = 1 and β = 1. (c) α = 1 and β = 10.

4.2. Electromagnetic Pulse Response of Dielectric Circular
Cylinder

Next, we consider a transient problem of the pulse
electromagnetic-wave scattering by a dielectric circular
cylinder. Fig. 5 shows the geometry under consideration.
An infinitely long circular cylinder of radius a is concentric
with the z-axis, and it is made with a homogeneous, isotropic,
and non-dispersive medium described by permittivity εc and
permeability µc. The surrounding region is filled by a lossless,
homogeneous, isotropic, and non-dispersive medium with
permittivity εs and permeability µs. The speed of light and
characteristic impedance in each medium are respectively
denoted by cr = 1/

√
εr µr and ζr =

√
µr/εr for r = c, s.

The incident fields are supposed to be a Gaussian-type pulse
plane-wave propagating in the −x-direction, and the pulse
center at t = 0 is denoted by x = xp. Since the electro-
magnetic fields are uniform in the z-direction, the problem

becomes two-dimensional, and two fundamental polarizations
are expressed by TM and TE, in which the magnetic and
electric fields are respectively perpendicular to the z-axis. The
z-component of the electric field for the TM-polarization and
the z-component of the magnetic field for the TE-polarization
are denoted by ψ(x, y, t), and relations for both polarizations
are simultaneously shown.
Since the Gaussian function has non-zero values on the entire

domain, it is not very tractable for defining incident waves in
the transient analyses based on the Laplace transform. There-
fore, the incident field is here defined by pseudo-Gaussian pulse
[12] as

ψ(i)(x, t) = ψ0 p2M

(
t;
xp − x

cs
, tσ

)
(21)

where ψ0 is the amplitude; p2M (t; tµ, tσ) denotes the (2M)th-
order pseudo-Gaussian function (M ∈ N); and tσ determines
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FIGURE 4. Convergence characteristics for the step response of RLC series circuit. (a1) tref = 1 (α = 1 and β = 0.1). (a2) tref = 1 (α = 1 and
β = 1). (a3) tref = 1 (α = 1 and β = 10). (b1) tref = 3 (α = 1 and β = 0.1). (b2) tref = 3 (α = 1 and β = 1). (b3) tref = 3 (α = 1 and β = 10).

FIGURE 5. Pulse plane-wave scattering by dielectric circular cylinder.

the pulse width in the time-domain. The pseudo-Gaussian func-

tion p2M (t; tµ, tσ) is defined by

p2M (t; tµ, tσ)=

{
cos2M

(
π

2 tw
(t− tµ)

)
: |t− tµ|≤ tw

0 : |t− tµ|>tw
(22)

with tw = π
√
M/2 tσ , and gives a good approximation of

exp[− (t− tµ)
2
/
(
2 tσ

2
)
] for largeM . When tµ > tw is satis-

fied, the image function of p2M (t; tµ, tσ) is derived as

p̃2M (s; tµ, tσ) = 2−2M+1 e−tµ s sinh(tw s)(2M
M

)
1

s
+

M∑
k=1

(
2M

M − k

)
2 (−1)

k
s

s2 +
(

π k
tw

)2

 . (23)
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FIGURE 6. Transient field response of pulse plane-wave scattering by a
dielectric circular cylinder. (a) TM-polarization. (b) TE-polarization.
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FIGURE 7. Absolute errors of transient field response computed with
σ0 = 7, N1 = 10, and N2 = 15. (a) TM-polarization. (b) TE-
polarization.

Then the image function of the incident field in x < xp− cs tw
is given by

ψ̃(i)(x, s) = ψ0 p̃2M

(
s;
xp
cs
, tσ

)
e

s
cs

x. (24)

Here, we also use the cylindrical coordinate system O-ρϕz,
which is related to the original coordinate system O-xyz by
transformation equations: ρ =

√
x2 + y2 andϕ = arg(x+i y).

If the initial position of the pulse center satisfies xp > a+cs tw,
the incident field illuminates the cylinders from outside, and the
its image function can be expressed near the cylinder as

ψ̃(i)(ρ, ϕ, s)

=ψ0 p̃2M

(
s;
xp
cs
, tσ

)I0(ρ s
cs

)
+2

∑
q∈N

Iq

(
ρ s

cs

)
cos(q ϕ)

(25)

where Iq(·) denotes the qth-order modified Bessel function of
the first kind. Considering the boundary conditions at the cylin-
der surface ρ = a, the image function of the scattered field for
ρ > a is expressed in the cylindrical-wave expansion as

ψ̃(s)(ρ, ϕ, s) = ψ0 p̃2M

(
s;
xp
cs
, tσ

)

t0(s)K0

(
ρ s

cs

)
+2

∑
q∈N

tq(s)Kq

(
ρ s

cs

)
cos(q ϕ)

(26)

whereKq(·) denotes the qth-order modified Bessel function of
the second kind, and the expansion coefficients {tq} are given
by

tq(s)=

− ζs Iq(
a
cs

s) I′
q(

a
cc

s)−ζc I′
q(

a
cs

s) Iq(
a
cc

s)

ζs Kq(
a
cs

s) I′
q(

a
cc

s)−ζc K′
q(

a
cs

s) Iq(
a
cc

s) : TM-pol.

− ζs I′
q(

a
cs

s) Iq(
a
cc

s)−ζc Iq(
a
cs

s) I′
q(

a
cc

s)

ζs K′
q(

a
cs

s) Iq(
a
cc

s)−ζc Kq(
a
cs

s) I′
q(

a
cc

s) : TE-pol.
.

(27)

Alternatively, the image function of the total field inside the
cylinder (ρ < a) is expressed as

ψ̃(ρ, ϕ, s) = ψ0 p̃2M

(
s;
xp
cs
, tσ

)
u0(s)I0(ρs

cc

)
+2

∑
q∈N

uq(s)Iq

(
ρs

cc

)
cos(qϕ)

 (28)

with the expansion coefficients:

uq(s) =
Iq(

a
cs
s) +Kq(

a
cs
s) tq(s)

Iq(
a
cc
s)

. (29)
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FIGURE 8. Convergence characteristics for the pulse response. (a)
TM-polarization. (b) TE-polarization.
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FIGURE 9. Absolute errors of transient field response computed with
σ0 = 7, N1 = 120, and N2 = 0. (a) TM-polarization. (b) TE-
polarization.

Let us choose the structural parameters for numerical calcu-
lation as follows: εs = ε0, εc = 5 ε0, µs = µc = µ0, and
a = 100 nm. Also, the parameters for the incident pulse plane-
wave are chosen as M = 18, xp = 600 nm, tσ = 0.1 fs, and
ψ0 = 1. Fig. 6 shows the numerical results of the z-components
of the fields at (x, y) = (0.5xp, 0). The exact solution to this
problem has not been found, and the “exact” values drawn by
the red curves in Fig. 6 are calculated by the extrapolation tech-
nique [13] after performing calculations by the conventional
FILT with different values of σ0, the truncation number for the
FILT:N = N1+N2, and the truncation number for the infinite
sum in Eq. (26). The absolute errors of the “exact” values are
estimated to be less than 10−8. In this subsection, the results of
the conventional and modified FILTs are obtained by truncating
the infinite sums in Eqs. (26) and (28) at q = 20, and the error
due to this truncation is considered sufficiently small. The pa-
rameters for the FILT areN1 = 10 andN2 = 15, and the refer-
ence times for the modified FILT are chosen as tref = 2, 4, 6 fs.
Rough trends are obtained except for the modified FILT with
tref = 2 fs in t > 5.2 fs. Fig. 7 shows the absolute errors of the
numerical results in Fig. 6. It is observed that themodified FILT
provides almost the same accuracy as the conventional one near
the reference time tref, but the errors are relatively large under
this calculation condition.
Figure 8 shows convergence characteristics of the MAE for

|t− tref| ≤ 0.2 tref, where “i” appearing in Eq. (20) is replaced
by “ψ”. The values are computed for tref = 6 fs, L = 50, and

N2 = N − N1 with various N1, and the results of the modi-
fied and conventional FILTs are respectively shown by the solid
and dotted curves. The convergence acceleration by introduc-
ing the Euler transform seems to have only a limited effect, and
the convergence becomes rather slow after showing a slight
improvement. It is observed that there are no significant dif-
ferences in the convergences of the conventional and modified
FILTs.
Figure 9 shows the results of the same calculation as Fig. 7

but with N1 = 120 and N2 = 0. The convergence charac-
teristics shown in Fig. 8 are of the MAE calculated by the val-
ues for 4.8 fs ≤ t ≤ 7.2 fs, but high-precision calculations for
1 fs ≤ t < 4.8 fs can also be achieved. In Section 4.1, the mod-
ified FILT provides almost the same accuracy as the conven-
tional one only for time domain: |t− tref| ≲ 0.2 tref. However,
the modified FILT provides here almost the same accuracy as
the conventional one in much wider time domain, and the value
of ψ(0.5xp, 0, t) at any time in the domain 1 fs ≤ t ≤ 7 fs may
be accurately estimated from 120 values of the image function
{ψ̃(s)(0.5xp, 0, zn/tref)}120n=1 if the reference time is chosen to
tref = 4 fs or 6 fs.
The Ez-component distributions of the TM-polarized fields

near the cylinder are computed at three observation times t =
2, 4.5, 7 fs and shown in Fig. 10. The three figures on the left
are the results of the modified FILT computed with N1 = 120,
N2 = 0, tref = 6 fs, and the image function is evaluated at
the same points {zn/tref}Nn=1. On the other hand, the three
figures on the right are the results of the conventional FILT,
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FIGURE 10. The Ez-component of the TM-polarized fields computed by the modified and the conventional FILT for t = 2, 4.5, 7 fs. (a1) modified
FILT (t = 2 fs). (a2) modified FILT (t = 4.5 fs). (a3) modified FILT (t = 7 fs). (b1) conventional FILT (t = 2 fs). (b2) conventional FILT
(t = 4.5 fs). (b3) conventional FILT (t = 7 fs).

and the evaluation points of the image function depend on the
observation time. The truncation numbers used for Fig. 10
are determined by the convergence test at an observation point
(x, y) = (0.5xp, 0), but these figures show no difference be-
tween the results computed by the modified and conventional
FILTs. Each figure in Fig. 10 uses the computed results at
301 × 201 = 60501 equally spaced points, and the maximum
absolute difference between the results of themodified and con-
ventional FILTs is 2.6 × 10−7 for t = 2 fs, 8.9 × 10−8 for
t = 4.5 fs, and 2.1 × 10−7 for t = 7 fs. This implies that, at
least near the cylinder, the modified FILT with a fixed set of
evaluation points for the image function can perform calcula-

tions as accurately as the conventional FILT over a wide time
domain.

5. CONCLUDING REMARKS

This paper considers the FILT used for transient response anal-
yses. The conventional formulation of FILT needs to evaluate
the image function for each observation time, and it is some-
times difficult to apply to problems that require a relatively long
computation time to evaluate the image function. The present
paper proposed a simple modification to resolve this difficulty,
and the present modification was validated by some numeri-
cal experiments. The numerical results reveal that the modi-
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fied FILT without changing the evaluation points of the image
functions can provide almost the same accuracy as the conven-
tional one in a certain time domain. Although further theoret-
ical researches are needed to predict the effective time domain
and truncation numbers, it was found that the modified method
presented in this paper is sufficiently effective in reducing the
number of image function evaluations.
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