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ABSTRACT: Turbulence is a longstanding problem in fluid mechanics for which experimentation remains unavoidable. In contrast to
conventional experimental techniques that inevitably require the introduction of probes into the flow, a very convenient technique would
be one in which there is no contact between the measuring sensors and the flow. The laser-based diagnostic technique reported in this
work is described as an estimation of a large number of parameters defining the diffusion coefficient profile in the heated turbulent wind
tunnel jet, which is required in the formula of the Karman turbulence spectrum for the jet under study. For this purpose, some required
experiments in the jet are carried out. A laser beam is then sent perpendicular to the jet exhaust, and measurements of the probabilities
of the position of the laser beam’s impact on a photocell placed outside the jet are performed. Using the Markovian model, the same
probabilities are calculated numerically. For these numerical results to agree with the experimental results, a numerical optimal-control
strategy is applied. Due to the large number of unknown parameters searched, a genetic algorithm (GA) computation is performed. A
good agreement observed between the GA results and those derived from the previously published cold-wire-anemometer data, combined
with the use of the Dale-Gladstone law, proves the validity and accuracy of the laser-based genetic measurement technique.

1. INTRODUCTION

urbulence is a longstanding problem in fluid mechanics for
Twhich experimentation remains unavoidable, and the con-
ventional experimental techniques that are usually employed
need inevitable probes to be introduced into the flow. A very
convenient technique would be one in which there is no con-
tact between the measuring sensors and the flows, and diag-
nostic techniques are then increasingly used. This paper is de-
voted to a laser-based diagnostic technique including an inverse
problem whose solution, obtained from an optimal-control ap-
proach, is the profile of a parameter needed in the formula of the
Karman turbulence spectrum for a heated turbulent wind tunnel
jet.

In the previous papers of our research team [1, 2], an exper-
iment using laser beam propagation in the jet considered and
similar to the one presented in this paper was carried out to ex-
tract an important coefficient called the diffusion coefficient.
In [1, 2], the measured diffusion coefficient was constant be-
cause the laser ray was sent parallel to the jet exhaust.

As in the previous works [1, 2], this paper is also devoted to
the determination of the diffusion coefficient, but the founda-
tional difference between this work and the previous ones lies
on two levels. First, in this paper, the laser beam is sent per-
pendicularly to the jet exhaust so that the diffusion coefficient
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is a variable parameter along the path of the laser ray. So, the
solution sought is more complicated because it represents the
profile of the diffusion coefficient. Second, genetic algorithms
have been previously used in [1, 2] to determine the coefficients
of Fourier expansion for the modeling of the laser ray direction,
whereas in this paper, they are applied to directly find the pro-
file of the diffusion coefficient.

To perform the measurement technique presented in this
work, experimental and numerical means are required. On the
experimental level, with the jet that is heated, the mean tem-
perature, mean velocity, and rms of temperature fluctuations
are measured along a direction, which is perpendicular to the
jet exhaust and is the direction given to the laser ray during its
propagation in the jet under study. In addition, measurements
of the probabilities of the positions of the laser beam’s impact
on a photocell placed outside the jet are required.

On the numerical level, the same probabilities are computed
from the second Kolmogorov equation provided by the Marko-
vian process model, which is applied along the whole path of
the laser ray. The profile of the diffusion coefficient is then
determined using an optimal control approach that reduces to
the minimum, a cost function defined as the quadratic differ-
ence between numerical and experimental probabilities. Due
to the large number of parameters searched, the use of a ge-
netic algorithm is recommended. The good agreement between
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our results and those deduced from the published cold-wire
anemometer data, combined with the application of the Dale-
Gladstone (DG) law, demonstrate the validity of the laser-based
diagnostic technique.

For a better understanding of the present work, this paper is
organized into seven sections: Section 2 is devoted to theory
and shows how the Karman turbulence spectrum depends on
the diffusion coefficient. In Section 3, experimental tools that
are required for the diagnostic technique are used. Computa-
tion tools for this technique are applied in Section 4. In Sec-
tion 5, the optimal-control strategy using genetic algorithm is
described in detail. The results obtained are presented, and their
validation is proved in Section 6. The paper ends by Section 7
that serves as a conclusion.

2. KARMAN TURBULENCE SPECTRUM IN TERMS OF
THE DIFFUSION COEFFICIENT

Chernov demonstrated, for the first time [3], that the variance
of deflection angle ¢ of the light ray after having traversed a
distance X in the jet is proportional to X, according to the for-
mula,

2= 1 p.x

(n)

where n represents the mean value of refractive index n, and
D,, is a crucial parameter called diffusion coefficient of the tur-
bulent jet and defined as:

(1a)

2 o0
D, = —% / AR, (0,7,0)dr. (1b)
0
In Equation (1b), A represents the Laplacian operator, and R,
stands for the correlation coefficient of the refractive index fluc-
tuations p that are evaluated at two points located on the path
of the light ray.
On the other hand, it is known that Karman’s model of tur-
bulence spectrum is given by the relation [4]:

u(K) = 0.033C2 (K2 + K2) P exp (-K2/K2), (2)

where Cﬁ is the structure coefficient of the refractive index
fluctuations, and Ky and K, are the lower and upper lim-
its of the turbulence inertial zone (Ko = 0.1mm™!; K,, =
5.92mm™1! [1,2]).

As done in our previous work [5], we proved that there ex-
ists a relationship that connects the coefficients D, and C ﬁ For
this purpose, we found that the correlation function R.. of de-
flection angles of the laser beam, which is evaluated at the two
points separated by a transverse distance p and located on the
detection plane at a distance X from the entry border of the jet,
is given by the following relation [5]:

0.2647
(n)*

Reo(X.n) = C2KISX ‘ /O o(e el Ga

with ¢(&, n) given as:

$(¢,m) = /0 o (62 +02) " exp (=0?)

168
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where 7, p, and o are dimensionless variables defined as: n =
Knp,p=+&+n*0=K/K,,,and og = Ko/ K,,. Using

the identity, £2 = R.. (X [, = 0), we deduce an equivalent ex-
pression of the variance £2 from the correlation function given
in Equation (3a):

3n? ) .
— — ) sin(po
p (po)

— ?;) cos(pa)} do

(3b)

- 0.2647
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where the function 1 (€) is defined from Equation (3b) as fol-
lows:

CIKMEX : 4)

/ e
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exp (—0?) [2 sin(éo) — 20

& e cos(éa)| do. (5)

Comparing our results obtained in Equation (4) to those given
by the Chernov law in Equation (1a), we obtain the relationship
between the structure coefficient (CEL) and diffusion coefficient
(D,.), which was found in our previous work [5]:

/ N w(ongl. ©)

Using Equations (2) and (6), the Karman turbulence spectrum

is written in terms of D), as:
o —1
/ w(@dsD
0

Xp (—KQ/KE,L) .
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/e

(K2 + K3) ()
3. EXPERIMENTAL TOOLS FOR THE DIAGNOSTIC
TECHNIQUE

3.1. Wind Tunnel

Figure 1 shows the wind tunnel that provides a hot turbulent jet
of air from a nozzle.

3.2. Measurements Required

The experimental setup is shown schematically in Figure 2.
A red light ray created from a 5 mW He-Ne laser and having
wavelength A\ = 6328 A, initial diameter ag = 0.8 mm, and
spectral width A\ = 6.4 x 10~ A is passed through the heated
wind tunnel jet before reaching a photocell placed outside the
jet at a distance d = 500 mm. The amplitude of the electrical
signal transmitted by the photocell is very weak, and it is neces-
sary to use an amplifier which gives information to an interface
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FIGURE 1. Complete anatomy of the wind tunnel providing the heated
turbulent jet: (1) Ventilating fan; (2) Vertical displacement; (3) Heat-
ing resistances; (4) Box for flow homogeneity; (5) Filter against tur-
bulence; (6) Nozzle (200 mm x 5 mm); (7) Thermocouple.
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FIGURE 2. Experimental setup.

connected to a computer for statistical investigations. To keep
the position of the laser source unchanged when seeking the in-
cident direction of the laser ray, we need to use a plane mirror,
as seen in Figure 2. This figure also shows the three Cartesian
perpendicular axes (z, y, z) defined on the nozzle aperture with
the origin at the centre of the aperture. Before entering the jet,
the laser ray is placed in the median plane z = 0 of the nozzle
aperture, along the direction parallel to the y axis and located at
a distance X = 200 mm from the plane of the nozzle aperture.
The mean distance traversed by the laser ray is nearly equal to
the jet breadth Y = 100 cm (see Figure 2).

The cell plane is cross-ruled in 1600 small squares of same
size ¢ = 0.01 cm such that:

z(l) = zo+1-¢, 1=0,1,...,L, (L = 40),
with zog = —0.20 cm, (8a)
z(m) = zo+m-c, m=0,1,..., M, (M = 40),
with zp = —0.20cm (8b)
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In the absence of the jet, we verify that the ambient medium
at rest has no influence in the laser ray propagation because its
trajectory remains rectilinear. In that case, the two voltages de-
rived from the photocell are adjusted to be equal to zero, and the
corresponding laser ray impact is taken as the origin of the cell
plane, at the point whose [ and m are given by: [ = ¢ = 22 and
m = j = 19. The diameter of the laser ray footprint is equal to
0.85 mm and represents 21% of the size of the final measuring
square. The surface of this footprint is equal to 0.384 mm? and
represents 3.5% of the surface of the final measuring square.

The probability for the laser ray impact to be located in the
small photocell square [z(I),z(l + 1) x z(m),z(m + 1)] is
represented by W (I, m) and is plotted in Figure 3. The lumi-
nous trace produced by the laser ray on the photocell plane is
presented in Figure 4.

We have used 2 x (26 x 26) = 8192 impacts of the laser ray
on the detector in approximately 20 seconds. This number of
impacts is the maximum allowed by the interface apparatus.

Measurements of the mean velocity and temperature are car-
ried out along the direction given to the laser ray by means of
the apparatus described in [1,2]. The values obtained are plot-
ted in Figure 5. The mean-velocity plot shows that the distance
of the path traversed by the laser ray in the jetis Y = 100 cm
and is located between the values y = £50 cm.

We measure the variance of temperature fluctuations (see
Figure 6), by means of the cold-wire anemometer technique [6],
which utilizes a wire having diameter and length equal to
1 pm and 0.5 mm, respectively, with a current intensity Iy =
0.15mA.

Let us deduce the values of the variance of refractive index
fluctuations from those of the variance of temperature fluctua-
tions. For this purpose, we assume that the jet air may be con-
sidered as a perfect gas. According to the Dale-Gladstone (DG)
law [7], the refractive index n at any point of the jet is connected
to the pressure (Pi) and temperature (Tj) at the point consid-
ered by the following relationship:

G(N) Pt

n=1+
TOﬂet

)

where G(\) is the DG constant that depends on the radiation

wavelength ), and r( is the specific constant of the perfect

gas. For the laser ray we have used, the incident wavelength

is Ao = 6328A, and the corresponding value of the parameter

ag, defined as: ag = G(\)/rg, is 79 x 1075 K-mb~1.
Differentiating Equation (9), one obtains:

ao P ( ao >
dn = — dTiei + | = ) dPet.
( jjgt ) o ijt o

Before the jet is heated, we note in the course of our experi-
mentation that the path of the laser ray in the jet remains almost
rectilinear. We then deduce that the laser ray trajectory in the jet
is nearly rectilinear in the absence of temperature fluctuations.
This leads to concluding that dPe; ~ 0, that is, the pressure
fluctuations may be neglected in the jet considered and that the
temperature fluctuations are the unique cause of the fluctua-
tions undergone by the refractive index in the heated jet under

(10)
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FIGURE 3. Experimental probabilities of position of the laser ray impact
on the photocell.
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FIGURE 5. Mean temperature and mean velocity along the path of the
laser ray in the jet.

study. In addition, we have Tiex = T + ¢ where T represents
the mean temperature, and 6 stands for the temperature fluc-
tuation, which is very small compared to 7'. Considering the
small finite differences 6 and p in the place of dTjy and dn,
respectively, we obtain the simplified form of Equation (10),
= —(agPy/T?)0, where Py = Py = 1000 mb is the value
of the constant air pressure. One then deduces the relationship
between 1 and 6, along the y-axis considered as the mean path
of the laser ray:

ao P

12 (y) = (TQ(y) > 2 02(y).

Equation (11) enables one to calculate the variance of refractive
index fluctuations using the measured values of the variance of
temperature fluctuations together with the values obtained for
the measurement of the mean temperature, T = T'(y). The
values thus obtained are plotted in Figure 6 as a function of the
propagation distance of the laser ray.

(11)
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FIGURE 4. Luminous trace produced by the laser ray impact on the pho-
tocell plane.
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FIGURE 6. Variance along the mean path of the laser ray for (a) tem-
perature fluctuations ((°C)?) and for (b) refractive index fluctuations
x10°.
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4. COMPUTATION TOOLS FOR THE DIAGNOSTIC
TECHNIQUE

4.1. Markov Process Model along the Laser Ray Path Perpen-
dicular to the Jet Exhaust

As suggested by Chernov [3], the random direction of the laser
ray can be regarded as a Markov process in which the proba-
bility P (¢, 0, o) for the laser ray to have the direction defined
by the angles (¢, 0) (¢ is the polar angle and 6 the azimuthal)
after going a distance o in the jet, satisfies the Einstein-Fokker-
Kolomogrov (EFK) equation [8]. With the deflection angle of
the laser ray being small, we set o = y and obtain the approxi-
mate EFK equation:

D, () P
sin? 0¢?’

OP _ Duly) 0 (sin@ap> (12a)

dy  sinf 00 o0

with the zero boundary condition and the initial condition given
by:

P(,0,y =yo) = 6(9)0(0 — 7/2), (12b)
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where ¢ represents the Dirac distribution, and (¢ = 0,6 = 7/2)
are the angles of the laser ray direction before entering the jet
at the point y = yq.

4.2. Discretization Scheme for Equation (12a)

The solution P(¢,0,y) of Equation (12a) is approximated as
P(¢y,0m,yn) = P™(l,m), where ¢, 0,,, and y,, represent
the discretization values to be determined for ¢, 6, and y, re-
spectively. Using the relations we found in [1,2] and ex-
ploiting Equations (8a) and (8b), we compute these values
(¢1,0m) so that the probabilities P(¢y, 0y, yn) are replaced
with P(z(l), z(m), y(n)), which define the probabilities of the
position (z(l), z(m)) of the laser ray impact on the photocell
plane. For the values y,, we adopt a constant step a whose
value ¢ = 5mm is obtained from the convergence of the nu-
merical scheme we have applied.

To solve Equation (12a), we adopt an explicit discretization
scheme [9] with alternating-directions, in which the initial con-
dition (Equation (12b)) is discretized in terms of Kronecker
delta as follows:

P(6,0,y = yo) = P"=°(I,m) = 6(,i)d(m, j), ~ (13)

where ¢ and j are the integers that define the origin of the ex-
perimental measuring square (i = 22; j = 19).

5. MEASUREMENT OF THE DIFFUSION COEFFICIENT
PROFILE USING GENETIC ALGORITHM (GA)

5.1. Construction of the Cost Function

With a view to comparing the experimental probabil-
ities W (l,m) to the corresponding numerical results
P(l,m,N) = P~(I,m) obtained at the photocell plane,
we define a cost function .J, which measures the quadratic
difference between the two sets of probabilities and depends
on the diffusion coefficient profile D,,(y) as follows:

L M
J(D) =" (14)

1=0 m=0

The cost function, J, depends on N parameters (D"™) that repre-
sent the values of the diffusion coefficient given in its profile,
withn = 1,2,..., N and N = Y /a = 20. We note that the
numerical procedure does not need the value (D?) of the dif-
fusion coefficient at the entry point of the jet. This value will
be found by applying stochastic extrapolation. Minimizing J is
well known as an inverse problem of the parameter estimation
type [10]. The GA is strongly recommended for this problem
because J depends on a large number of parameters having an
unknown connection with .J. As the local minimum of .J is also
its global minimum due to the form of Equation (14) defining
the cost function, the problem under study can also be solved
using a convex programming algorithm [11].

5.2. General Structure of a GA

The GAs were first introduced by Holland [12] and extensively
developed by Goldberg [13] and Deb [14]. A GA works with
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a population of candidate solutions that are called individuals.
It initializes a sample population, and this population changes
over generations with an unchanged number of individuals.
Each individual is represented by a code defined by a single
string of characters called chromosomes. A positive fitness
function whose definition does not depend on generation en-
ables one to calculate, at each generation, the fitness of the cur-
rent individuals. Based on the genetics of the human being’s
evolution, that is, the evolution via the survival of the fittest,
a new generation of individuals is generated after the three ge-
netic operators: selection, crossover, and mutation.

5.3. About the GA We Have Constructed

Since we have found that the order of magnitude of the cost
function is J ~ 10~%, we define the fitness function as F =
1.0 — «J, such that maximizing F' means minimizing .JJ. The
parameter o = 10 is used to make the discrepancies between
the values of F' significant.

To code individuals, we need to know the exploration area
of the parameters to be optimized. From the genetic point of
view, this exploration area should be large enough to avoid a
priori exclusion of potential solutions, and this could include
some “bad individuals” in order to create a diverse population,
which helps to avoid premature convergence of the GA. As the
order of magnitude of the diffusion coefficient for the jet studied
is equal to 10~Y m~1! [1, 2], we take the exploration area that is
defined by the interval [Dpin, Diax] With Dy = 1072 m~!
and Dpax = 10.0 x 1072 m~1. To code each parameter (D™),
we discretize it as a set of ) possible values that are denoted by
(D™), such that:

(Dn)q = Dmin + q ((Dmax - Dmin)/(Q - 1)) )
forq=0,1,....,.QQ —land n=1,.... N (15)

We then apply a binary code. In this regard, relation (15)
shows that there is a unique correspondence between each value
(D™), and the discretization integer ¢ such that coding (D™),
means coding the integer g. With the maximum value of ¢ be-
ing @@ — 1, the number R of bits needed for this coding must
satisfy the condition: Q — 1 < 2% — 1, that is, Q < 2. For
simplicity, we then adjust the number () of discretization values
to a power of 2, and we adopt ) = 27 = 128, that is, 7 chro-
mosomes per parameter. So, each individual is encoded as the
concatenation of 20 groups of 7 chromosomes, giving a string
of 140 chromosomes.

Knowing the total number of bits and applying bits 0 or 1,
the initial population is stochastically generated. The selection
technique applied is tournament selection [12—14] with shuf-
fling like in domino games. To improve the convergence of our
GA, we have applied the “elitist strategy,” which requires the
fittest individual of each generation to survive into the next gen-
eration. The GA is implemented using random-site crossovers
with a rate of 0.70, genotypic mutations with a rate of 0.02, and
phenotypic mutations with a rate of 0.04. To end the work of
our GA, we adopt the usual criterion, which consists of fixing
arbitrarily the number of generations beforehand. Usually, one
hopes that the GA will converge before reaching the end of the
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FIGURE 7. Convergence history of the GA for the population size: (a)
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FIGURE 8. Optimum profile of the diffusion coefficient D, found from
the GA.

TABLE 1. Code of the best individual given by the GA.
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process. The number of generations arbitrarily adopted is equal
to 300.

6. RESULTS AND VALIDATION

6.1. GA Iteration History

Figure 7 shows the convergence history of the GA for the pop-
ulation size (50, 75, 100). As the minima found for .J are
Jmin = 5.51 x 1074, 4.73 x 1074, and 4.48 x 10~*, respec-
tively, we retain the value Ji, = 4.48 X 10~* obtained for the
population size equal to 100. With this population, the GA be-
gins to converge after 241 generations, when the best individual
for all subsequent generations is obtained for the first time.

6.2 Code of the Best Individual and Diffusion Coefficient Profile
Given by the GA

The code of this best individual is presented in Table 1, as
a string of 147 chromosomes, with the first group of 7 chro-
mosomes being added for (D°). Decoding this best individ-
ual, we obtain the optimum profile of the diffusion coefficient,
D,, = D, (y), which we present in Figure 8.

1
1
1
1
1
0
0
0
1
0
1
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6.3. Validation of the GA Results

As seen in Figure 8, the value of D), at the median point y = 0
is D, = 2.12 x 107?m~'. This result is close to the value
D, = 2.98 x 1079 m™! obtained at y = 0 for the same jet,
in a previous work of our research team [15], when determin-
ing the constant diffusion coefficient along the z-axis using the
gradient-descent optimization.

To rigorously validate the results obtained from the GA, we
find that the diffusion coefficient is connected to another co-
efficient Dy by the following relationship derived from Equa-

tion (11):
CLPO 2—
<W> 92D07

where 62 stands for the variance of temperature fluctuations.
The parameter Dy was introduced for the first time in [16] and
defined as:

D, = (16)

Dy = (17)

1 oo
—7/ ARy (0,7,0)dr,
2 /o

where Ry represents the correlation coefficient of temperature
fluctuations and A the Laplacian operator.

We need to compare the optimal profile D,,(y), which is de-
rived from the GA and plotted in Figure 8, to the profile D,,(y)
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FIGURE 9. Values of the parameter Dy measured by Gagnaire and Tail-
land [16] and plotted as a function of the laser ray propagation distance
perpendicular to the nozzle aperture.
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FIGURE 11. Comparison between the diffusion coefficient profile ob-
tained from the GA and that calculated using the cold-wire anemometer
data joined to the DG law.
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FIGURE 10. Profile D, (y) obtained from Equation (16) using the mea-
sured values of the mean temperature 7' and temperature fluctuations

62, together with the values of Dy (y) that were measured in Ref. [16].
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FIGURE 12. Point-by-point comparison between the diffusion coeffi-
cient profile obtained from the GA and that calculated using the cold-
wire anemometer data joined to the DG law.
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FIGURE 13. Markovian-hypothesis predicted results for (a) the probabilities of the position of the laser ray impact on the photocell placed outside
the jet and (b) the luminous trace produced by the laser ray impact on the photocell.

that is computed from Equation (16), if the values of Dy, T,
and 62 as a function of y are known. For this purpose, we use
the experimental values of T and 62 that we have measured and

plotted in Figures 5 and 6, respectively. In addition, we exploit
the values of Dy measured in [16] by means of the cold-wire
anemometer and presented in Figure 9. The values of D, ob-
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tained from Equation (16) form a profile that is plotted in Fig-
ure 10.

The comparison between the values of D, (y) obtained from
the GA and those calculated using Equation (16) is performed
and presented in Figures 11 and 12. Figure 11 shows the pro-
files of the two sets of results, and Figure 12 highlights the
point-by-point comparison of these results.

In Figures 11 and 12, a good agreement is observed between
the GA optimum profile of the diffusion coefficient and that
obtained from the cold-wire-anemometer data with the use of
the Dale-Gladstone law.

The Markovian-hypothesis predicted values P™(l,m) ob-
tained as the numerical solution of Equation (12a) using the
GA optimum profile of the diffusion coefficient are plotted in
Figure 13(a), and the corresponding luminous trace of the laser
ray on the photocell plane is shown in Figure 13(b). These fig-
ures must be compared to the experimental ones, which are pre-
sented in Figures 3 and 4.

Due to the good agreement between experimental and GA
results, one can confirm that the Markovian hypothesis, which
was suggested for the first time by Chernov [3] to predict the
propagation of a light ray in a random medium such as the
turbulent jet under study, represents a satisfactory model. Of
course, this model holds when the geometrical optics approxi-
mation is valid, that is when it is allowed to ignore the diffrac-
tion effects that could occur during the propagation of the laser
ray in the jet studied.

7. CONCLUSION

This study is devoted to a laser-based diagnostic technique for
solving an engineering inverse problem using a genetic algo-
rithm with an optimal-control strategy. The objective is to
achieve an estimation of a large number of parameters, thereby
defining the diffusion coefficient profile required in the formula
of the Karman turbulence spectrum for a heated turbulent wind
tunnel jet. To perform this diagnostic technique, experimental
and computational tools that are needed are described in de-
tail. A good agreement is observed between the GA optimum
profile and the profile obtained from the cold-wire-anemometer
data combined with the use of the Dale-Gladstone law.
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