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Abstract—In order to remove the influence of the aperture fill time (AFT) for wideband array, the
scaling principle of the Keystone (KT) transform is applied to eliminate the linear coupling between
spatial domain and frequency domain of wideband array signal. However, the classic KT transform is
implemented by interpolation Sinc which is difficult to apply in engineering and leads to the serious
problem of insufficient data. To address this, a realization of the low-complexity KT transform is
presented, and it is implemented using only the Chirp-z transform (CZT) and fast Fourier transforms
(FFT). Additionally, an Autoregressive (AR) model is proposed to compensate the insufficient data
for each range, and the order of AR is estimated by the rank of the signal covariance matrix.
Simulation results demonstrate that the proposed algorithm significantly reduces computational burden
and improves the performance of wideband array beamforming.

1. INTRODUCTION

Wideband phased arrays are the ideal choice for target identification and radar imaging for their high
range resolution, and they provide key technical support for modern radars, thus the combination of
signal processing techniques and wideband phased arrays has garnered significant attention. However,
the aperture fill time (AFT) phenomenon [1-3], an inherent characteristic of wideband arrays, severely
degrades beamforming performance. The time delay of the signal received by different array elements
cannot be ignored as long as the signal is not vertically incident onto the array, resulting in that the
range-compressed signal cannot be focused in the same range cell and cannot be coherently accumulated
efficiently [4]. In the frequency domain, the AFT leads to deviation of steering vectors at different
frequencies, which increases the computational complexity in the process of beamforming. Therefore,
most narrowband signal processing algorithms cannot be directly applied in wideband array systems.
At present, two efficient algorithms for compensating the AFT have been widely used in signal
processing. One of these methods is processed in the time domain which originates from the Finite
Impulse Response (FIR) filter based on the tapped delay line proposed by Frost [5]. It is known that
the time delay of the vertically incident signal and the error of array pointing are both zero, thus the
signal can be regarded as a reference, and time delay of the non-vertically incident signal can be properly
compensated to eliminate the AFT. The other method is processed in the frequency domain [6] which
divides the incident signal into multiple subbands using filters and calculates the adaptive weights for
each subband to perform narrowband beamforming. The wideband beamforming can be completed by
integrating the processing results of all subbands. Relevant research results show that for the same
incident signal, these two methods have similar performance when the number of filters in the time-
domain algorithm is the same as the number of subbands in the frequency-domain processing [7].
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In engineering applications, the performance of these two compensation methods is limited by the
filter order. A large amount of filters will increase the computational burden of the algorithm, and
conversely, performance loss will be inevitable. However, the Keystone (KT) transform [8-10], known
as an effective envelope alignment technique, has been widely used in the fields of radar target detection
and target imaging. The KT transform can align all the frequency points of the wideband signal to the
carrier frequency by preprocessing the signal in the frequency-spatial domain, which can effectively solve
the problem caused by AFT. Sinc interpolation [11] is also a conventional method used to complete the
scale transformation of the KT transform (KT-Sinc), but it is not suitable for engineering applications
due to its difficulty in implementation. Therefore, this paper introduces a low-complexity KT transform
based on the Chirp-z transform (CZT) algorithm (KT-CZT) [12-14]. For the wideband receiving array
model, only the fast Fourier transforms (FFT) and z transform are needed to complete the whole process
of scaling.

The conventional KT transform uses the carrier frequency as the reference frequency for scaling.
However, when dealing with frequency-element signals, the data at frequency points lower than the
carrier frequency suffer from insufficient data due to the expansion and contraction of sampling intervals
in the spatial domain. To tackle this problem, this paper combines Autoregressive (AR) model [15] with
the KT transform. In this way, after preprocessing the signal with the KT transform, the AR model
can be applied to work out the insufficient data of array elements directly from the 2D time domain
form of the signal.

The remainder of this paper is structured as follows. In Section 2, the basic model of the wideband
receiving array is established, and the principle of the KT transform to correct the AFT is introduced.
Meanwhile, the KT-CZT is applied into the wideband array, and the process of the CZT for spatial
scaling is deduced. In Section 3, the proposed KT-CZT-AR algorithm is presented. The validity of our
approach is confirmed through a simulation experiment in Section 4. Finally, we provide the conclusion
of this paper in Section 5.

2. AFT CORRECTION USING THE KT-CZT

2.1. Principle of the KT Transform

In fact, Keystone transform is an effective processing method for the migration through range cell in
high resolution radar imaging [16]. Assuming a uniform linear array (ULA) with M elements spaced at
d = \/2, receive a far-field wideband desired signal dy(t) and P independent wideband jamming signals
from directions 6y, 01, ...,0p. The received signal sources D(t) = [do(t),d1(t),...,d;(t)], i € [0, P] and
the channel noise n(t) have no correlation, and the array manifold matrix of the received signal is

A = [a(0y),a(b1),...,a(b;)]. The array output signal at time ¢ in range can be expressed as
P
z(t) = AD(t) + n(t) = a(6o) do(t) + Y _ a (6:)d;(t) + n(?) (1)
i=1

Considering that the desired signal is a linear frequency modulation (LFM) signal, and the range-
compressed signal can be expressed by a time-element function as

y(tm) = (1= n) exp <—j27;f0rn> (2)

where fy represents the signal carrier frequency, and c is the speed of light. r, denotes the wave range
difference between the nth array element and the center array element. This paper takes the central
array element as a reference, and the time delay for the signal to reach other array elements can be
expressed as r,/c = ndsinfy/c (n € [-M/2,M/2 — 1]).

The time delay causes sampling time deviations for the signals received by different elements from
Equation (2). As a result, the range-compressed signal cannot be focused on the same range cell during
simulation, which is known as the AFT. FFT transform is performed on (2), and its Fourier spectrum

is
2mfo rn> exp (—j27;frn> (3)

y (f.n) = 2(f.n) exp <—j
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From Equation (3), it is evident that the exponential term exp(— j@rn) shows a mutual coupling
between the array element variable n € [1,M] and the range frequency variable f € [-B/2, B/2].
This results in a signal steering vector of the array that varies with the instantaneous frequency. This
coupling effect is also the root cause of the aperture effect.

The core of the KT transform is to introduce a virtual array element n = (fo+ f)/fo *n
to achieve the scaling transformation of the spatial domain, which is commonly implemented using
Sinc interpolation. The number of interpolation orders used to calculate each new sampling point is

represented by IV, and the implementation of the KT transform can be expressed as follows:
N/2

y(f,ﬁ)zy(f,fofifﬁ>: Z y(f,n)sinc(

n=—N/2

foji?- fﬁ — n> =z(f,n) exp<—j27rcfodﬁ sin (90)> (4)

From Equation (4), it is evident that the instantaneous frequency no longer appears in the

exponential term exp(—j 27TCf 0dnsin (6p)), effectively correcting the linear coupling between the range-
frequency domain and the spatial domain. As a result, the wideband signal steering vector is only
dependent on the carrier frequency, which is the same as the narrowband signal steering vector.

Therefore, narrowband processing methods can be directly applied to wideband signals.

2.2. KT Transform Implemented by the CZT

In order to enhance the accuracy of the interpolated data, increasing the interpolation orders is a
commonly employed method. However, this approach not only adds to the computational burden,
but also exacerbates the issue of insufficient data resulting from truncating the interpolation kernel.
Although we attempted to address this problem in [17], the proposed solution is still not well suited
for engineering applications. Moreover, the low-frequency component of the KT-transformed signal
can also suffer from insufficient data due to the expansion and contraction of the spatial sampling
interval. The truncated interpolation kernel exacerbates this problem. On the other hand, using a
shorter interpolation kernel may result in the occurrence of Gipps ringing and reduced interpolation
accuracy. Therefore, considering the ease of implementation and computational efficiency, the KT-Sinc
is not typically the primary choice for engineering applications.

As shown in Fig. 1(b), the CZT is sampled at equal intervals on the unit circle, and the z transform
of each sampling point can be obtained as the Fourier transform of each sampling point. From the KT
transform, both the input and output samples in range resampling are uniformly spaced to sample the
spatial domain, so it is suitable for the application of the CZT. The number of array elements that need
to be scaled in this paper is M, and the CZT is formulated through the following convolution

(o) = () (AW ) =Wy (o AW | )

where k € [1, M], ® represents the convolution, and y (f,n) is the digitized sampled data of the signal
in the frequency-spatial domain.

From (5), A = Age?®, W = Wye 790, where Ay controls the length of the vector radius of the
initial sampling point, and 6y is the initial phase angle of the sampling point. For the implementation
of the KT transform, Ay = 1 and 6y = 0 are generally taken. In addition, Wy = 1 is the stretch rate of
the spiral, and (g is the frequency spacing between two adjacent sampling points in spatial frequency

resampling. According to the scaling principle of the KT transform, ¢y should be taken as fof—Jgf . QMW

Therefore, (5) can be rewritten as

v 2 71'7’22
Y (f,2r) = exp (—ijJrf‘k) - [y(f,n)exp <—jf0+f')}

fO M f() M
2
& exp <j fo;(; / . 7;:}) (6)

The convolution process in Equation (6) can be implemented through the use of Fast Fourier
Transform (FFT) and matrix complex multiplication. As such, the implementation of the Chirp Z-
Transform (CZT) can be summarized as follows:
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A minimum integer L, which is an integer power of 2, is obtained to facilitate the calculation using
FFT and makes it satisfy L > 2M — 1.

Set the parameters shown in (6), and AW = exp(—j{=L o 27

fe M

Construct sequences g (f,n) and h (f,n) of length L, and add zero-point values at the back end of
g (f,n), that is

) can be obtained.

fo+f mn?
g(fvn) = y(f,’l’L)eXp <_‘7 fo M), 0<n<M-1 (7)
0 M<n<L-1

The process of convolution shown in (6) can be completed by using L-point FFT and matrix
complex multiplication

V(fin) =IFFT{FFT[g(f,n)]* FFT [h(f n)]} (9)
Finally, the first M points of A are chosen as weights, that is

2
Y(fwzk) :’U(fvn)exp <_]f0]j0_f ] %

The entire process of the KT transform has been completed in (10). Once being processed by

), 0<n<M-—1 (10)

the CZT, the signal transitions from the spatial domain to the frequency domain, resulting in a two-
dimensional frequency domain representation. To convert it back to the time-domain form, a two-
dimensional Inverse Fast Fourier Transform (IFFT) is applied. Here, y(t, ) represents the time-domain
form of the range-compressed signal, and 7 is the sampling point of the array element domain after
scaling.

Figure 1(a) shows the samples on the wavenumber axis of the CZT, where 6,.¢ = 0° is the reference

angle, and # and —6 are two signal sources impinging on the ULA. Due to the aperture effect, the spatial
frequency corresponding to each range frequency of the wideband signal is different. As a result, the
spatial frequency of the two signal sources appears linearly inclined. The interval between adjacent
dotted lines in Fig. 1(a) represents the frequency interval of the spatial frequency corresponding to the

4 Im[z]

#a #1
#M/2 w1 #0

T y Re[z]
#b

DOA of the signal

(a) (b)

Figure 1. KT-CZT algorithm: (a) Samples on the wavenumber axis, (b) the CZT on the unit circle in
the z-plane.
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carrier frequency. Therefore, the CZT corrects the frequency interval of all range frequency points to
be the same as the carrier frequency, thus removing AFT. Fig. 1(b) illustrates the CZT process on
the unit circle in the z-plane. In order to detect the signals of various angles effectively, the sampling
point range of the array element is set to [-M /2, M/2]. In Fig. 1(b), point #M /2 and point #—M /2
are coincident; point #0 is the start point of sampling; and W~ represents the sampling interval of
spatial frequency. It can be seen clearly from the transformation process of point #—M /2, points #a
and #b are the spatial frequency sampling points corresponding to the resampling of the highest range
frequency and the lowest range frequency after the KT transform, respectively. In Fig. 1(a), the spatial
frequency interval corresponding to the highest range frequency has decreased after the CZT, and this
situation is opposite of the lowest range frequency. Therefore, the KT transform based on the CZT
algorithm can effectively solve the problem of unequal spatial frequency of different ranges, thereby
correcting the AFT.

3. KT-CZT-AR ALGORITHM

The conventional KT transform typically uses the carrier frequency as the reference frequency.
Therefore, in the wideband system, the steering vectors for frequencies other than the carrier frequency
are corrected by the KT transform and become equivalent to the steering vector for the carrier frequency.
The KT transform can correct the AFT by resampling to adjust the spatial sampling interval. However,
as shown in Fig. 1, the spatial frequency for frequencies lower than the carrier frequency will be
expanded, as indicated by the solid circle in Fig. 1(a). This, in turn, leads to a shrinking of the
time domain sampling axis of the array element, and the edge elements of the array axis may experience
insufficient data. To address this issue, the AR model can be applied to compensate the insufficient
data in the array element.

3.1. Principle of AR Model

The array system in this paper consists of a wideband linear array, resulting in a received signal with
noticeable time correlation. The same signal received by different array elements exhibits only a linear
delay, which is compensated for after the KT transform. Given this setup, the AR model can effectively
address the insufficient data of the array elements.

This paper utilizes the backward prediction method to predict the insufficient data, that is

P
y(ti) =D oy (67— i) + e (11)
=1

where «; is the AR model coefficient, and P and &; represent the model order and model error,
respectively. The forward prediction model uses the past time series y (t,7n — i), i € [1,P] of the
sampled signal and the correlation between them to predict the current state y (¢,72) of the system.

In this paper, the signal data is compensated in the two-dimensional time domain by using AR
model. Specifically, the number of array elements experiencing insufficient data in each range cell can

be expressed as
B
N=—M (12)
2fo
Currently, the order of the AR model and its coefficients are typically determined using the
Akaike information criterion (AIC), Bayesian modification of AIC criterion (BIC), and the Burg
algorithm [18,19]. In this paper, the AIC criterion is utilized, which is based on the concept of entropy,
to estimate the number of points. Its model can be defined as

AIC (k) = Nlno? + 2k (13)

where k represents the order of the AIC model, and O']% denotes the error in predicted power of the
k-order AR model. As the order k increases, 2k increases as well, but a,% decreases. By varying the
value of k, the minimum value of AIC(k) can be obtained, and this value will represent the order of
the model determined by the criterion. According to the order P of the AR model, the time series
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Y (t,n) = [y (t,0),y(¢t,1),...,y(t, M — 1)] of each range cell can be used to represent the element data
for each range cell, and y (¢t,n — N; — i), i € [1, P] of this time series can be used to restore the element
data. Finally, once the recovered data is considered known, the recovery process can proceed recursively
in reverse order to recover all insufficient data. The entire process of recovering element data can be

expressed as
P

y(ti— N +1) =) iy (t,i— N —i+1) (14)
=1

3.2. Order Estimation based on the Rank of Covariance Matrix

In a wideband system, the incident signal contains not only the target signal but also various jamming
signals and channel noise. Choosing a small model order can negatively impact the recovery effectiveness
of the AR model, while a large order can increase the computational burden. Therefore, it is crucial to
strike a balance between the value of the AR model order and the recovery performance of the signal
data.

Supposing that k is the number of received signal sources, iterative operations conducted on
potential “k” values. The optimal estimation of the number of sources can be obtained when the
value of (13) is the smallest. Therefore, the AIC criterion serves as an information-theoretic method
for estimating the number of sources. Additionally, based on this same property, the number of sources
can be directly considered as the order of the recovery of the AR model. However, in the presence of
channel noise and interference signals, the number of information sources becomes an uncertain value in
aliasing signals, and the calculation burden increases if all possible values are calculated and compared
repeatedly. Therefore, the number of information sources can be determined first through the feature
decomposition of the covariance matrix, and the basic form of the reception of aliasing signals can be
obtained through Formula (1). In order to obtain the exact rank of covariance matrix, rank estimation
is typically performed via smoothing processing. In this paper, s matrices are used as submatrices to
receive signals, and submatrices are shifted backward step by step to reconstruct submatrices. Then
the covariance matrix is constructed and rank estimated, and the kth submatrix can be expressed as

Xk(t) = [.’L’k, Lht1y--- ,$k+5_1] (15)
Its covariance matrix can be determined as
Ry = Xp(t) * Xf'(t)/Nr = Ri + Ry (16)

where Nr is the number of snapshots; Ry = AE [Dy(t) * D (t)] A¥ represents the covariance matrix
corresponding to the source; Ry = oI is the noise covariance matrix; and o2 is the noise power. It
is easy to verify that if Ay > Xo > ... > Ay = ... Ay = 0 is the M eigenvalues of the matrix R and
Pl > e > 0> g > ... > ppyy is the M eigenvalues of the matrix R, then fm = Am + 0%, m € [1, M]
can be obtained. In the smoothing processing, the covariance matrix constructed by all submatrices
is superimposed, and the mean value is taken. Then the eigenvalue decomposition is carried out.
Therefore, the number of large eigenvalues of the covariance matrix R and the number of signal sources
can be determined as k, so as the recovery order of the AR model. The specific flow chart of the
proposed algorithm is shown in Fig. 2.

4. SIMULATION RESULT

In order to analyse the performance of the proposed algorithm, in this section, the simulation results
that the desired signal is preprocessed by the CZT and the 6-point Sinc interpolation are compared to
verify the performance of the KT transform and analyze their computational burden, and then the AR
model is applied to compensate the insufficient data of array element. Based on the above simulation,
three jamming signals and noise are introduced to the received signal, and then the 6-point KT-Sinc,
the KT-CZT algorithm, and the KT-CZT-AR algorithm are applied to correct the AFT. Finally, the
adaptive beamforming (ADBF) performances of these three algorithms are compared and analysed.
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Figure 2. Flowchart of the KT-CZT-AR algorithm.

4.1. Performance Analysis

In this section, a half-wavelength ULA model is established, and the LFM signal is used as the wideband
array of the target signal. The simulation parameters are shown in Table 1.

The first simulation experiment validates the superior performance of the KT transform based
on CZT in correcting the AFT. As depicted in Fig. 3(a), the wideband aperture effect results in the
range-compressed signal, after matched filtering, not focusing on the same range cell. Furthermore, in
Fig. 4(a), the signal amplitudes of the 1st, 16th, and 32nd array elements exhibit obvious deviations in
the amplitude direction. However, as illustrated in Figs. 3(b) and (c), the two different KT transforms
can correct the range-compressed signal into a horizontal straight line, demonstrating the effective
correction of the AFT by the KT transform. Nonetheless, after the received signal is processed by the
KT-Sinc in Fig. 4(b), insufficient data is observed at both ends of the array element, and this issue can
be effectively improved using CZT.
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Table 1. Simulation parameter table.

Parameter Value
Carrier frequency 1000 MHz
Bandwidth 400 MHz
Sampling frequency 500 MHz
Number of array elements 32
Direction of the target source —10°
Direction of the interference sources | —4° 20° 50°
Input SNR of each frequency point | 15 ~ 30dB
Input INR of each frequency point 30dB

Range

5 10 15 20 25 30 5 10 15 20 25 30
Array element Array element
(@) (b)

Range

5 10 15 20 25 30 5 10 15 20 25 30
Array element Array element
(© (d)

Figure 3. Range-compressed signal: (a) Before KT, (b) KT-Sinc, (c¢) KT-CZT, (d) KT-CZT-AR.

As shown in Fig. 3(c) and Fig. 4(c), although the signal amplitude of the edge element corrected by
the CZT has been significantly improved, there still exists a significant gap compared with the center
array element. Additionally, the covariance matrix is constructed by using the desired signal, and its
characteristic decomposition is carried out. From the large eigenvalue and the number of sources, the
recovery order of AR model can be determined as 1. Therefore, the problem of insufficient data of the
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Figure 4. Amplitudes of different array elements: (a) Before KT, (b) KT-Sinc, (c¢) KT-CZT, (d)
KT-CZT-AR.

range-compressed signal in Fig. 3(d) is compensated by using the AR model to predict the data of edge
elements. It can be seen from Fig. 4(d) that the amplitude of the edge array element is no different
from the center array element. Therefore, the algorithm proposed in this paper can not only correct
the AFT, but also effectively solve the defects of the conventional KT algorithm.

In the subsequent experiment, three wideband jamming signals and channel noise from Table 1 are
incorporated into the simulation. The received signals are corrected and compensated for the aperture
effect using the aforementioned three algorithms, and then beamforming is performed. In order to ensure
the validity of the simulation experiments, the covariance matrices of the three methods are all calculated
in the time domain. Meanwhile, since the wideband array system will simultaneously receive the target
signal, jamming signals, and the noise, after the eigen-decomposition of the covariance matrix is used to
determine the recovery order of the AR model, the traditional linearly constrained minimum variance

(LCMV) method is used for beamforming. The process of the LCMV algorithm can be expressed as
follows
R a (17
we= —J
afl R;la )

where w represents the spatial adaptive weight vector, R; the interference sample covariance matrix,
and a the steering vector.

In order to recover the array element data, the covariance matrix is constructed by the sampled
signal of 15 elements in front of the element which have the problem of insufficient data. As shown in
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Figure 5. The modified AIC criterion: (a) Eigenvalues of the covariance matrix, (b) AIC of different
orders.

Fig. 5(a), the number of large eigenvalues of the covariance matrix is 4, which is consistent with the
number of input sources in this simulation. Meanwhile, the value of the AIC criterion is the lowest at
4 points in Fig. 5(b), thus the proposed method for estimating the order of the AR model is feasible.

Table 2 shows the results of ADBF using different methods after the received signal is preprocessed
by the KT transform. When the input interference to noise ratio (INR) is fixed at 15dB, the effect of
changing the input signal to noise ratio (SNR) on the performance of the three algorithms is analysed.
Theoretically, the output signal to interference plus noise ratio (SINR) after beamforming should be
linear with the input SNR. As shown in Table 2, the output SINR of the three KT algorithms clearly
conforms to this rule, and the output SINR of the proposed algorithm is improved by about 2dB
compared with the KT-Sinc algorithm and about 1 dB compared with the CZT. Therefore, the algorithm
proposed in this paper can not only effectively correct the AFT but also significantly improve the
performance of ADBF.

Table 2. Output SINR with input INR fixed at 30 dB.

Output SINR/dB

Input SNR/dB

KT-Sinc KT-CZT KT-CZT-AR
15 27.7295 28.2910 29.4386
20 32.6849 33.1037 34.3202
25 37.4720 38.3424 39.2114
30 42.3883 43.1390 44.6072

4.2. Computational Analysis

Table 3 shows the computational complexity of the different methods. Assuming that the number of
range cells is Nr, and the number of array elements is M, thus the input signal is a matrix with Nr rows
and M columns. If the computational complexity is only considered from the perspective of floating-
point operations, the computational complexity of the Sinc interpolation is O (NrM log, M). However,
it is also necessary to find the position of the new element sampling point in the original sampling
point when performing interpolation. The binary search algorithm is the method with the lowest time
complexity, and the time complexity of Nr x M searches is O (NrM log, M). The time complexity
of searching the new sampling points considers the number of times that the two real numbers are
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Table 3. Computational complexity analysis.

Method matrix dimension computational complexity
Sinc Nr x M O (NrM logy M)
The binary search algorithm Nrx M O (NrM logy M)
CZT Nrx M O (NrMlog, (2M — 1))

compared. Compared with the comparison of real numbers, the digital signal processor is better at
floating-point operations, so the process of searching will take more time. Meanwhile, different range
cells have different interpolation coefficients, and each coefficient needs to be stored in the hardware
processing. Then the interpolation process is performed, so it will take more time, and it is difficult to
implement in hardware.

However, when the circular fast convolution of the CZT is used to realize the linear convolution,
the signal needs to be filled with zeros. Therefore, for the data of Nr x M, the lowest value of its
computational complexity is O (NrM logy (2M — 1)). When the number of array elements is higher,
the efficiency of the KT-CZT is higher than KT-Sinc, and the computational complexity is also lower.
The real advantage of the KT-CZT is still that FFT and IFFT can be used instead of convolution,
which is more efficient and more suitable for modern DSP hardware.

5. CONCLUSION

This paper proposes a low-complexity KT algorithm based on the CZT and AR model. According
to the inherent characteristics of the two-dimensional signal of the wideband receiving array, the KT
algorithm is introduced into a wideband system to eliminate the influence of the AFT. Then the model
of the KT-CZT algorithm is constructed, which improves the computational efficiency of the algorithm.
Finally, in order to compensate the insufficient data of the array element inherent in the KT transform,
AR model is used to compute the insufficient data of the signal in the two-dimensional time domain,
which significantly improves the output SINR of ADBF. The effectiveness of the algorithm is verified
by the simulation results.
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