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Diffraction by a Semi-Infinite Parallel-Plate Waveguide with
Five-Layer Material Loading: Rigorous Wiener-Hopf Analysis

Kewen He" and Kazuya Kobayashi

Abstract—In this paper, the Wiener-Hopf technique is used to analyze the plane wave diffraction
rigorously by a semi-infinite parallel-plate waveguide with five-layer material loading for F polarization.
Introducing the Fourier transform of the unknown scattered field and applying boundary conditions in
the transform domain, the problem is formulated in terms of the simultaneous Wiener-Hopf equations
satisfied by unknown spectral functions. The Wiener-Hopf equations are solved exactly via the
factorization and decomposition procedures leading to exact and approximate solutions. Taking the
Fourier inverse of the solution in the transform domain, the scattered field in the real space is explicitly
derived. For the region inside the waveguide, the scattered field is expressed in terms of the waveguide
TE modes, whereas the field outside the waveguide is evaluated asymptotically with the aid of the saddle
point method leading to a far field expression. Numerical examples of the radar cross section (RCS)
are presented for various physical parameters and far field scattering characteristics of the waveguide
are discussed in detail.

1. INTRODUCTION

Researchers in the field of electromagnetic theory are often faced with the prediction and reduction of the
radar cross-section (RCS) of a target [1-5]. It is well known that the radar absorbing material and the
shaping of targets are the main topics in the RCS study. The design and application of electromagnetic
wave absorbers are very important for the research of electromagnetic wave scattering [6]. It is also
important to note that a radar absorber composed of multiple media or multilayer radar absorbers has
recently received much attention in predicting and reducing the RCS of objects [7,8]. On the other
hand, a complex object, such as an aircraft or a vehicle, can be modeled using simple geometric elements
such as plates, shells, spheres, and edges. In the past, the scattering and diffraction properties of simple
geometric elements have been analyzed to investigate how to predict or reduce the RCS of the object.
One of the important geometries in this regard is an open-ended metallic waveguide cavity [1-6,9].
This problem can be used as a typical model for duct structures such as aircraft jet engine intakes and
fissures on the surfaces of more complicated bodies. A variety of efficient analysis methods such as
high-frequency techniques, numerical methods, the hybrid ray-numerical approach, and the Kobayashi
potential method have been developed and scattering problems involving cavities of various shapes have
been analyzed [10-21]. The solutions obtained by these methods, however, may not be uniformly valid
for arbitrary cavity dimensions.

The Wiener-Hopf technique is known as a powerful, rigorous approach in analyzing wave scattering
and diffraction problems involving canonical geometries, since the edge condition, required for the
uniqueness of the solutions for edged obstacles, is explicitly taken into account [22-28]. This fact results
in a fast convergence of the Wiener-Hopf solutions over a broad frequency range from very low to
extremely high frequencies. In the previous papers, we used the Wiener-Hopf technique to carry out a
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rigorous RCS analysis of various two-dimensional cavities formed by a finite parallel-plate waveguide [29-
34] and a semi-infinite parallel-plate waveguide [35-37]. Our final solutions have been verified to be valid
over a broad frequency range and can be used to validate other commonly-used numerical methods and
high-frequency ray techniques. In this paper, we will consider a semi-infinite parallel-plate waveguide
with five-layer material loading and analyze the FE-polarized plane wave diffraction by using the Wiener-
Hopf technique. The solution procedure developed in this paper provides a significant extension of our
prior work on the terminated, semi-infinite parallel plate waveguide with four-layer material loading [37].
It should be emphasized that the analysis for this generalized waveguide geometry becomes much more
complicated than our previous paper since it is necessary to take into account the more complex, multiple
reflection-refraction-diffraction effect occurring inside the waveguide.

By introducing the Fourier transform for the unknown scattered field and applying appropriate
boundary conditions in the transform domain, the problem is formulated in terms of simultaneous
Wiener-Hopf equations. The Wiener-Hopf equations are then solved in a formal sense using the
factorization and decomposition procedure. It is important to note that the formal solutions contain
infinite series terms with unknown coefficients. The edge condition will then be explicitly used to derive
approximate expressions for the infinite series, resulting in highly accurate approximate solutions to
the Wiener-Hopf equations. Our final solution is shown to be valid for arbitrary waveguide dimensions.
Taking the inverse Fourier transform of the Wiener-Hopf solutions and evaluating the integral, we
derive the TE mode expression for the scattered field inside the waveguide, whereas for the outside
the waveguide, a far field expression is derived by using the saddle point method. We shall present
representative numerical examples of the RCS for various physical parameters, and discuss the scattering
characteristics of the waveguide in detail.

The time factor is assumed to be e~™* and suppressed throughout this paper.

2. TRANSFORMED WAVE EQUATIONS

We consider the diffraction of an E-polarized plane wave by a semi-infinite parallel-plate waveguide with
five-layer material loading as shown in Fig. 1, where the waveguide plates are infinitely thin, perfectly
conducting, and uniform in the y-direction. The relative permittivity and permeability for (g, tm),
m =1, 2, 3, 4, and 5 characterize the material layers I, II, III, IV, and V, respectively.
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Figure 1. Geometry of the problem.

Let the total electric field ¢'(z, z)[= E}(z, z)] be
th(l‘az) = ¢Z(m7'z)+¢(m> Z) (1)
for —0o0 < z < 0o and —oo0 < z < 0o, where ¢'(z, 2) is the incident field of E polarization defined by
¢i($’2) _ e—ik(msin@g—i—zcos@g)’ 0< 0 < 7T/2 (2)
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with k[= w(so,uo)l/Q] being the free-space wavenumber. The total field ¢!(z,z) satisfies the two-
dimensional Helmholtz equation

(07022 + 0% /02% + e(x, 2)u(x, 2)k?] ¢! (x, 2) = 0, (3)
where
w1 (layerI) e1 (layerI)
pa (layerlII) g9 (layerII)
3 (layerIII e3 (layerlIII)
pl, 2) = ElayerIV; ’ elw,z) = g4 (layerIV) ’ (4)
s (layerV) 5 (layerV)
1 (otherwise) 1 (otherwise)

Once the solution of (3) is found, nonzero components of the total electromagnetic fields are derived

from
i Ot 1 8¢t]

Et Ht Ht t e e
( )= |9 whop (2, 2) 0z iwpop (x, 2) Ox

(5)

For the convenience of analysis, we shall assume that the vacuum is slightly lossy as in k = ki + ks
with 0 < ko < k1. The solution for the lossless case will be obtained by taking the limit ko — 0 at the
end of analysis. We now investigate the asymptotic behavior of the scattered field for |z| — co. For
convenience, let us define the cylindrical coordinates (p; 2, 01 2) centered at the edges (z,z) = (£b,0)
as

(6)

r—b=pisinfy, z=picosf; for0 < b <m,
T+b=posinfy, z=pocosfy for —m < by <O,

and introduce the following three regions:

Region I: {(p12,612) : (0 < p1 <00, —7/2 < b <7 — b))
U(O<,02<oo—7r+90<01<7r/2)} .
Region II : {(p1,61) : (0 < p1 <oo,m—6y <6y <)} (7)
Region IIT : {(p2,02) : (0 < p2 < 00, =7 < O3 < —w +6p)}
Then we see from the radiation condition that the scattered field at large distances from the origin in
Regions I, II, and III behaves like ¢¢, ¢" + ¢%, and —¢' + ¢?, respectively, where ¢" and ¢¢ denote
the field reflected from the semi-infinite plate at = b and the diffracted field, respectively. Then by
taking into account the fact that the semi-infinite parallel-plate waveguide can be regarded as a single
semi-infinite plate in the far region, we can show that

@) ek”coseo) asz — —00,

¢(z,2) = { O (e*’”z) asz — 00. (8)

for —oo < x < 00.
Let us define the Fourier transform of the scattered field with respect to z as

®(z, o) = (2m) /2 /_OO P(z, 2)e**dz, 9)

where @ = 0 +i7(= Rea + ilma). In view of radiation condition, we can verify that ®(z, «) is regular
in the strip —k2 < 7 < kg cosfy of the complex a-plane. It is also proved that as |z| — oo, ®(x, ) is
bounded for any « in —ke < 7 < kg cosfy. Introducing the Fourier integrals as

bioa) = (20) 2 [ oo, )z,
0

—I
O_(r,a) = (27r)1/2/ ¢ (x, 2)e'**dz,

—Lm41 )
o (z,a) = (27r)1/2/ ' (x, 2)e"*dz, m = 1,2, 3,4,
—Lm

0
Y (z,a) = (2m)" /2 ¢ (z, 2)e"**dz.
—Ls
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we can show that @, (z,a) and ®_(x, «) are regular in 7 > —kg and 7 < ko cos 6y, respectively, whereas
®Y(x, ) and @7 (z, ) for m = 1, 2, 3, 4, are all entire functions. In the following analysis, we shall use
these conventions for indicating the regions of regularity in the complex a-plane. Using (9) and (10),
we can express (x,a) as

O(z,a) = ®1(z,a) + ¥(4y(7,0), —o00<w <00, (11)
where
v o A e—ikrsin@g A 1
= — A = —— 12
(+)($>O‘> +(z,a) o —kcosfy’ (27.‘.)1/21" (12)
4
Oy(z,0) = Y Oy (2,0) + 2z, 0) + B_(z, 00). (13)
m=1

As seen from (12), ¥4 )(z, @) is regular in the upper half-plane 7 > —ky except for a simple pole at
a = kcosfy. We shall henceforth use the subscript ‘(+)’ for functions with this regularity property.
In the following, we shall derive the transformed wave equations by taking into account the boundary
conditions and the radiation condition.

In view of the boundary conditions for total tangential electromagnetic fields, we see that

El(+b,z) =0, —o0<z<0, (14)
t _ ot — ot
By (£b+0,2) = B, (+b—0,2) [= E,(+b,2)], 0<2z< o0, (15)
Hi(x,~Ly —0)=H.(z,~Ly,+0) m=1,2,3,45, |z|<b. (16)
Using (5), (14)—(16) can be rewritten as follows:
¢ (£b,2) =0, —o00<2z<0, (17)
A (£b+0,2) = ¢ (£b—0,2) [= ¢'(£b, 2)], 0<z< o0, (18)
t _ _ t —
Lad) (x? Lm 0) — 1 a¢ (x? Lm + 0)7 m = 1’ 2’ 3’4’
Hm 0z Hm+1 0z (19)
i@gf)t(az, 7L5 - 0) _ 8¢t(x7 7L5 + 0)
s 0z N 0z ’
According to (1) and (3), the scattered field ¢(z, z) in the vacuum region satisfies
(0%/0x* + 0%/02% + k*)¢p(x, 2) = 0. (20)
In addition, the total field ¢'(x, 2) satisfies
(0%/02% 4+ 0%/02* + e(, z)u(z, 2)k2, ] ¢ (2, 2) = 0 (21)

for m =1, 2, 3, 4, and 5 for regions I, I, III, IV, and V, respectively, where kpm = (ftrmérm)*/?k. By
taking the Fourier transform of (20) and applying (8) to the region |z| > b, we can verify that

(dQ/das2 - 72) O(x,a) =0 (22)
holds in the strip —ko < 7 < ko cos 8y, where
v =(a?— k2)1/2 ,  Rey>0. (23)

Since 7 is a double-valued function of a, we choose Rey > 0 for its proper branch. Equation (22) is the
transformed wave equation for |z| > b.

Because there are several medium discontinuities across the surfaces at z = —L,,, for m =1, 2, 3,
4 and 5, the derivation of transformed wave equations for the region |z| < b is complicated. We now
multiply both sides of (20) by (27)~/2¢'** and integrate with respect toz over the range —Ls < z < oo.
Then by taking into account (8) and the boundary condition for tangential electromagnetic fields at
z = —Ls, we derive that

(d/da® — %) [@Y(x, &) + V(4 (2, )] = 78 [ f5(2) — dags(x)] (24)
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for 7 > —ko with a # k cosy, where
t
-1/2 9¢*(x, —L5 — 0)

fs(z) = (27) 5, :
g5(z) = (2m) Y2z, —Ls — 0). (26)

Next, we multiply both sides of (21) by (27)~'/2€!®* and integrate with respect to z over the ranges
—0o<z< —L, -1 <z< —Lo, —Ly<z< —L3, —L3 < z< —L4, and —Ly < z < —L5. Using

(25)

the boundary conditions for tangential electromagnetic fields at z = —L,, for m =1, 2, 3, 4, and 5, we
obtain
(d®/da® —T})®_(z,@) = —e " [fi(2) —iag(2)], (27)
(d*/da® —T3) @] (2, @) = —e7" 2 [fo(x) —iaga(x)] + e~ [(ra/ ) fi(w) —iagi(2)],  (28)
(d?/da® = T3) ®h(w, @) = —e "8 [fs(w) —iags(@)] + e [(urs/pr2) fo () — daga ()],  (29)
(d?/da® —T7) ®5(x, ) = —e " [fa(w) —iaga(w)] + e [(ra/ prs3) f3(2) —iags(@)],  (30)
(d?/da? = T3) @z, @) = —e "8 [fs(@) —iags(@)] + e [(prs /pira) fa() —iaga(z)]  (31)
where T, = (a? — kfm)l/2 with Rel',, > 0 for m =1, 2, 3, 4, 5, and
L _ _
fn(z) = (2m)- 122 aLm 0 12345 (32)
z
gm(x) = (27) V20t (z, —L,) m=1,2,3,4,5. (33)

Equations (24) and (27)—(31) are the transformed wave equations for |z| < b.

3. SCATTERED FIELD REPRESENTATION IN THE FOURIER TRANSFORM
DOMAIN

Equations (8) and (9) show that ®(x,«) is bounded for |z| — oo, and therefore the solution of (22) is
expressed as

B(z.0) Wy (b, a)e” @0 for x> b,
T, ) =
Uy (=b,a)e’@)  for z < —b,

where we have used (11) and the following boundary conditions for tangential electric fields across
x = £b:

(34)

O_(£b+0,a) =0, D(EbF0,a)=0, (35)
O (£b+0,a) = By (kb —0,0) [= Dy (£b,a)]. (36)

Equation (34) is the scattered field representation for |z| > b.

Due to the medium discontinuities in |z| < b, the transformed wave equations contain unknown
inhomogeneous terms fp,(z) and g (z) for m =1, 2, 3, 4, 5 (see (2 ) and (27)—(31). In view of the
edge condition, we can expand these functions into the Fourler sine series as

gm } bz{fmn }Sln£(x+b) m=1,23,4,5 (37)

Gmn

for |x| < b. Using (35) and (36) and carrying out some manipulations, we derive the solutions of (24)
and (27)—(31) with the result that

e7iel &L C (@) nm
O_(z,a) = ; Z = 1+ 7 sin %(x +0), (38)
=1
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0 B sinhy(z + b) sinhy(x — b)
i (z,a) + ‘1’(+)(937 a) = ‘I’(+)(b) Q)W - ‘1’(+)(—ba Q)W
e~iols X004 () nw
_ n ) b
2 nzlaz_i_’yz sin 2b(m—|— ), (39)
o (r,a) = Z SIHE(SU—I-Z)) m=1,2,3,4 (40)
m 9 b a2 + F2 2b ) ) ) M
where
2 1/2 2 1/2
Vo = [(nm/2b)% — k?] Ln = [(n/20)* — k2] m=1,2,3,4,5, (41)
Csn(a) = e*"O‘L5C'+ (), (42)
Crn(a) = e_w‘Lm“C(_mH) (o) — e~ mCt (@) for m =1,2,3,4 (43)
with
Crn(@) = finn —i0gmn, m=1,2,3,4,5 (44)
C;m(a) = (Mrm+1/ﬂrm)fmn - iagmn, m=2,3,4,5. (45)

The scattered field representation for region |z| < b is derived by substituting (24) and (27)—(31)
into (13) and using (11).

We conclude from the above results that the desired scattered field representation in the Fourier
transform domain leads to

O(z,a) = \II(H(j:b,a)ePY(zﬂ’) for x = +b,

sinh~y(x + b) sinh~y(x —b)
=¥ bo)———— -V (-bo)————
()b ) sinh 2+vb (+)(=b ) sinh 2vb
I =ebscd (a) . nr
b;Mbln%(x+b)
= e*0r (a) . nr
N T\ g T b
bn_l T2 sm2b(x+ )
1 nmw
~% Z Z a2 n F2 sin %(:c +b) for |z| < b. (46)
m=1n=1

Equation (46) holds in the strip —ko < 7 < kg cos 6y of the complex a-plane.

4. SIMULTANEOUS WIENER-HOPF EQUATIONS

Differentiating (46) with respect to x, setting x = +b £ 0, £bF 0 in the results, and carrying out some
manipulations with the aid of boundary conditions, we arrive at

U(+)(a) s nm e—iaLs Cg; (Oé)

d _ _
a (a) N M(a) n=1,odd b2 a? T /7%

N io: Ee_iaLl Cfn (Oé)
¥ a2+413,

_iame— (a)_e—wch 10(—;1 n (Oé)

€ mn
* Z_: Z % o2 +T12,, ’ (47)




Progress In Electromagnetics Research B, Vol. 98, 2023 131

v % —iaLs
Jf(a) _ (+)(a) Z nme C5n (@)

N(a) n=2,even ﬁ o’ - VTQL
B io: ﬂ e—iaLl Ci@ (OZ)
n=2,even b? a? + F%"
i . nr eiokm Crn (@) — e—iamelc(-ﬁ;n_l)n (a) (48)
o B2 2 2 ’
m=2n=1,even b a” + Fm”
where
U(+)(oz) = \I/(+)(b, Oé) + \I/(+)(—b, Oé), (49)
V(+)(Oz) = \I/(+) b,a — \I/(+) —b,a y (50)
J (@) = J_(b,a) — J_(=b, ), (51)
Ji(a) = J_(b,a) + J_(=b, ), (52)
—b cosh 7 ginh
M(a) = e "’ cos 'yb, N(a) = e~ "’sin 'yb, (53)
Y Y
J_(4b,0) = ' (+b+0,a) — B, (+bTF 0, a). (54)

The prime in (54) denotes differentiation with respect to x. Equations (47) and (48) are the simultaneous
Wiener-Hopf equations satisfied by unknown spectral functions.

5. ANALYTICAL PROPERTIES OF THE FOURIER COEFFICIENTS

In this section, we study analytical properties of the Fourier coefficients f,,, and g, for m =1, 2, 3,
4, 5 that appear in (37). Based on the definition, \I/(+)(3:, «) is regular in 7 > —ko except for a simple
pole at a = k cos 6, whereas ®_(z, ) is regular in 7 < kg cosfy. In addition, ®], (z,a) with m = 2, 3,
4,5, and ®Y(z,a) are all entire functions. Therefore, it follows that

lim (Oé - Z’Yn) [(I)(l)(x’ Oé) + \IJ(-‘,-) (1’, Oé)] =0, (55)
a—iyn
lim (a+il',)®_(z,a) =0, (56)
a—>—iI‘1n
lim (aFilp,)®),_1(z,a) =0, m=2,3,4,5. (57)
a—+il'mn

Substituting (38)—(40) into (55)—(57), we obtain that

. nm .
Co (i) = (27)) Uy (iyn)  for odd n,
= — (Z—Z) Vi (iyn)  for even n, (58)
and
Coan(£iTimn) =0, n=1,2,3,.... (59)

with m = 2,3,4,5, where U () and V() (a) are defined by (49) and (50). Equations (58) and (59)
form a system of simultaneous algebraic equations that connects the functions U1 (a) and V(4 )(a) with
the Fourier coefficients f,,, and gm, for m =1, 2, 3, 4, 5. By solving these equations for f,,, and gmn,

we derive that
nmw

fran = 3 PrnU4)(ivn)  for odd n,
— _H%Pmnv(ﬂ (iv,) for even n. (60)

Imn = %anU(Jr)(i’yn) for odd n,

= _%an\/’(ﬂ(i%) for even n. (61)
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where

with

Pln

P2n

P4n

P5n

an

QQn

Q?m

Q4n

Q5n

2F1n6—F2n(L1—L2) (1 + 51n)F2n6—F3n(L2—L3)
(NT?/:U’Tl)Fln + oy (Mr3/ﬂr2)r2n + 01013,

(1 + 52n)r3n€_r4n(L3_L4) (1 - 54n)€—F5n(L4—L5) (1 + 63n)ﬂr51—‘4n

(NT4/MT3)F3n + 52nr4n 1-— P4n54neizr5n(L4iL5) (MT5/M7’4)F4H + 53nr5n,

(1 + 81p)TopeTon(E2=L3) (1 4 8y, [, eTan(la—La)
(r3/pr2)Ton + 01030 (pra/pr3)an + 020 4n
(1-— 64n)e_r5”(L4_L5) (1 + 03n) ptrslan

1 — pandane=2Fn(Ea=L5) (pp5 /ira)Tan + 032050

(1 + 52n)F3ne_F4n(L3_L4) (1 - 54n)e_r5n(L4_L5) (1 + 53n)#r5r4n

(Hr4//$r3)r3n + 52nF4n 1-— ,04n54n6721ﬂ5"(L47L5) (NT5//«LT4)F4n + 537111571,

(1 — (54n)€7F5”(L47L5) (1 + 53n),ur5r4n

1 — pandane 2o (La=Ls) (15 /pra)Dap + 03050
(1 _ 54n)e—r5n(L4—L5)

1 — pandane=2Lon(La—Ls)

Pin

. (1-— 64n)e_r5”(L4_L5) (1 + 3n) ptr5lan

1 — panbane=2on(La=L5) (pup5 ) pira)Cap + 03050
e~ Tan(L2—L3) (1+ 52n)r3ne_r4n(L3_L4)

(MT4/:U'T‘3)F3n + 62nr4n

‘ (1 _ 64n)€7r5n(L4*L5) (1 =+ 53n)MT5F4?’L

1-— p4n54n672p5"(L47L5) (Mr5/#r4)r4n + 53nr5n,
e Tan(Lz—L4) (1 - 54N)8_F5n(L4_L5) (1 + d3n) pir5l'an, :

1 — pandane=2Pon(La=Ls) (5 /pra)Tan + 63050

(1 _ §4n)e—F5n(L4—L5)
1- p4n54n€_2r5n(L4_L5)
pane—2on(La—Ls)

1~ panbane 2o (La=To)

P2n

P3n

P4an Hr5,

- 5471

(Mr2/ﬂrl)r\1n — Ty

Pin = (,LLT‘Q/,U‘T‘].)F].TZ + 1_‘2117
1— plne*QFm(Ll*Lz)
51’!’1 == 1 + p1n672F2n(L1*L2) 9
pon = (pr3/ pr2)T2n — 61035,
" (wrs/pr2)Ton + 0103,
1— pzne—Qan(Lz—Lg)
5277, = 1 T ane—QFSn(LQ_L3) )
. (Mr4/ﬂr3)F3n — dopTan
P3n = .
(,UT4/,UT3)F3TL + 02nl'ap,
1 — pape—2Pan(La=La)
5377, =

1 + p3ne—2F4n(L3—L4)’

e T2n(L1—L2) (1+ 51n)r2neilﬂ3"(L27L3) (1+ 52n)r3neir4"(L37L4)
(,UT?)/,UTZ)FQTL + 01nI'3p (Mr4/ﬂr3)F3n + 02 ap

He and Kobayashi

(67)
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(MT5/NT4)F4TL — 03p1'50

_ , 78
pan (,LLT‘E)/,U‘T‘4)F47L + 03050 ( )
Mr5Yn — Isp
g, = ————. 79
i Hrs5Yn + Tsn ( )
By substituting (60) and (61) with m =5 into (43) and setting o = —i~y,, we also obtain
. nm .
Csn(—imm) = o5 € e 25 Q5 U4y (ivs)  for odd m,

= _%6*2%%@5”‘/“)(1%) for even n, (80)

where ST (La—Ls)

—zlsn\ba—Ls5)

Q5 _ Pan€ 5471 (81)

L~ pandine 2on(EaiLs)”

The results derived in this section can be conveniently used in the next section to solve the Wiener-Hopf
equations.

6. SOLUTIONS OF THE WIENER-HOPF EQUATIONS

The kernel functions M («) and N(«) given by (53) are factorized as [24, 25]

e XL o) = NN ). S (52)

where M) = eonkh) 2T 1 5.0 ey (1 077
exp [iﬂb (1-C+mns+iT) ] 1 (1 )e%ab/m’ (83)
o) = () o (P25 30

tad it o iob
exp[ﬂ_ (1_C+IH2M)+Z>] H <1+W)62ab/

n=2,even

with C' (= 0.57721566 ...) being Euler’s constant.
According to (82)—(84), My (a) and Ni(«) are regular and nonzero in 7 2 Fko, and show the
asymptotic behavior

M(), Na(a) ~ —(Fie/2)? as o — oo with 7 = Fko. (85)
We multiply both sides of (47) by M_(«) and decompose the resultant equations. This leads to

9\ /2 i cos(kbsin )
g (2 0
M-(a)JZ(a) <7r> M (kcosbp) (o — k cos byp)

S M_(@)e "B G (@) | M (i)™ 2C5, (~inm)
b2 o+ iy,

n=1,0dd a — i 2iyy,
N Z bz [M_(a)e_i““lflCl;(a) N M+(—iFln)e;ZinLlCltl(—ifln)]
n=1,0dd O‘"i_zf)/n a—1l1p AT
[ M) [ (@) ek Oy ()]

+ - -
mz:_Q o+ il a— 1l
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My (il'pp) [e_mLmC;m(_ian) - e_mLm_lc(—tn—l)n(ian)
2¢lmn
U@ (2 1/2 i cos(kbsin )
M+( ) My (kcosbp)(a — kcosby)

T
n Z nw M+ (in)e "t Oy, (—ivm)
2iyn (o + i)

_l’_

n=1 odd
nm My (—ily,)e Pinl1 O (—ily,)

o P 2T 1 (0 + iT1n)
B Z nw My (=iLn) [e " bm Oy (=ilmp) — e Tmnbm CF L (<D i) . (86)
D P 2T (0 + i)
Based on Meixner’s edge conditions [25, 38], we deduce that
E; = O(p1/2), H' = O(p_l/Q), p—0, forLs>0, (87)
E; =0(p"), H' = O(p_l"’”/), p— 0, for Ls=0,
b(db, 2) = { — e%k(ibsTHGO) + O(zl/Q), for Ly > 0,as z — +0, (8)
— etk(Fbsinbo) 4 0(z"), for Ly = 0,as z — +0,
0¢!(+b+0,2) 9P (£bF0,2) _ { O(z"Y?), for Ls >0, as z — —0, (59)
Ox Ox O(Z*H’/), for Ls =0, as z — —0,
where p is the distance measured from the edges at the aperture of the waveguide, and
v=n,ve), VvV =n,ve+1) (90)
with Rev > 0, Rer/ > 0, and
vy = %cos*1 25;111), Ve = %cos*1 2(1116;), (91)
@) ={ f e sy 92

Applying the fundamental theorem for the asymptotic behaviors of the Fourier integrals [26], we can
show that W (+b,a) and J_ (&b, o) asymptotically behave like

\I/(+)(:|:b, Oé) 20(04_3/2), for 7 > —ko, for Ls >0,

(93)

=0(a '), forT > —ky, for Ls=0,
J_(xb,a) =0(a™Y?),  for 1 < kycosfy, for Ly > 0, (94)

:O(a_’/), for 7 < kg cosfy, for Ls=0.

as o — oo. Thus, applying (93) and (94) to (49), (50) and (51), (52) respectively, we can obtain
Uy (@), Vi (@) = 0(@™®?), for > —ky, for Ls >0, (95)
=O(a™17"), for7 > —ky, for Ls=0,

T4 +b,a) = O(a™?), for T < kycosby, for Ls > 0, (96)

= O(oz_”/), for 7 < kg cosfy, for Ls = 0.

It is shown that the left- and right-hand sides of (86) are regular in the lower (7 < ks cosébp)
and upper (7 > —ko) half-planes, respectively, and both sides have a common strip of regularity
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(—ko < 7 < kacosbp). As a result, the analytic continuation argument shows that both sides of (86)
must be equal to an entire function, which is found to be identically zero by using (95), (96) and
Liouville’s theorem. It follows that

Ugyla) (2)1/2 i cos(kbsin ) > nm My (iyn)e 55 CF (i)
M (

My (a) T kcosb)(a — kcostp) 4~ b2 2iyn (o + iyp)

=0. (97

The Wiener-Hopf Equation (48) may be decomposed using a similar procedure. By multiplying
both sides of (48) by N_(«) and decomposing the resultant equation, we arrive at

V(+)(04) 2\ /2 sin(kbsin 6y) . nrm N+(@’%)e—%Lsc5tL(_mn)
* Ni( B Z
_l’_

"~ Ni(a) T k cos 6) (a — k cos 6p) b2 2ivn (a + i)

=0. (98)
n=2,even
The unknown coefficients Csy,(—i7v,) are involved in (97) and (98). In Section 5, we have

examined the relationship between the unknown functions and the unknown Fourier coefficients. By
substituting (80) into (97) and (98) and arranging the results, we obtain that

Uyla) — Mi(e) [ Ay B i e 2l a, p, Qsnust (99)
b b2 b(ov—kcostp) b(a+ivan—1) ’
Vin(@) _ Ni(e) [ Ay = e 2 lsb g, Qs (100)
b bl/2 b(a—kcosby) b (a+ ivan)
where
P g 1/2 cos(kbsineo)’ A = g 1/2 cos(k:bsin@o)7 (101)
T M (K cos bp) s N4 (kcosby)
—1/2)n)? 2
a, = u’ b, = (T.m) >, (102)
bivan—1 bivan
My (iv2n-1) N (iv2n)
bn = iz an = W,n > 1, (103)
Uiy (iy2n— Vi (iy2n
ub = ("")(wal)’ vl = H)(Z)Z’Y?)’n > 1. (104)
Equations (99) and (100) are the exact solutions to the Wiener-Hopf Equations (47) and (48). But
they are formal since the infinite series with the unknown coefficients u; and v;} forn =1, 2, 3, ... are
involved. Therefore we need to develop a procedure to derive explicit approximate expressions of (99)
and (100).
Using (95) and (104), it is possible to derive
ut ~ 22K (byan 1) 2, wft ~ 2Y2 K (byen) T3/2, for Ly > 0, (105)
ut ~ 22K (b 1)V, u ~ 22K (b)Y, for Ls = 0.

as n — 0o, where K,, and K, are unknown constants. Taking a large positive integer N, the unknowns
ut and vl for n > N of the infinite series in (99) and (100) can be approximated with reasonable
accuracy by the asymptotic behavior given in (105). We then replace each infinite series in (99)
and (100) with the sum of a finite series containing N — 1 unknowns and a remaining infinite series with
one unknown constant. This procedure yields highly accurate approximate expression for the original
infinite series since the edge condition is explicitly taken into account. Thus, we obtain the approximate
expressions for (99) and (100) with the result that

U(+) (@) My (a) A, N-1 6—272n71L5anan5nu+
~ - - "+ KuSu(e)|, (106
b pl/2 b (o — kcosfy) nzl b(a+ iyan_1) + (@) (106)

Vip(a)  Ni(a) [ Ay o~ e~ 2nlsh g, Qs

~ _ — K,Sy, ) 1
b s | h o batin) T S (oz)] (107)

n=1
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where

I

SN (a) = i anQs(an—1)€ 212155 (brygy 1) 2
N b (Oé + i"YQn—l)

n=N

>N bnQs2nye 225 (by2n) 2
SN (a) = - , for Lg > 0,

(o) T;\f b (v + iy2p) > 108

SN(a) i anQs(2n—1)€ 2120155 (brygy, g ) 7327 (108)
u \&) = - )

= b(a+ivan-1)

an5(2n) e~ 2nls (b’YQn) —3/2—v

SN () = - , for Ls =0.
v ( ) RZJV b(a+2’72n) 5

Equations (99) and (100) are approximate expressions of (47) and (48), respectively, where the unknowns
ut and vf for n = 1,2,3,...,N — 1, K,, and K, are included. These unknowns can be efficiently

determined by solving the two sets of N x N matrix equations numerically. It should be noted that (106)
and (107) are uniformly valid for arbitrary aperture opening of the waveguide.

7. SCATTERED FIELD

The scattered field in real space can be obtained by taking the inverse Fourier transform according to
the following formula:
oco+ic )
d(x,2) = (2%)_1/2/ O(z, )" *da, — ka < ¢ < kacosbp. (109)
—oo+1ic
Substituting (46) into (109), we can derive an integral representation for the scattered field valid for
the entire space. In the following, we will analytically derive explicit expressions for the fields inside
and outside the waveguide. The scattered field inside the waveguide can be expressed in terms of the
TE modes by evaluating (109) using the residue theorem. For the region outside the waveguide, an
asymptotic expression will be derived using the saddle point method.
First we consider the field inside the waveguide. Substituting the scattered field expression for
|z| < bin (46) into (109) and evaluating the resultant integral for z < 0 with the aid of (99) and (100),
the scattered field inside the waveguide is shown to take form of

oo
o(z,2) = —¢'(z,2) + ZTﬂberln(z‘%l) sin Z—Z(m +b) for —oo <z < —Ly, (region I),
n=1

¢'(z,2) + Z [T n€ T, . sin - (x +b),

m
n=1

(m =2,3,4,5)for — L1 < z < —Ls, (region II, III, IV, V)

= —¢'(z,2)+ E [To_e'yn(erL5)—TOJre*V"(ZJrLE’)}sin%(m—kb), for — Ls <2 <0, (otherwise), (110)
n=1
where

1/2 Pmn — .
1., = (E) ;—;F e V"L5U(_~_)(Z’yn), for odd n, (m=1,2,3,4,5),

2

1/2 Pmn — .
= — (g) %F e 7"L5V(+)(Z’yn), for evenn, (m=1,2,3,4,5). (111)
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T = (g)l/2 ;;FZTZT)H 6_7”L5U(+)(i%), foroddn, (m=1,2,3,4),

= (g)m ;;F(Ci??)n e Vi (i), for evenn,  (m=1,2,3,4). (112)
Ty = (g)lm ;;TUH)(Z‘%), for odd n,

= — (g)lﬂ ;;6;7:%1/(+)(ifyn), for even n. (113)
T, = (g)l/z ;;C’QYE:@“’”LE’U(JF)(Z’M), for odd n,

= _ <72T)1/2 ;;C?;:e_%“lf(ﬂ (i7n), for even n. (114)

In (110)—(114), Pynyn and Qpy for m =1, 2, 3, 4, 5 are defined in Section 5.

Next, we examine the field outside the waveguide and derive the scattered far field. The region
outside the waveguide consists of region |z| < b with z > 0 and region |z| > b. However, at large
distances from the origin, contributions from |z| < b outside the waveguide is negligibly small. Using (46)
and (109), an integral representation of the scattered field is found to be

oo+ic )
o(x,2) = (2m)~ /2 / Uy (£b, @) TV EF 07 g0, (115)

—oo+ic

where W (+b, @) can be expressed as follows (see (49) and (50)):

Wiy (b,0) = 5 [V (@) % Vi (@)]. (116)

Applying the method developed in [37] and carrying out some manipulations, we are led to
eikp1,2—m/4)

¢(,0172, (91,2) ~ |:\I/(+) (:l:b, —k cos 91’2) — i’ (:l:b, —k cos (91,2>:| k sin 9172 )1/2

(kp12
_ eiFZ'k‘bSine() (6—7;]6/)1,2 COS(GLQ_GO)F {(2k’p1’2)1/2 cos [(91’2 o 90) /2]}

eikprL2cos(B12+00) 7 {(214;,)172)1/2 cos (1.2 + 6o) /2]}) = +b, (117)
where (p1,2,01,2) are the cylindrical coordinates given by (6), and F'(-) is the Fresnel integral defined by
—iw/4  poo
F(w) = 61/ et dt. (118)
w2 ),

Equation (117) provides an asymptotic expression of the scattered field as kp; 2 — oo, which is uniformly
valid in observation angles 01 2.

Introducing the cylindrical coordinate (p,6) as = = psinf, z = pcosf for —m < 6 < 7, it can be
seen that the following approximate relationship holds in the far field.

cos 01 =~ cosf ~ cos 0>, (119)
p1~p—>bsinfh, for0<0<m, (120)
p2~p+bsinf, for —m <l <O. (121)

Replacing the Fresnel integral in (117) with its asymptotic expansion for large |k| p1 2 and using (119)—
(121), we can derive an alternative expression for the scattered far field

d) (P, 9) ~ d)g (P, 9) + ¢d (/77 6) ) 01,2 ATAW + 00' (122)
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where ¢9 (p,0) and ¢? (p, ) are the geometrical optics field and the diffraction field, respectively, and
are defined by

e~ thpcos(f— 60) for —m < 6y <7+ 0,

for —m 460y <62 <0,0<0; <m— 0, (123)

72zkbsm90671kpcos(9+90) for m — 0y < 0, < .

i(kp—m/4)
= V(4 (&b, —k cos ) k sin e T sn? c

8. NUMERICAL RESULTS AND DISCUSSION

In this section, we will show illustrative numerical examples of the RCS to investigate the far field
backscattering characteristics of the waveguide in detail. The RCS per unit length is defined by

o= lim (271';)‘ d‘ ) (125)

o\ o

where ¢¢ is the diffracted field defined by (124). For real k, (125) is simplified by using (2), (116),

and (124) as

ksin 8 2

o=2A ’ Uty (=kcosf) £ V) (—kcost)

(126)

for # = 0 with X being the free-space wavelength. We used the approximate expressions (106) and (107)
to calculate U )(—kcosf) and V(,)(—kcosf) involved in (126). Since (106) and (107) contain the

unknowns w7, v;f forn=1,2,3,..., N—1and K,,, we need to invert the two sets of N x N matrix
equations numerically for obtaining physical quantities. We have verified through careful investigation
that choosing N > 2kb/m in (106) and (107) gives sufficiently accurate results.

Figures 2-5 show the normalized monostatic RCS o /Aversus the incidence angle 6y, where the value
of /X is plotted in decibels [dB] by calculating 101og;, (0/A). To study the scattering mechanism over a
broad frequency range, we have performed numerical calculations for six typical values of the normalized
waveguide aperture width kb = 1.57, 3.14, 15.7, 31.4, 47.1, 62.8. Here kb = 1.57, 3.14 correspond to low
frequencies, kb = 15.7, 31.4 correspond to medium frequencies, and kb = 47.1, 62.8 correspond to high
frequencies. In addition, the ratio L;/2b has been chosen as 0.5 (Fig. 2), 1.0 (Fig. 3), 3.0 (Fig. 4), and
5.0 (Fig. 5). In numerical computations, we have used five different materials from the study of radar
absorbing materials (RAM) by Michielssen etal. [6]. Although these material properties are fictitious,
they represent a wide range of available radar absorbing materials. The material constants of the
five-layer material inside the waveguide (see Fig. 1) are e1= 8+i10, p; = 1 4 40 for region I e9= 10+16,
po = 14140 for region Il e3= 15440, pg = 34115 for region 111 e4= 154140, pg = 7+:12 for region IV, and
g5= 15+1i0, us = 25.8 +410.3 for region V. Here the material in region I extends from z = — L1 to —oo.
The thickness of regions II, III, IV, and V is such that Ly — Ly = Lo — L3 = Ls — Ly = Ly — Ls(= t/4)
with ¢ being the total thickness of the four-layer materials (regions II-V), which is taken as kt = 1.57.
The results for the four cases of single, two-, three-, and four-layer material loading have been included
in Figs. 2-5 for detailed comparisons.

General features observed from Figs. 2-5 are that, at medium (kb = 15.7, 31.4) and high (kb = 47.1,
62.8) frequencies, the RCS is reduced with an increase of the number of material layers. At low
frequencies (kb = 1.57, 3.14), however, the RCS characteristics are very different from those at mid-
and high-frequencies. This is because, the effect of diffracted waves generated at low frequencies is more
significant than higher frequencies. At low frequencies, the scattered field shows complicated features
and geometrical optics interpretation cannot be applied. From Figs. 2((a), (b)), 3((a), (b)), 4((a), (b)),
5((a), (b)), it is clear that the RCS value does not necessarily decrease with an increase of the number
of layers. In particular, the RCS curves for the five different cases (single-, two-, three-, four, five-layer
loading) in Figs. 4(a) and 5(a) merge and show ‘single-line’ like characteristics. This is noticeable in
Fig. 5(a) and can be expected since in this case, the waveguide aperture opening is very small and
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Figure 2. Monostatic RCS [dB] as a function of incidence angle 6y for L;/2b = 0.5, kt = 1.57.
(a) kb= 1.57. (b) kb=3.14. (c) kb= 15.7. (d) kb = 31.4. (e) kb = 47.1. (f) kb = 62.8.

can be regarded as a single half-plane of zero thickness. In addition, the ratio L;/2b is as large as 5.0
in Fig. 5(a) (i.e., material-loaded regions are located far from the waveguide opening) and hence, the
multilayer loading cannot be observed in the far field region. Comparing the RCS characteristics for the
five curves (single- to five-layer material loading) in each figure significant RCS reduction is observed
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Figure 3. Monostatic RCS [dB] as a function of incidence angle 6y for Li/2b = 1.0, kt = 1.57. Other
particulars are the same as in Fig. 2. (a) kb = 1.57. (b) kb = 3.14. (c¢) kb = 15.7. (d) kb = 31.4.
(e) kb =47.1. (f) kb =62.8.

at near-normal incidence (6p = 0°) for all figures except kb = 1.57. Therefore, it is inferred that for
near normal incidence, the five-layer loading results in better RCS reduction over a wide frequency
range. From these results, it can be confirmed that multilayer lossy materials can be used as broadband
absorbing structures.

Next, we shall investigate frequency dependences of the RCS to make more thorough interpretation
of the backscattering characteristics. Fig. 6 shows the normalized monostatic RCS as a function of
normalized frequency kb for angles of incidence 6y = 0°, 30°, and 60°, L1/2b = 1.0. Five different
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Figure 4. Monostatic RCS [dB] as a function of incidence angle 6y for L;/2b = 3.0, kt = 1.57. Other
particulars are the same as in Fig. 2. (a) kb = 1.57. (b) kb = 3.14. (c) kb = 15.7. (d) kb = 31.4.
(e) kb = 47.1. (£) kb = 62.8.

geometries are again considered: waveguides with one-, two-, three-, four-, and five-layer material
loading. The material properties and the layer thicknesses are the same as in Fig. 3. From Fig. 6, we
can see that, for the single-layer loading, the average RCS level increases with an increase of kb, whereas
for the multiple-layer loading, the RCS is reduced over the entire frequency range as shown in the figure.
When comparing properties of the single- and multi-layer loadings, the RCS reduction in the five-layer
case is significant. Therefore, this also demonstrates that multilayer lossy materials can be efficiently
used as broadband absorbing structures. In the numerical example of Figs. 6(a), 6(b) and 6(c), we find
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Figure 5. Monostatic RCS [dB] as a function of incidence angle 6y for Li/2b = 5.0, kt = 1.57. Other
particulars are the same as in Fig. 2. (a) kb = 1.57. (b) kb = 3.14. (c) kb = 15.7. (d) kb = 31.4.
(e) kb = 47.1. (f) kb = 62.8.

that, with an increase of the incidence angle from 6y = 0° to 60°, the resonance phenomena are seen.
In particular for the 8y = 0°, waves incident on the material surface are simply reflected back, so that
the RCS characteristics are of relatively smooth curves. However, as the incidence angle increases, the
multiple reflection occurs inside the waveguide, which results in waveguide resonances.

The main purpose of this section is to investigate how the multi-layer lossy material loading inside
the waveguide leads to better RCS reduction. The choice of optimal material parameters is important,
but this is beyond the scope of this paper. This may be a future research direction for our research.
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Figure 6. Monostatic RCS [dB] versus normalized frequency kb for 6y = 0°, 30°, and 60°, L1 /2b = 1.0,
kt = 1.57. Other particulars are the same as in Fig. 2. (a) 6y = 0°. (b) 6p = 30°. (c) 6y = 60°.

9. CONCLUSION

In this paper, we have used the Wiener-Hopf technique to analyze the E-polarized plane wave diffraction
rigorously by a semi-infinite parallel-plate waveguide with five-layer material loading. The result
provides an important generalization of the problem treated in our previous paper [37]. It should be
noted that the final solution obtained in this paper is uniformly valid for arbitrary waveguide dimension.
We have presented representative numerical examples for various physical parameters, and discussed the
backscattering characteristics of the waveguide in detail. The diffraction problem involving the same
waveguide geometry for the H-polarized plane wave incidence is currently under investigation, and the
results will be presented in a separate paper.
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