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Abstract—This manuscript refers to the electromagnetic scattering problem involving plane waves at
skew incidence with respect to the edge of a right-angled metallic wedge having one face coated by
a double negative metamaterial sheet. Its presence in the propagation scenario is properly accounted
at high frequencies by considering the geometrical optics response of the structure and the diffraction
contribution arising from the edge of the wedge. In particular, the reflection coefficients related to
the coated surface are determined for both the polarizations by using the equivalent transmission line
circuit, whereas the diffraction coefficients are obtained by applying the uniform asymptotic physical
optics approach. This last is based on electric and magnetic equivalent surface currents under the
physical optics approximation and permits to evaluate the diffraction contribution in the context of the
uniform geometrical theory of diffraction. The resulting approximate solution is characterized by the
same simplicity of use of the heuristic solutions and provides reliable field values as confirmed by the
numerical tests carried out by a full-wave commercial software.

1. INTRODUCTION

This research work presents a useful high-frequency solution for studying the plane wave scattering
from a metallic wedge that is partially coated by a double negative metamaterial (DNG MTM) layer.
The material coating of metallic structures is a procedure widely used in many application contexts
of interest to the antennas and propagation community. In fact, this surface treatment allows one to
modify the interactions with electromagnetic waves (f.i., aircrafts and naval ships can require proper
material covering over their otherwise metallic surfaces to control their radar cross section) as well as
to design more efficient antenna systems and to manipulate the propagation in microwave and optical
devices.

A DNG MTM is characterized by negative real parts of permittivity and permeability as well
as by negative refraction index at the frequencies of interest, and consequently, it is also known as
negative index materials (NIMs) or left-handed materials (LHMs) or backward (BW) media (see [1–4]
for information about characteristics and applications as well as additional references). Previous terms
account for the unconventional characteristics of such artificial materials, f.i., LHM is related to the
mutual position of electric field, magnetic field, and wave vector of a propagating plane wave, and BW
is associated with the backward propagation with the wave vector antiparallel to the Poynting one.

Accounting for the increasing interest, research activities as well as industrial, space and military
applications can take advantage of techniques for the evaluation of the electromagnetic scattering from
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composite structure hosting DNG MTMs. Analytical asymptotic methods and numerical techniques
can be used, but the latter necessitates more and more computational resources to obtain reliable results
when the frequency grows. Some asymptotic analytical approaches, such as the Uniform Geometrical
Theory of Diffraction (UTD) [5], work efficiently at high frequencies and provide a physically appealing
ray propagation theory including the diffraction contribution in addition to the Geometrical Optics (GO)
ones for the scattering evaluation. Many research activities in the UTD framework have furnished
solutions for two- and three-dimensional scattering problems involving coated perfect electrically
conducting (PEC) objects (see [6–10] for a limited and non-exhaustive list of references). Note that the
presence of thin material coatings has been taken into account by adopting an impedance boundary
condition (see also [11]). Further analytical methods based on the reduction of the scattering problem
to integral equations have been proposed in [12, 13]. Moreover, the UTD solution for a PEC wedge [5]
has been heuristically generalized in [14–16] to account for the impedance boundary conditions. An
analytical solution for the diffraction of plane waves by a right angle impedance wedge which is lying
between double negative and positive materials has been investigated in [17].

An alternative asymptotic analytical solution in the UTD context has been presented in [18] to
handle the diffraction by a planar junction consisting of double positive (DPS) and DNG MTM layers
with PEC backing when a plane wave hits the composite structure at skew incidence with respect to the
discontinuity. Such an approximate solution has been obtained by applying the Uniform Asymptotic
Physical Optics (UAPO) approach based on the PO approximation of electric and magnetic equivalent
surface currents radiating in the upper half-space surrounding the structure. Note that the elements of
the resulting matrix formulation are expressed in closed form and involve local reference systems, UTD
transition function [5], and the GO response of the structure in terms of reflection coefficients. The last
have been determined for both the polarizations by using the equivalent transmission line (ETL) models.
Accordingly, the UAPO solution is easy to handle and reduces computation and time resources with
respect to numerical techniques and analytical methods involving the calculation of differential/integral
equations or special functions. The corresponding diffracted field compensates the jumps of the GO
field at the shadow boundaries and contributes to reliable results as confirmed by the numerical tests.
Obviously there are also some cons. The well-known limitations of the PO-based techniques and the
absence of the surface waves in the UAPO approach can decrease the accuracy of the estimated field
values in particular cases, e.g., incidence directions close to the grazing one [18]. Other canonical
problems solved by means of the UAPO approach can be found in [19–30].

This manuscript is organized as follows. Section 2 contains the expressions of the PO surface
currents located on the external faces and used as radiating sources in the subsequent section, where
the UAPO approach is exploited to obtain a solution for evaluating the plane wave diffraction in the
case of skew incidence (see Fig. 1). Section 4 includes comparisons with Comsol Multiphysics R⃝ data
to assess the effectiveness of the proposed solution. Conclusions are reported in Section 5.
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Figure 1. A particular DNG MTM-coated PEC wedge is lit by an incident plane wave.
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2. THE PO RADIATING SOURCES

A lossy planar DNG MTM layer with thickness d covers the top surface of a 90◦ metallic wedge as
depicted in Fig. 1. The hosting wedge is assumed to be a PEC object at the frequency of interest, and
the DNG MTM coating is characterized by permittivity ε = −ε0(ε

′ + jε′′) = ε0εr and permeability
µ = −µ0(µ

′+ jµ′′) = µ0µr, where ε
′, ε′′, µ′, µ′′ are positive quantities, and ε0, µ0 are related to the free

space. The external surface SMC of the DNG MTM layer contains the xz -plane of the reference system
having the z-axis coincident with the edge, whereas the uncovered PEC surface is denoted by SPEC .

An incident plane wave with the electric field Ei
0 exp(−jki · r) propagates according to ki = k0k̂

i =
k0(− sinβ′ cosϕ′x̂ − sinβ′ sinϕ′ŷ + cosβ′ẑ), where k0 is the free-space propagation constant, and the
incidence direction is defined by the angles β′ and ϕ′. The vector r symbolizes the position of the
observation point P , and Ei

0 can be expressed in terms of its components with respect to the ordinary

plane of incidence, i.e., Ei
0 = Ei

TM ûTM +Ei
TE ûTE with ûTM = ûTE × k̂i and ûTE = (k̂i × n̂)

/
|k̂i × n̂|,

n̂ being the unit vector normal to the surface.
The electric PO surface current JsPEC

on SPEC can be so expressed:

JsPEC
=

2

ζ0

[
Ei

TMPEC
t̂PEC − Ei

TEPEC
sinβ′ cosϕ′ûTEPEC

]
exp(−jki · r′PEC)

= J∗
sPEC

exp(−jki · r′PEC) (1)

where ζ0 is the free-space impedance, t̂PEC = n̂PEC × ûTEPEC
, and r′PEC denotes a point on SPEC .

Obviously, the magnetic counterpart gives JmsPEC
= 0.

The equivalent PO surface currents on SMC are evaluated according to [31, 32]:

JsMC
= n̂MC × (H i +Hr)

∣∣
SMC

=
1

ζ0

[
(1− ΓTE)E

i
TEMC

sinβ′ sinϕ′ûTEMC
+ (1 + ΓTM )Ei

TMMC
t̂MC

]
exp(−jki · r′MC)

= J∗
sMC

exp(−jki · r′MC) (2)

JmsMC
= (Ei + Er)

∣∣
SMC

× n̂MC

=
[
(1− ΓTM )Ei

TMMC
sinβ′ sinϕ′ûTEMC

− (1 + ΓTE)E
i
TEMC

t̂MC

]
exp(−jki · r′MC)

= J∗
msMC

exp(−jki · r′MC) (3)

Above expressions contain the electric field components parallel (TM) and perpendicular (TE) to
the ordinary plane of incidence defined by the propagation vector of the incident plane wave and the unit
vector normal to the lit surface. Such formulations are useful for the evaluation of the considered PO
surface currents since they adopt the standard ray-fixed reference frames for the plane wave reflection.
Obviously, in order to obtain the UAPO diffracted field in the UTD context, proper transformation
matrices must be used in the next section.

The reflection coefficients ΓTE and ΓTM have to be determined for completing the evaluation of
JsMC

and JmsMC
. The ETL circuit is used for this goal in accordance with [18], i.e.,

ΓTM,TE =
Zin
TM,TE − Z0

TM,TE

Zin
TM,TE + Z0

TM,TE

(4)

where Z0
TM = ζ0 cos θ

i and Z0
TE = ζ0

/
cos θi are the free-space ETL characteristic impedances with

cos θi = sinβ′ sinϕ′. The ETL input impedances Zin
TM,TE for the DNG MTM layer are given by:

Zin
TM,TE = jZTM,TE tan (knd) (5)

with ZTM = kn/ωε, ZTE = ωµ/kn, and kn = −βn − jαn is the propagation factor relevant to the
normal to SMC . The interested reader can utilize Eqs. (6)–(9) in [18] to compute βn and αn.
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3. THE UAPO SOLUTION FOR THE DIFFRACTION CONTRIBUTION

The PO surface currents in Eqs. (1)–(3) are now used as radiating sources on the external faces of the
partially coated PEC wedge for evaluating the scattered electric field Es by means of the radiation
integral:

Es = −jk0UMC

∫∫
SMC

[(
I − R̂MCR̂MC

)
ζ0JsMC

+ JmsMC
× R̂MC

]
G
(
r, r′MC

)
dS

−jk0UPEC

∫∫
SPEC

[(
I − R̂PECR̂PEC

)
ζ0JsPEC

]
G
(
r, r′PEC

)
dS (6)

wherein UMC,PEC is equal to 1 or 0 accounting for the illumination of the related surface by the incident

plane wave. The Green function G (r, r′) = exp (−jk0|r − r′|)/(4π|r − r′|) and R̂ = (r − r′)/|r − r′|
depend on the observation point P at r = xx̂ + yŷ + zẑ = ρ + zẑ and the source points at

r′MC = x′x̂ + z′ẑ = ρ′x̂ + z′ẑ = ρ′
MC

+ z′ẑ and r′PEC = y′ŷ + z′ẑ = −ρ′ŷ + z′ẑ = ρ′
PEC

+ z′ẑ (ρ′ > 0).
The symbol I identifies the 3× 3 identity matrix.

According to [18–30], the UAPO approach allows one to isolate the high-frequency diffraction
contribution that is enclosed in (6). This is possible by performing useful analytic approximations and
integral evaluations.

The next step of the UAPO approach accounts for P lying on the Keller’s cone. This permits to
use the approximation R̂MC,PEC

∼= ŝ = sinβ′ cosϕ x̂+ sinβ′ sinϕ ŷ + cosβ′ẑ (ŝ is the unit vector of the
diffraction direction on the Keller’s cone), thus consenting the following formulation:

Es ∼= UMC

[(
I − ŝŝ

)
ζ0J

∗
sMC

+ J∗
msMC

× ŝ
]
IsMC + UPEC

[(
I − ŝŝ

)
ζ0J

∗
sPEC

]
IsPEC (7)

where

IsMC,PEC =
−jk0
4π

∫∫
SMC,PEC

exp
(
−jk0

(
k̂i · r′MC,PEC +

∣∣∣r − r′MC,PEC

∣∣∣))∣∣∣r − r′MC,PEC

∣∣∣ dS

=
−jk0
4π

+∞∫
0

exp
(
jk0ρ

′ sinβ′ cosΦ′
MC,PEC

)
Iz′MC,PEC

dρ′ (8)

with Φ′
MC = ϕ′ and Φ′

PEC = 3π/2− ϕ′. A proper change of the integration parameter z′ gives [11]:

Iz′MC,PEC
= −jπ exp

(
−jk0z cosβ

′)H(2)
0

(
k0

∣∣∣ρ− ρ′
MC,PEC

∣∣∣ sinβ′
)

(9)

where H
(2)
0 (·) is the zeroth order Hankel function of second kind. A useful integral representation of

the involved Hankel function is now applied [33]:

H
(2)
0

(
k0

∣∣∣ρ− ρ′
MC,PEC

∣∣∣ sinβ′
)

=
1

π

∫
C

exp
(
−jk0ρ sinβ

′ cos (α∓ ΦMC,PEC)
)
exp

(
jk0ρ

′ sinβ′ cosα
)
dα (10)

with ρ = |ρ|, ΦMC = ϕ and ΦPEC = 3π/2−ϕ. The sign − (+) must be used if 0 < ΦMC,PEC < π (π <
ΦMC,PEC < 2π). Accordingly, Eq. (8) becomes:

IsMC,PEC =
−k0
4π

exp
(
−jk0z cosβ

′)
·
+∞∫
0

exp
(
jk0ρ

′ sinβ′ (cosα+ cosΦ′
MC,PEC

)) ∫
C

exp
(
−jk0ρ sinβ

′ cos (α∓ ΦMC,PEC)
)
dαdρ′

=
exp (−jk0z cosβ

′)

2 sinβ′
1

2πj

∫
C

exp (−jk0ρ sinβ
′ cos (α∓ ΦMC,PEC))

cosα+ cosΦ′
MC,PEC

dα (11)
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The last step results from the Sommerfeld-Maliuzhinets’ inversion formula [34] and permits to
express the above integration in the following form:

IsMC,PEC =
1

2πj

∫
C

g (α) exp (Ωf(α)) dα Ω = k0ρ (12)

The UAPO approach allows one to extract the diffraction contribution from Eq. (12) by means of
the Steepest Descent Method [11]. The application of the Multiplicative Method to the integration along
the Steepest Descent Path and the successive asymptotic evaluation of the resulting integral permit to
determine the following diffraction term to be used:

IdMC,PEC =
exp (−jπ/4)

2
√
2πk0

Ft

(
2k0s sin

2 β′ cos2

(
ΦMC,PEC ± Φ′

MC,PEC

2

))
sin2 β′

[
cosΦMC,PEC + cosΦ′

MC,PEC

] exp (−jk0s)√
s

(13)

where s is the distance from the diffraction point to P (see Fig. 1); Ft(·) is the UTD transition
function [5]; and the sign + (−) must be used if 0 < ΦMC,PEC < π (π < ΦMC,PEC < 2π). Accordingly,
the UAPO diffraction contribution included in Eq. (7) is given as follows:

Ed = UMC

[(
I − ŝŝ

)
ζ0J

∗
sMC

+ J∗
msMC

× ŝ
]
IdMC + UPEC

[(
I − ŝŝ

)
ζ0J

∗
sPEC

]
IdPEC (14)

The above expression can be rewritten in useful local co-ordinate systems as in [5] by adopting a
matrix notation, i.e.,(

Ed
β

Ed
ϕ

)
=
[
UMCI

d
MCMMC

+ UPECI
d
PECMPEC

]( Ei
β′

Ei
ϕ′

)
= D

(
Ei

β′

Ei
ϕ′

)
exp (−jk0s)√

s
(15)

Appendix contains the expressions of M
MC

and M
PEC

accounting for the transformation matrices
between the involved local co-ordinate systems.

4. VALIDATION OF THE UAPO SOLUTION

Numerical tests are shown in this Section to validate the proposed UAPO solution for the diffracted
field. Two sets of figures concerning DNG MTM coatings are reported in the following to prove its
ability to counterbalance the GO field discontinuities (Figs. 2 and 3) and to deliver reliable results
by using comparisons with Comsol Multiphysics R⃝ data (from Fig. 4 to Fig. 9). A circular path is
considered as observation domain with ρ = 5λ0 (λ0 is the free-space wavelength) and 0 < ϕ < 270◦.
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Figure 2. Magnitudes of the field components when β′ = 70◦, ϕ′ = 50◦ and (a) Ei
β′ = 1, Ei

ϕ′ = 0; (b)

Ei
β′ = 0, Ei

ϕ′ = 1. DNG MTM coating with d = 0.1λ0, µr = −1, εr = −(4 + j0.01).
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Figure 3. Magnitudes of the field components when β′ = 70◦, ϕ′ = 150◦ and (a) Ei
β′ = 1, Ei

ϕ′ = 0; (b)

Ei
β′ = 0, Ei

ϕ′ = 1. DNG MTM coating with d = 0.1λ0, µr = −1, εr = −(4 + j0.01).
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Figure 4. Magnitude and phase of the field β-component when β′ = 90◦, ϕ′ = 45◦ and Ei
β′ = 1,

Ei
ϕ′ = 0. DNG MTM coating with d = 0.1λ0, µr = −1, εr = −(4 + j0.01).

Figures 2 and 3 refer to a DNGMTM coating characterized by d = 0.1λ0, µr = −1, εr = −(4+j0.01)
and consist of two plots: a) β-components of the GO, UAPO and total fields when Ei

β′ = 1, Ei
ϕ′ = 0;

b) ϕ-components of the GO, UAPO and total fields when Ei
β′ = 0, Ei

ϕ′ = 1. Since Fig. 2 is relevant to

β′ = 70◦ and ϕ′ = 50◦, UMC = 1 and UPEC = 0 are valid, and the PEC surface does not contribute
to the UAPO diffracted field only exhibiting significant peaks at the shadow boundaries of the incident
field (ϕ = 230◦) and the reflected field from SMC (ϕ = 130◦). The continuity of the total field in
correspondence to such directions reveals that the jumps of the GO field are compensated by the
UAPO contribution as expected. Fig. 3 also confirms such a result in the case of shadow boundaries
due to the reflections from SMC and SPEC at ϕ = 30◦ and ϕ = 210◦, respectively, since β′ = 70◦,
ϕ′ = 150◦ and UMC = 1, UPEC = 1.

The second set of figures contains comparisons with Comsol Multiphysics R⃝ data when the same
DNG MTM coating used in Figs. 2 and 3 is considered in the case of normal incidence (β′ = 90◦). Each
reported case is organized as follows: a) the magnitude of the UAPO-based total field is compared with
the Comsol Multiphysics R⃝ counterpart; b) the comparison is made by considering the phase data. The
first case refers to ϕ′ = 45◦ (only SMC interacts with the incident plane wave), and the comparisons
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(a) Magnitude of the φ-component (b) Phase of the φ-component
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Figure 5. Magnitude and phase of the field ϕ-component when β′ = 90◦, ϕ′ = 45◦ and Ei
β′ = 0,

Ei
ϕ′ = 1. DNG MTM coating with d = 0.1λ0, µr = −1, εr = −(4 + j0.01).
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Figure 6. Magnitude and phase of the field β-component when β′ = 90◦, ϕ′ = 150◦ and Ei
β′ = 1,

Ei
ϕ′ = 0. DNG MTM coating with d = 0.1λ0, µr = −1, εr = −(4 + j0.01).

are shown in Figs. 4 and 5 with reference to the β- and ϕ-components, respectively. The results show
very good agreements. Only the phase values produce evident differences in the angular range from
the incident shadow boundary and SPEC since the last is not considered in the UAPO approach. As a
matter of fact, if both wedge surfaces are illuminated by the incident plane wave as in the second case
(ϕ′ = 150◦), the data agree very well on the whole observation path as can be seen in Figs. 6 and 7.

Figures 8 and 9 close the comparisons with Comsol Multiphysics R⃝ data. They are relevant to
complex values of εr and µr, i.e., εr = −(2 + j0.02) and µr = −(7 + j0.05), and contain the field
β-components when Ei

β′ = 1, Ei
ϕ′ = 0, and the incidence direction is into the first (see Fig. 8) or second

(see Fig. 9) quadrant. It seems that the UAPO approach works very well again, thus assuring reliable
results also in such cases.

According to all performed numerical tests, the effectiveness of the UAPO approach is well proved
for the considered diffraction problem. It is important to make evident that the performance of the
proposed methodology deteriorates when considering the coating thickness greater than a few tenths of
the wavelength as pointed out in previous studies. Moreover, the reader must always remember that
the UAPO solution for a diffraction problem is an approximate solution, which is based on the PO
approximation of equivalent sources.
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Figure 7. Magnitude and phase of the field ϕ-component when β′ = 90◦, ϕ′ = 150◦ and Ei
β′ = 0,

Ei
ϕ′ = 1. DNG MTM coating with d = 0.1λ0, µr = −1, εr = −(4 + j0.01).
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Figure 8. Magnitude and phase of the field β-component when β′ = 90◦, ϕ′ = 60◦ and Ei
β′ = 1,

Ei
ϕ′ = 0. DNG MTM coating with d = 0.1λ0, µr = −(7 + j0.05), εr = −(2 + j0.02).

(a) Magnitude of the β-component (b) Phase of the β-component

0

30

60

90

120

150

180

210

240

270

300

330

0.5

1

1.5

2

2.5
UAPO-based approach

Comsol Multiphysics

PEC

0 30 60 90 120 150 180 210 240 270

(deg)

-180

-135

-90

-45

0

45

90

135

180

 E

UAPO-based approach

Comsol Multiphysics

Figure 9. Magnitude and phase of the field β-component when β′ = 90◦, ϕ′ = 130◦ and Ei
β′ = 1,

Ei
ϕ′ = 0. DNG MTM coating with d = 0.1λ0, µr = −(7 + j0.05), εr = −(2 + j0.02).
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5. CONCLUSIONS

The UAPO solution for evaluating the diffracted field by a partially coated PEC wedge with apex
angle equal to 90◦ has been proposed. Its formulation of the diffraction matrix in the UTD framework
is simple to use and does not require computing differential/integral equations or special functions.
Moreover, reliable results can be obtained as well assessed by comparisons with Comsol Multiphysics R⃝
data. On the other hand, a prudent user must always keep in mind that the UAPO solution to a
diffraction problem is an approximate solution, which is based on the PO approximation of equivalent
surface currents.

APPENDIX A.

The matrix M
MC

can be so formulated:

M
MC

= M
1

[
M

2
M

4
M

5
+M

3
M

4
M

6

]
M

7
(A1)

wherein

M
1
=

(
cosβ′ cosϕ cosβ′ sinϕ − sinβ′

− sinϕ cosϕ 0

)
(A2)

M
2
=

 1− sin2 β′ cos2 ϕ − sinβ′ cosβ′ cosϕ
− sin2 β′ sinϕ cosϕ − sinβ′ cosβ′ sinϕ
− sinβ′ cosβ′ cosϕ sin2 β′

 (A3)

M
3
=

(
0 − sinβ′ sinϕ

− cosβ′ sinβ′ cosϕ
sinβ′ sinϕ 0

)
(A4)

M
4
=

1√
1− sin2 β′ sin2 ϕ′

(
− cosβ′ − sinβ′ cosϕ′

− sinβ′ cosϕ′ cosβ′

)
(A5)

M
5
=

(
0 (1− ΓTE) sinβ

′ sinϕ′

1 + ΓTM 0

)
(A6)

M
6
=

(
(1− ΓTM ) sinβ′ sinϕ′ 0

0 −1− ΓTE

)
(A7)

M
7
=

1√
1− sin2 β′ sin2 ϕ′

(
cosβ′ sinϕ′ cosϕ′

− cosϕ′ cosβ′ sinϕ′

)
(A8)

Note that M
5
and M

6
account for the expressions of J∗

sMC
and J∗

msMC
, respectively.

The matrix M
PEC

can be expressed by following the same practice, i.e.,

M
PEC

= M
1
N

2
N

3
N

4
N

5
(A9)

with

N
2
=

 1− sin2 β′ cos2 ϕ − sin2 β′ sinϕ cosϕ − sinβ′ cosβ′ cosϕ
− sin2 β′ sinϕ cosϕ 1− sin2 β′ sin2 ϕ − sinβ′ cosβ′ sinϕ
− sinβ′ cosβ′ cosϕ − sinβ′ cosβ′ sinϕ sin2 β′

 (A10)

N
3
=

1√
1− sin2 β′ sin2 ϕ′

(
0 0

− cosβ′ − sinβ′ sinϕ′

− sinβ′ sinϕ′ cosβ′

)
(A11)

N
4
=

(
0 −2 sinβ′ cosϕ′

2 0

)
(A12)

N
5
=

1√
1− sin2 β′ sin2 ϕ′

(
− cosβ′ sinϕ′ sinϕ′

− sinϕ′ − cosβ′ sinϕ′

)
(A13)
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