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Optimal Magnetic Wake Detection in Finite Depth Water

Mohammad-Amir Fallah1, * and Mehdi Monemi2

Abstract—Seawater is generally considered as an electrical conductor with rather weak electrical
conductivity. As a moving electrical conductor in an electromagnetic field, seawater motions induce
weak electromagnetic field in surrounding environment. The movement of vessels in seawater leads to
the variations of electromagnetic field pattern, called as magnetic wake. In order to detect a moving
object through the induced magnetic wake, a magnetometer can be placed under the seawater surface.
In this paper, we present a mathematical model through which we can study the magnetic wake in
water of finite depth and, explore its behavior with respect to environmental parameters and geometric
characteristics of the moving object. More specifically, we show through mathematical expressions
and numerical results that there always exists an optimal depth under the sea surface wherein if a
magnetometer is placed, maximum amplitude of magnetic wake can be captured. Several key properties
are verified for the optimal magnetic wake detection through numerical results. Firstly, the optimal
depth is increased by increasing the speed of the moving vessel. Secondly, the optimal depth is not
influenced considerably by the variation of sea depth, and thirdly, in the case where the Froude number
of the vessel is lower than 0.5, the optimal depth is below 15m.

1. INTRODUCTION

The detection of distant vessels in seas and oceans has always been an issue of interest. A moving vessel
causes changes in different parameters in the surrounding environment through which one can detect
its existence without seeing the vessel. Basically, one can detect the vessel from far distances through
considering the most affected environmental parameters. The basic and most traditional method for the
vessel detection is to listen to the changes of environmental sounds; however, this scheme was gradually
suppressed due to technological advances in designing vessels with more acoustic silence. On the other
hand, the development of high precision electronic devices and sensors has directed remote sensing
schemes at seawater to employing marine electromagnetic techniques. Efficient implementation of
remote sensing schemes for vessels through electromagnetic signal measurement requires highly accurate
magnetic sensors. Moreover, due to the large dimensions of hydro-physical changes, hydrodynamic
harmonics in the seawater are considered as low frequency ones. Therefore, accurate magnetic sensor
with the accuracy of less than 1 pico-Tesla (pT) and low frequency measuring capability is essential to
the implementation of efficient remote sensing techniques [1–5]. Once a high-quality signal is measured
through a magnetic sensor, the implementation of signal processing techniques is required in order to
accurately distinguish the signal from remote vessel out of environmental noise and disturbances [6, 7].

The processing data measured through high precision magnetic sensors can lead to the detection
of vessel or the estimation of vessel parameters when sufficient knowledge of the hydrodynamic
perturbation of the vessel motion is available. The movement of a vessel results in fluid turbulence behind
the vessel called as hydrodynamic wake [8]. Studies show that this wake has a V-shape hydrodynamic
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pattern that distinguishes it from marine ambient noise [9]. The characteristics of a vessel hydrodynamic
wake are related to environmental parameters and physics of the vessel [10]. The most important feature
of a vessel hydrodynamic wake from the point of remote sensing is its ability to propagate the pattern
up to tens of kilometers and its durability up to hours [11]. On the other hand, seawater is a poor
conductor of electricity. The motion of seawater as a conductor moving in a geomagnetic field induces
a weak magnetic anomaly whose properties are similar to hydrodynamic wake [12, 13]. The movement
of a ship in conducting seawater and the creation of a hydrodynamic wake within the Earth’s magnetic
field cause a magnetic wake, which has all the characteristics of hydrodynamic wake [14, 15], so it can
be used as a good tool to detect a moving vessel and estimate its physical parameters such as speed
and moving direction [16, 17].

Till now, there have been many research studies on the constitution of the magnetic wake in
deep water, and its relation to environmental parameters as well as the physical specifications of the
vessel [18, 19]. The far field study of magnetic anomaly in shallow water has been directed by [20–
22]. While theoretical calculations have been conducted for a Havelock point source [23] and slender
body [24] for both near and far fields, none have considered the effect of the physical shape of the
vessel. Due to the very small amplitude of the magnetic wake at long distances from the vessel, various
methods have been proposed in order to overcome this problem. In [17], the implementation of airborne
magnetic transducer measuring the first order gradients of the magnetic wake has been considered. The
limited flight time and the high speed movement of the airborne sensor, which leads to an increase in
the sample rate and bandwidth of the magnetic sensor, are among the disadvantages of this method. As
another approach, the implementation of a linear array of magnetic sensors has been presented in [22].
In this method, the sensor array is installed on the water surface, and a signal processing scheme is
proposed in order to increase the detection range.

In this paper, we focus on the study of far field wake in the water of finite depth. At first, we express
the magnetic wake pattern formulations in finite depth water initiated from a moving vessel and analyze
its variation as a function of the distance from the vessel. We include the physical shape parameters
of the vessel in the presented mathematical expressions, and thus our derived results are not limited to
slender body theory. Similar to [17] and [22], we analyze the frequency spectrum of the magnetic wake
and show that the magnetic anomaly initiated from the moving vessel can be distinguished from the
background geomagnetic noise by exploring the frequency spectrum of the measured signal. Based on
analyzing the magnetic wake behavior, it is shown that the amplitude of magnetic anomaly decreases
exponentially as the distance of the moving vessel increases, and thus, it is of great importance to install
the magnetometer sensor in the right place in order to receive the maximum magnetic anomaly. In this
regard, we will further show that there exists an optimal depth under the sea surface at which maximum
magnetic anomaly can be captured. We will show that the optimal depth does not depend on the sea
depth, and for the case where the magnetometer is placed at this optimal point, it can distinguish
farthest possible vessels by detecting the maximum amplitude of the magnetic wake. The higher the
speed of the vessel is, the deeper the optimal point would be, and furthermore we will verify that for
the case when vessel Froude number is lower than 0.5, the optimal depth for sensor installations is less
than 15m. The rest of the paper is organized as follows. In Section 2, the hydrodynamic preliminaries
of the vessel wake are discussed, and the relation of the hydrodynamic wake to the shape and speed
of the vessel is mathematically formulated. Section 3 studies the corresponding geomagnetic anomaly
resulting from the hydrodynamic wake coupled with the electromagnetic environmental parameters
according to the Maxwell equations. In Section 4 shows that the magnetic wake can be distinguished
from the ambient noise through frequency domain analysis. In Section 5, it is proved that there always
exists a unique optimal depth wherein if the magnetic sensor is positioned, maximum anomaly can be
captured. Theoretical findings are finally verified through numerical results in Section 6.

2. HYDRODYNAMIC PRELIMINARIES

The movement of a floating body in a fluid instigates two regimes of near field and far field hydrodynamic
anomaly. Here, we are mainly involved with the far field regime (called as Kelvin waves [8, 9]) because
we are interested in detecting far vessels. The velocity potential function of the fluid (i.e., the sea)
resulting from the movement of a floating body at speed V corresponding to a wave front of angle θ
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with respect to the x axis is given as follows [8]:

ϕ (x, y, z, t, θ) =
Aθg

ω0

cosh k0(z + d)

cosh k0d
e−i(ω0t+k0x cos θ+k0y sin θ), (1)

where g is the gravity force, d the sea depth, and k0 the wavenumber which is obtained from
k0 tanh k0d = ω2

0/g, in which ω0 = k0V cos θ is the Doppler relation. Aθ is obtained from the following
equation [10]:

Aθ =
2ω0g

cos3 θπV 3

ek0d − e−k0d

e2k0d − e−2k0d − 4k0d
κθ, (2)

where κθ is called as the Kochin function defined as follows [10]:
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in which s is the wetted cross-sectional area of the vessel, and Iκ represents the dependence of the Kochin
function to the physical parameters of the floating body (such as the shape of the vessel). Finally, the
fluid velocity vector resulting from the movement of the vessel is obtained as:

U = ∇ϕ. (4)

3. GEOMAGNETIC PRELIMINARIES

Consider a fluid with a flat surface, and also consider the Cartesian coordinate system, wherein the
z-axis is perpendicular to the fluid surface, and z > 0 corresponds to the space above the fluid.
The positive direction of x axis is aligned with the movement of the vessel, and the direction of y
axis is found according to the right-hand law. The unit vector in Cartesian coordinate is denoted
by r = (i, j,k). The geomagnetic field of the earth (denoted by BE) is considered to be constant
everywhere, and a vessel is located at the origin at time t = 0 and moves at uniform speed V at −x
direction. This results in the formation of hydrodynamic wake with velocity U. Let σ = (σa, σw, σs),
ε = (εa, εw, εs) and µ = (µa, µw, µs) be the electrical conductivity coefficient, dielectric coefficient, and
magnetic permeability coefficient for z > 0 (i.e., air), −d < z ≤ 0 (i.e., water), and z ≤ −d (i.e., under
the seabed), respectively. The geomagnetic equations relating to the three aforementioned layers are
simply the Maxwell equations for electric and magnetic fields E and B, as well as the Ohm law for
electrical conductors. Let ρe denote the electrical flux density. The Maxwell equations in the three
aforementioned regions are shown as Eq. (5),

∇×B =



µaεa
∂E

∂t
, z > 0 a) air

µwεw
∂E

∂t
+ µwσw (E+U×BT ) + µwρeU

+µw (εw − ε0)∇× (E+U×BT )×U, −d < z < 0 b) fluid

µsεs
∂E

∂t
+ µsσsE, z < −d c) soil

(5)

where BT = B + BE , in which BE is the geomagnetic field, and B represents the magnetic wake. In
practice, the magnitude of the induced magnetic wave is much smaller than that of geomagnetic field,
and thus we can approximate BT ≈ BE with high precision. In order to obtain the solution to Eq. (5),
one should note the nature of the potential function of ϕ in Eq. (1) and thus consider the harmonic
behavior of U as well as that of B and E. The electric and magnetic harmonic fields are respectively
written as:

H = h (θ, z) e−i(ω0t+k0x cos θ+k0y sin θ)

E = e(θz)e−i(ω0t+k0x cos θ+k0y sin θ)
(6)

The single-component harmonic solution for the magnetic wake is obtained as follows:

h (θ, z) = ha (θ) e−βazτ (z) + hs (θ) eβs(z+d)τ (−z − d)

+
[
h+
w (θ) eβwz + h−

w (θ) e−βwz + a+w (θ) ekoz + a−w (θ) e−koz
]
τ (z + d) τ (−z) (7)
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in which τ(z) is the unit step function, β2
a = k20 − εaµaω

2
0, β2

w = k20 − εwµwω
2
0 − iσwµwω0, β2

s =
k20 − εsµsω

2
0 − iσsµsω0, and

a+w (θ) =
koσw(

k20 − σ2
w

) ekod

ekod + e−kod
[i (BE · r)− (BE · k)] [i cos θ, i sin θ, 1] (8)

a−w (θ) =
koσw(

k20 − σ2
w

) ekod

ekod + e−kod
[i (BE · r) + (BE · k)] [i cos θ, i sin θ,−1] (9)

All unknown coefficients in Eq. (7) are computed by applying continuous boundary conditions in the

boundaries of the three mediums. The terms ha(θ)e−βaz and hs(θ)eβs(z+d) in Eq. (7) respectively denote
the wave motion in the air and under the seabed, respectively; however for water, this corresponds to
the movement of two waves in opposite directions. The magnetic wake can eventually be computed by
applying superposition for all harmonic components expressed as follows:

H (x, y, z, t) = ℜ
π/2∫

π/2

h (θ, z)Aθe
−i(ω0t+k0x cos θ+k0y sin θ)dθ (10)

One can verify that all results are applicable to the deep water as well by considering d → ∞ [14].

4. INVESTIGATION OF MAGNETIC WAKE PATTERN THROUGH SPECTRUM
ANALYSIS

In what follows we investigate the magnetic wake characteristics in frequency domain through which
we may distinguish the magnetic wake and discriminate it from the background noise. The magnetic
wake measured by a magnetometer at time t and point (xd, yd, zd) is denoted by H(xd, yd, zd, t) which is
expressed through Eq. (10). The corresponding frequency domain representation is expressed as follows:

Ĥ (f) =

 t∫
0

H (xd, yd, zd, t) e
−i(2πf)tdt

 =
h(θ0, zd)A (θ0) e

−βazde−i∅0(θ0)

|ϕ′(θ0)|
(11)

in which:

ϕ0 (θ) = k0(θ) (x0 cos θ + y0 cos θ) (12)

ϕ (θ) =
−k0(θ)V sin θ

2π cos2 θ
(13)

and θ0 is the root of equation |ϕ(θ)| = f . It is seen from Eq. (11) that there exists some frequency
corresponding to |ϕ′(θ0)| → 0 wherein the magnetic wake has a large amplitude. This property can
be used to distinguish the magnetic wake out of the ambient noise. Hence, having the time-domain
behavior of the magnetic wake, we may transfer it to frequency domain and investigate the existence
of a peak at some specified frequency, through which one can distinguish the existence of a floating or
submerged vessel. It is clear that higher time-domain magnetic anomaly captured through the magnetic
sensor results in higher peak amplitude of the corresponding frequency-domain signal. Thus, it is vital
to place the sensor at the optimal point wherein maximum anomaly can be captured.

5. OPTIMAL DEPTH DETERMINATION

Based on what stated so far, we aim at finding the optimal location point of the magnetometer at
which the measured magnetic wake is maximum, resulting in the maximum probability of remote vessel
detection. As mentioned before, the magnetic anomaly can be observed in any of the three mediums
of air, water, and under the seabed. The question is where to place the magnetometer in order to
measure the maximum amplitude of the magnetic wake. From Eq. (10), it is seen that the variation
of the amplitude of magnetic wake in horizontal directions of x and y takes place in the form of
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harmonics whose amplitudes are decreased as the relative distance of the vessel and magnetometer
increases. It is clear that due to the fixed position of the magnetometer, the relative horizontal distance
(at x and y directions) between the magnetometer and vessel is only dependent upon the position of
the vessel, and thus, the only accessible and effective location parameter is the distance between the
magnetometer and surface of water (i.e., z). On the other hand, it is seen in Eq. (10) that h(θ, z) is the
only component which depends on z. From Eq. (7), the amplitude of magnetic wake in the air is seen
to decrease exponentially according to ha(θ)e−βaz as the altitude increases, and it decreases under the

seabed according to hs(θ)eβs(z+d) as the depth increases. However, in the water between the air and
the seabed, the variation of the amplitude of magnetic wake is not a monotonic function of z. In this
region, the magnetic wake is composed of two waves travelling in opposite directions with propagation
constants βw and −βw, and thus we expect that there exists some local optimal depth below and above
which the magnetic wake is reduced. Thus, we may calculate the optimal depth for −d ≤ z < 0 denoted
by z∗ = (z∗x, z

∗
y , z

∗
z ) as the solution to the following problem:

∂H (x, y, z, t)

∂z
= 0 (14)

Note that Eq. (14) is a vector equation, and thus, for each of the elements of (Hx, Hy,Hz)
we may find the corresponding optimal z∗ separately. Therefore, depending on which one of the
magnetic harmonic elements is considered for the detection, the magnetometer should be placed on
the corresponding solution of the optimal depth problem expressed in Eq. (14). In summary from what
has been discussed so far, the following procedure derives the unique optimal depth hopt wherein the
maximum magnetic wake can be captured:

1- Consider the following parameters: κθ, V, d, ε,σ,µ.

2- Calculate Aθ from Eqs. (2) and (3).

3- Obtain ϕ(x, y, z, t, θ) from Eq. (1).

4- Obtain U from Eq. (4).

5- Substitute single-component harmonic solution from Eq. (6) into (5), and then solve Eq. (5) in
order to obtain h(θ, z).

6- Calculate H(x, y, z, t) by applying superposition on h(θ, z) according to Eq. (10).

7- From Eq. (7), the existence of a unique optimal depth hopt is proven where hopt can be obtained
by calculating the derivative of H(x, y, z, t) according to Eq. (14).

6. NUMERICAL RESULTS

In this section, we provide numerical results for different scenarios in order to validate the stated
expressions relating to the optimal position of the magnetometer corresponding to the highest detection
capability for the moving vessel. We consider a Wigley shape vessel of length 110m, width 15m,
and draft 5m moving at speed 10m/s in the sea water of depth d = 70m. The electric and
magnetic parameters are considered as (εa, εw, εs) = (ε0, 81ε0, 11ε0), (σa, σw, σs) = (0, 5, 0.27), and
(µa, µw, µs) = (µ0, µ0, µ0) [25–28]. The amplitude of the geomagnetic field is |BE | = 50000 nT. The
vertical component of the magnetic wake is obtained from Bz = µ0Hz, wherein Hz is obtained from
Eq. (10).

Figure 1 shows the pattern of the vertical component of the geomagnetic anomaly (Bz) in a noiseless
area of 800 × 1000m2. Assuming that the magnetometer is located at point (300, 0, 0), the magnetic
wake resulting from the movement of the vessel at the location of the sensor is depicted in Fig. 2. It
is seen how the amplitude of Bz decreases as the relative distance from the vessel increases. Similarly,
for the case where an additive white Gaussian noise (AWGN) is also considered, the amplitude of Bz

per time is illustrated in Fig. 3, wherein we have considered SNR = 0dB. As seen in the figure, it
is almost impossible to distinguish the existence of magnetic wake created by the moving vessel from
the time-domain figure. Based on what stated, now we study the frequency-domain spectrum of the
magnetic wake corresponding to Fig. 3 as illustrated in Fig. 4. It is clearly seen that although the
existence of magnetic wake is not clear in time domain figure, the frequency domain spectrum clearly
reveals the existence of the remote vessel.
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Figure 1. The amplitude (in nT) of vertical component of the magnetic wake Bz at z = 0m and sea
depth d = 70m.
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Figure 2. Magnetic wake Bz per distance from the vessel.
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Figure 3. Time-domain magnetic wake Bz in the presence of AWGN SNR = 0dB.
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Figure 4. The frequency spectrum of magnetic wake Bz in presence of AWGN SNR = 0dB.
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Figure 5. The amplitude of the vertical component of magnetic wake (Bz) at the distance of 5 km
from a vessel travelling at speed 10m/s. (a) Shallow water of depth lower than 100m. (b) Deep water
of depth higher than 1000m.

As seen in Fig. 2, the increase in the distance between the vessel and magnetometer considerably
decreases the measured magnetic wake amplitude; in fact, at rather large distances, the maximum
measured amplitude would not be greater than tens of Pico Tesla. Therefore, considering such small
measurable amplitudes, it is of great importance to capture the maximum possible amplitude of the
magnetic wake to be able to detect remote vessels. In order to evaluate the optimal depth for locating
the magnetometer, we consider a magnetometer whose horizontal distance from the vessel is 5 km. The
vessel is moving at the speed of 10m/s in a seawater whose depth is considered to be of values lower
than 100m as shallow water and higher than 1000m as deep water investigated according to Fig. 5(a)
and Fig. 5(b), respectively. The vertical component of the magnetic wake (i.e., Bz) for three different
water depths (d = 25m, 35m, and 70m for the shallow water, and d = 1000m, 3000m, and 6000m for
the deep water) versus the distance from water surface (z) is depicted in Fig. 5. As discussed before,
the maximum vertical magnetic anomaly is seen to exist at some depth inside the sea water, and the
magnetic wake decays exponentially above the water surface as well as below the seabed as shown and
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discussed in Section 5. Due to the steep slope of the curves, it is of crucial importance to place the
magnetometer at every point corresponding to the optimal peak amplitude; otherwise, the measured
amplitude of the wake is exponentially decreased. Another important issue which is observed in Fig. 5
is that the optimal location wherein maximum anomaly exists is rather independent of the water depth
and besides, due to the steep decay of the curve in the points around the optimal depth, and it is of
crucial importance to locate the sensor exactly at the optimal point.

The increase in the vessel speed results in the rise in Froude number, and besides, it is well known
that due to the high value of inertia of motion, the Froude number for common vessels is mostly lower
than 0.5. The impact of the value of Froude number on the optimal depth is illustrated in Fig. 6. It
is seen that for vessels of higher Froude number, the optimal depth increases, and besides, for the case
where the Froude number is below 0.5, the optimal depth is lower than 15m.

Finally, we explore the magnetic anomaly behavior for low and high values of the speed of vessel.
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Figure 7. The amplitude of the vertical magnetic wake Bz at the distance of 5 km from a vessel
travelling at shallow water of depth 25 , 35m, and 70m at (a) the high speed of 15m/s and (b) the low
speed of 1m/s.
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Fig. 7 compares the measured magnetic wake amplitude of Bz versus the vertical position z for the case
where the vessel is moving at high speed of 15m/s and low speed of 1m/s, corresponding to Fig. 7(a)
and Fig. 7(b), respectively. Firstly, by comparing Fig. 7(a) and Fig. 7(b), it is seen that the magnetic
anomaly resulting from high-speed vessels is much higher than that of low-speed ones, and thus the
former is more easily detected through the measured magnetic wake at farther distances. On the other
hand, while the depth of seawater is seen to have little impact on the maximum measured magnetic
wake for low-speed vessels, this has rather considerable effect for high-speed vessels. For example, the
maximum amplitudes of magnetic wake for d = 25m and d = 70m are 0.77 nT and 0.6 nT for high-speed
vessel, and 4.3 pT and 4.6 pT for low-speed one, respectively. This means that for the high-speed vessel,
the measured magnetic wake for d = 70m varies about 22% from that of d = 25m; however for the
low-speed vessel, the magnetic wake for d = 70 is only 7% varying from that of d = 25m. In addition,
by comparing Figs. 7(a) and 7(b) and considering Fig. 6, it can be seen that by increasing the vessel
speed (Froude number), the optimal depth increases from less than 1 meter in Fig. 7(a) to more than
10 meters in Fig. 7(b).

7. CONCLUSION

In this paper, we have studied the geomagnetic wake resulting from moving vessels as a tool for remote
sensing of the existence of vessels traveling in shallow and deep waters. More specifically, we expressed
theoretical relations for the calculation of magnetic wake in finite depth water, which depends on the
environmental parameters such as electrical and magnetic properties of water and air, as well as the
parameters relating to the vessel such as the physical shape and speed of the moving vessel. We showed
that the resulting magnetic wake was easily distinguished from the background noise by exploring the
corresponding frequency domain behavior. We also revealed that there always exists an optimal depth
which if magnetometer is positioned at, the maximum amplitude of magnetic wake is captured, leading
to the optimum detection capability of remote vessels. The optimal depth was shown to be independent
of the sea depth and be of values lower than 15m for the case where the Froude number of the vessel
is lower than 0.5. Besides, we showed that the optimal depth is an increasing function of the speed and
hence the Froude number of vessel.
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