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Abstract—In near-field energy transmission, it has been proved that magnetic coupling wireless power
transfer (MC-WPT) is a promising energy transmission method. Traditionally, the MC-WPT system is
established based on a linear resonant circuit. Recently, it has been reported that nonlinear MC-WPT
system shows more advantages. However, nonlinear characteristics of the nonlinear MC-WPT system
are not fully recovered. In this paper, a nonlinear MC-WPT system which can be described by Duffing
equation is presented. The mathematical model of the equivalent circuit is developed. The related
nonlinear characteristics under the impact of driving force are investigated. It is found that the driving
force has a direct impact on the system performance. The operation of the nonlinear MC-WPT system
varies from periodic sinusoidal state to periodic non-sinusoidal state even to chaotic state when the
driving force increases. It should be mentioned that the chaotic state should be avoided. Generally, the
MC-WPT system should be operated in periodic sinusoidal state which only covers a small range of
driving force. For the system operated in periodic non-sinusoidal state, a waveform correcting circuit is
designed. The simulated and experimental results show that the restriction of the driving force on the
operation of the system is eliminated with a waveform correcting circuit added. It is possible for the
nonlinear MC-WPT system to be operated in a much wider range.

1. INTRODUCTION

Traditionally, electric power is delivered by wired connection which inevitably induces power loss. Also,
the transfer performance is affected by aging of line. Therefore, a more efficient and convenient method
is urgently required for power transfer. In recent years, wireless power transfer (WPT) has received
considerable attention [1–5]. With this technique, the power can be delivered to load without mechanical
contact [6–8]. Generally, the WPT technique is categorized into magnetic inductive WPT and magnetic
coupling WPT (MC-WPT). Due to the advantage of mid-range power transfer, MC-WPT is preferred [9–
14]. Nowadays, MC-WPT has been used in a variety of applications such as the powering of electronic
devices, medical implanted devices, and electric vehicles [15–19].

The configuration of a typical two-coil MC-WPT system is shown in Fig. 1. The transmitting coil
is connected to a power source via a compensation capacitor. Through the exchange of electromagnetic
energy, the power is delivered to the receiving coil from which the load can be powered. It should be
noted that a compensation capacitor is also required in the receiving side of the MC-WPT system. The
two capacitors are used to make the loops resonate at a specific frequency.

Due to its simple configuration, two-coil MC-WPT system has been commonly applied to wireless
power transfer [20–24]. However, the transfer performance is affected by transfer distance, magnetic
coupling between coils, and coil parameters. To deal with the problems, various methods such as
impedance matching, adding materials with high permeability, and using high-Q resonant coils are
proposed to enhance the transfer performance. In [25], a novel serial/parallel capacitor matrix is
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Figure 1. A typical magnetic coupling wireless power transfer system.

applied in the transmitter with which the impedance can be automatically matched with the optimal
impedance-matching point when the transfer distance varies. In [26], on the assumption of decreasing
demagnetizing factor and improving mutual inductance, a two-coil MC-WPT system with a novel
ferrite core introducing inside the coils is proposed, and the transfer performance is greatly enhanced.
In addition, the MC-WPT system with a high-Q value is preferred for its excellent performance in power
transfer [27, 28]. It should be noted that all these methods are presented based on linear resonant circuit.
Generally, a linear MC-WPT system is characterized with a narrow bandwidth. This would reduce
system tolerance to deviation of resonant frequency which is usually inevitable in actual applications. To
cope with the problem, a four-coil MC-WPT system featured with broadband performance is designed
in [29]. Recently, nonlinear MC-WPT systems have received considerable attention. In [30], by adopting
equivalent small parameter method, a nonlinear mathematical model is established for the WPT system
with a class-E inverter. The results demonstrate that sufficient accuracy is realized when harmonics
with higher-order are considered. In [31], a robust MC-WPT system which is based on a parity-time-
symmetric circuit is presented. It is advantageous in remaining high transfer efficiency over a wide
transfer distance. As well known, the mutual coupling between transmitting and receiving coils varies
due to the change of transfer distance. To reduce sensitivity, a novel MC-WPT system based on a
nonlinear resonant circuit is proposed in [32]. It is found that the transfer efficiency is still kept at high
value when the distance between coils varies.

There are a variety of configurations for linear WPT systems such as series-series structure, series-
parallel structure, parallel-series structure, and parallel-parallel structure. Among these structures,
series-series configuration has been widely applied to wireless power transfer. In this work, a series-
series compensated nonlinear WPT system is mainly discussed. Generally, an MC-WPT system is
supposed to be operated in periodic sinusoidal state. In this paper, a nonlinear MC-WPT system which
can be operated in periodic non-sinusoidal state is investigated. Section 2 presents the equivalent model
of the nonlinear MC-WPT system. Also, the mathematical description is given. In Section 3, the
nonlinear characteristics of the nonlinear WPT system are studied, based on which the nonlinear MC-
WPT system with an additional waveform correcting circuit is designed. In Section 4, the experimental
validation is performed. Finally, conclusions are drawn in Section 5.

2. MODELING OF A NONLINEAR MC-WPT SYSTEM

For the MC-WPT system based on a linear resonant circuit, all the electric components are linear. A
nonlinear system is established if a nonlinear component is introduced. Mathematically, the general
form of Duffing equation is described by [33]

d2x

dt2
+ 2ξ

dx

dt
+ w2

0x + δx3 = Fa cos(Ωt) (1)

where x, t, ξ, w0, δ, Fa, and Ω respectively denote displacement, time, damping ratio, oscillation
frequency, cubic stiffness, driving amplitude, and excitation frequency.
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By introducing a nonlinear capacitor, a two-coil series-series MC-WPT system based on the
nonlinear Duffing equation is developed in Fig. 2. In Fig. 2(a), Rs and Rl are respectively the resistance
of the source vs and the load; L1 and L2 are respectively the inductance of transmitting coil and receiving
coil; C1 is the capacitance used for resonance of the transmitter while C2 is the nonlinear capacitor in
the receiver; M is mutual inductance between coils. Fig. 2(b) depicts the equivalent circuit of Fig. 2(a),
in which ve and Re are respectively the equivalent power and reflected resistance when the transmitter
is operated in resonant state. It should be noted that ve is determined by vs and M while Re is mainly
determined by M for an MC-WPT system operated in resonant state.

Rs

vs(t)

C1 C2

L 1 L 2 Rl

M L 2

ve(t)

Re C 2

Rl

(a) (b)

Figure 2. A nonlinear MC-WPT system. (a) Circuit model based nonlinear resonance. (b) Equivalent
circuit.

Based on Kirchhoff voltage law (KVL), the dynamic behavior of the equivalent MC-WPT system
can be described by:

L2
d2qc(t)

dt2
+ R

dqc(t)
dt

+ vc(t) = ve(t) (2)

where ve = VE∗ cos(ωt), ω is the excitation frequency, R = Re + Rl, vc the voltage across the nonlinear
capacitor, and qc the charge stored in the nonlinear capacitor.

For a nonlinear capacitor with symmetric relationship between capacitance and voltage, the voltage
vc across the capacitor can be expressed by the charge qc as [34]

vc(t) =
1
b1

qc(t) +
1
b3

q3
c (t) (3)

where b1 is the linear coefficient, and b3 is the nonlinear coefficient.
Substituting Eq. (3) into Eq. (2) results in:

d2qc

dt2
+

R

L2
· dqc

dt
+

1
L2b1

qc +
1

L2b3
q3
c =

VE

L2
cos(ωt) (4)

Comparing Eq. (4) with Eq. (1), it can be observed that the mathematical model of Fig. 2(b) is a
Duffing equation. For simplicity, Eq. (4) can be rewritten as:

d2qc

dt2
+ k

dqc

dt
+ w2

1qc + αq3
c = μ cos(ωt) (5)

in which
k =

R

L2
, w2

1 =
1

L2b1
, α =

1
L2b3

, μ =
VE

L2

In order to analyze the nonlinear MC-WPT system with method of multiple scales, a dimensionless
expression of Eq. (5) is required. With a dimensionless variable τ = w1t introduced, Eq. (5) is
transformed into

d2qc

dτ2
+ k

′ dqc

dτ
+ qc + α

′
q3
c = μ

′
cos(Ω

′
τ) (6)
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in which
k

′
=

k

w1
, α

′
=

α

w2
1

, μ
′
=

μ

w2
1

, Ω
′
=

ω

w1

In addition, a dimensionless variable Q =
√

α
′
qc is introduced. Eq. (6) is finally converted into

d2Q

dτ2
+ k

′ dQ

dτ
+ Q + Q3 = F cos(Ω

′
τ) (7)

in which
F =

√
α′ · μ′

.

To determine the analytical approximation of Eq. (7), perturbation analysis is generally applied.
A small parameter ε (0 < ε < 1) is introduced. In this work, the forced oscillation at the primary
resonance is considered. To describe the approximation of excitation frequency to system natural
frequency, a detuning parameter σ is defined, and Eq. (7) is rewritten as:

d2Q

dτ2
+ Q + ε

(
ς
dQ

dτ
+ γQ3

)
= εF

′
cos((1 + εσ)τ) (8)

in which

ς =
k

′

ε
, γ =

1
ε
, F

′
=

F

ε

It is difficult to obtain the exact analytical solution of Eq. (8). However, by introducing multiple
timescales, the approximate analytical solution can be calculated with the method of multiple scales [35].
According to this method, a fast timescale T0 and a slow timescale T1 are respectively defined as:

T0 = τ, T1 = ετ (9)

Then, the derivatives with respect to τ are transformed into:⎧⎪⎨
⎪⎩

d

dτ
=

∂

∂T0
+ ε

∂

∂T1
= D0 + εD1

d2

dτ2
= D2

0 + 2εD0D1 + ε2(D2
1 + 2D0D1)

(10)

where Dn = ∂
∂Tn

(n = 0, 1).
Suppose that the solution of Eq. (8) is approximated by:

Q(τ ; ε) = Q0(T0, T1) + εQ1(T0, T1) (11)

Substituting Eqs. (9)∼(11) into Eq. (8), it can be obtained that{
D2

0Q0 + Q0 = 0

D2
0Q1 + Q1 = −2D0D1Q0 − ςD0Q0 − γQ3

0 + F
′
cos(T0 + σT1)

(12)

For the first equation in Eq. (12), the solution can be expressed as:

Q0(T0, T1) = A(T1)ejT0 + A∗(T1)e−jT0 (13)

where A(T1) is a complex valued amplitude function, and ∗ is a complex conjugate of the quantity.
Substituting Eq. (13) into the second equation of Eq. (12), it can be found that:

D2
0Q1 + Q1 =

[
−j

(
2

dA

dT1
+ ςA

)
ejT0 − 3γA2A∗ejT0 +

F
′

2
ejT0ejσT1

]
+ cc + NET (14)

where cc indicates the complex conjugate of the term in [ ], and NET stands for the terms that will
not produce secular terms.

To obtain a bounded solution of Eq. (14), the secular term should be eliminated that is:

−j

(
2

dA

dT1
+ ςA

)
ejT0 − 3γA2A∗ejT0 +

F
′

2
ejT0ejσT1 = 0 (15)
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The complex amplitude A(T1) in Eq. (15) can be expressed as:

A(T1) =
1
2
a(T1)ejβ(T1) (16)

where a(T1) and β(T1) are respectively the real-valued amplitude and angle.
Substituting Eq. (16) into Eq. (15), it results in that

j
da

dT1
− a

dβ

dT1
+ jςa +

3
8
γa3 − 1

2
F ′ cos(σT1 − β) − 1

2
jF ′ sin(σT1 − β) = 0 (17)

By separating the real and imaginary parts of Eq. (17), it can be obtained that⎧⎪⎪⎪⎨
⎪⎪⎪⎩

da

dT1
= −ςa − F

′

2
sinφ

a
dφ

dT1
= −

(
σa − 3

8
γa3 +

F
′

2
cos φ

) (18)

in which
φ(T1) = −(σT1 − β)

It should be noted that da
dT1

and dφ
dT1

in Eq. (18) is generally set to 0 for steady-state solution. Then
it can be obtained that:

F
′2 = 4a2

(
ς2 +

(
σ − 3

8
γa2

)2
)

(19)

where F
′
and a are referred to as driving force and amplitude.

For a fixed MC-WPT system, it can be found from the above analysis that F
′

is related to the
powering excitation amplitude linked to transmitting coil and the mutual inductance between coils.
Besides, the mutual inductance would also affect the parameter ς. The variation of transfer distance
would cause change of mutual inductance. In this work, the transfer distance is fixed, and we mainly
focus on the impact of driving force which reflects powering excitation amplitude. However, it should
be mentioned that the theoretical analysis is also applicable to the system operated at other transfer
distance.

3. NONLINEAR CHARACTERISTICS ANALYSIS

From Eq. (19), it can be found that the driving force has an impact on the amplitude. The variation of
the amplitude a against the driving force when ς = 0.1, ε = 0.8 is shown in Fig. 3, where ς is a system
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Figure 3. The variation of amplitude against driving force.
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related parameter, and ε is a small disturbance parameter. With the quasi-static increase of the driving
force, it can be observed from Fig. 3 that the dimensionless amplitude moves on the lower equilibrium
branch at first. Then a region with three coexisting solutions is observed where the solid line and dashed
line correspond to stable and unstable branches, respectively. Depending on the initial condition, the
steady-state solution of the system converges to one of two stable solutions. Jump behavior occurs at
the driving force F

′
0 = 1.6.

According to Eq. (7), the simulated phase locus and transient response when F
′
= 0.25 and F

′
= 2.5

are compared in Fig. 4. From Fig. 4(a) and Fig. 4(c), it can be found that the system is operated in
periodic state. However, by comparing Fig. 4(b) with Fig. 4(d), the transient responses are different for
the driving force smaller and larger than the jump point. The nonlinear MC-WPT system is operated
in periodic sinusoidal state when F

′
= 0.25 and in non-sinusoidal state when F

′
= 2.5. As Q =

√
α

′
qc

and τ = w1t, dQ
dτ can be regarded as an indicator of the current. Distortion is observed when the driving

force is larger. It should be noted that the nonlinear system is operated in periodic sinusoidal state
merely in a small range.

Based on Eq. (7), the bifurcation diagram is depicted in Fig. 5. It can be observed from Fig. 5(a)
that the nonlinear MC-WPT system is operated in periodic state when the driving force is smaller
than 40. Nevertheless, the nonlinear MC-WPT system is in the chaotic state once the driving force is
larger than 40. The related phase locus and transient response of the nonlinear system when F

′
= 50

are respectively given in Fig. 5(b) and Fig. 5(c). Comparing Fig. 5 with Fig. 4, obvious chaos state is
observed which should be avoided. To conclude, the nonlinear system is operated in the periodic state
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Figure 5. Nonlinear characteristics of the nonlinear MC-WPT system. (a) Bifurcation diagram. (b)
The phase diagram at the driving force of 50. (c) The transient response at the driving force of 50.

when the driving force is in the range of [0, 40]. As shown in Fig. 4, the periodic state mainly consists
of the periodic sinusoidal state and periodic non-sinusoidal state.

From the above analysis, it can be found that the state of the nonlinear system varies with the
increase of the driving force. Generally, the MC-WPT system is operated in the periodic sinusoidal
state which covers a small range of driving force. For efficient power delivery in a wider range of driving
force, how the nonlinear MC-WPT system operated in the periodic non-sinusoidal state can be made
use of is studied in this work. In the simulation, the driving force is set as 2.5. The frequency spectrum
of Fig. 4(d) is depicted in Fig. 6(a). It can be seen that the periodic non-sinusoidal state is caused by
high-order harmonics. To eliminate the high-order harmonics, an LC Chebyshev filter based waveform
correcting circuit is designed. According to the design principle of the Chebyshev filter [36], the number
and value of the inductors and capacitors are determined by advanced design system (ADS) software.
The inductors and capacitors are connected by a π-type structure. For the nonlinear MC-WPT system
operated in the periodic non-sinusoidal state, the waveform correcting circuit is shown in Fig. 6(b)
where Lf1, Lf2, Cf1, Cf2, and Cf3 are inductance and capacitance, respectively.

Figure 7 shows the waveform of dQ
dτ after adding the waveform correcting circuit. Comparing Fig. 7

with Fig. 4(d), the system state varies from the non-sinusoidal state to sinusoidal periodic state. It can
be found that the waveform correcting circuit is efficient in eliminating high-order harmonics. With
the waveform correcting circuit added, the restriction of the driving force on the nonlinear MC-WPT
system is eliminated, and the system can be operated in a much wider range.
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Figure 7. The transient response diagram with the waveform correcting circuit added.

4. EXPERIMENTAL VERIFICATION

In this section, a nonlinear MC-WPT system with a waveform correcting circuit is established, and
its performance in the periodic non-sinusoidal state is examined. The experimental setup is shown in
Fig. 8. A pair of anti-series connected varactor diodes (SMV1249) acts as a nonlinear capacitor in the
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Figure 8. Experimental setup of the nonlinear MC-WPT system.

receiver. Both of the transmitting coil and receiving coil are wounded with copper wire whose diameter
is 1.1 mm. For the two coils, the outer radius is 105 mm, and the inner radius is 45 mm. Besides, the
number of turns is 11, and the distance between turns is 5 mm. At the transmitting side, the transmitter
is connected with a signal generator via a power amplifier. At the receiving side, the receiver is linked to
the waveform correcting circuit and then connected to the load. According to the measured inductance
of the transmitter coil, the compensated capacitance at the resonant frequency of 1.25 MHz is calculated.
The design specification of the system is summarized in Table 1.

Table 1. Design specification.

Component Specification
Wire diameter 1.1 mm
Outer radius 105 mm
Inner radius 45 mm

Distance between turn 5 mm
Number of Turns 11 turns

Transmitting coil (L1) 21.8 µH
Receiving coil (L2) 20.5 µH

Primary capacitor (C1) 810 pF
Load Resistance (RL) 50 Ω
Nonlinear capacitance Anti-series connected varactor diodes (SMV1249)

Waveform correcting circuit
Lf1 = 14.7 nH, Lf2 = 14.7 nH, Cf1 = 2.24 nF,

Cf2 = 7.27 nF, Cf3 = 2.25 nF

In Section 2, it has been revealed that the variation of driving force is determined by the powering
excitation amplitude once the mutual inductance is fixed. In the experiment, the distance between coils
is fixed. To validate the performance of the waveform correcting circuit, the excitation amplitude of
the power is adjusted to make the system operate in periodic non-sinusoidal state. Fig. 9 compares
the measured voltage across the load. In Fig. 9(a), the voltage is shown when the waveform correcting
circuit is not added. It can be observed that the system is operated in the periodic non-sinusoidal state.
Fig. 9(b) shows that the voltage when the waveform correcting circuit is added. Comparing Fig. 9(b)
with Fig. 9(a), it can be found that the system is able to operate in periodic sinusoidal state with the
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Figure 9. The transient response of the voltage across the load. (a) Without the waveform correcting
circuit. (b) With the waveform correcting circuit.

waveform correcting circuit added. It should be noticed that the waveform correcting circuit is not
required for the periodic sinusoidal state.

5. CONCLUSION

In this paper, a nonlinear MC-WPT system based on Duffing resonance is studied. The associated
circuit model and mathematical model are established. It is found that the driving force has a direct
impact on the performance of the MC-WPT system. Then the effect of the driving force is studied
by simulation work. The result shows that the jump behavior occurs at the driving force of 1.6. To
further evaluate the nonlinear characteristics, the phase locus and transient response of the system are
investigated. It can be observed that the system is operated in periodic sinusoidal state when the driving
force is much smaller than 1.6. Besides, the system is operated in periodic non-sinusoidal state when the
driving force is larger than 1.6. However, once the driving force is too large, chaotic state is observed
from the bifurcation diagram, and it should be avoided. For efficient power delivery in a wider range
of driving force, the additional waveform correcting circuit is designed for the system operated in the
periodic non-sinusoidal state. The results show that the nonlinear MC-WPT system can be operated in
a wider range of driving force with the waveform correcting circuit added. Additionally, the robustness
to frequency variation is generally kept.
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