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A Simple Matrix Approach for Computing the Equivalent Resistance
and Unknown Components in Resistor Networks

Aris Alexopoulos”

Abstract—A method is presented for computing the equivalent resistance and the unknown
components of simple series and parallel resistor networks. The approach consists in taking the product
of a simple 2 x 2 matrix (N — 1) times, where N is the total number of components in the network.
The matrix approach originates from the study of continued fractions. Numerical computations only
require an algorithm that handles matrix multiplication.

1. INTRODUCTION

Resistor networks are fundamental to many electrical and electronic devices, and a method for computing
the equivalent resistance Rg or conductance 1/Rg is required. Finding the equivalent resistance then
allows determination of other unknown quantities such as voltage or current using Ohm’s law, V = I R,
for example. A large number of resistor networks can be reduced to resistors in a series-parallel
configuration with some exceptions such as the Wheatstone bridge circuit. For such networks there
is a requirement to determine the value of one or more unknown resistors in the network when a
required equivalent resistance Rpg is given.

For small networks, such an analysis can be done algebraically by reducing the parallel resistors to
series components and then summing all of them to obtain Rg or by solving the algebraic expressions for
the unknown component. A number of interesting networks have been analyzed using simple algebraic
techniques [1-3]. More complicated networks require sophisticated techniques such as Kirchhoff’s
approach or the simpler approach based on nodal potentials whose variables are the values of the electric
potential at the circuit’s nodes [4]. Other methods that have been used involve Green’s function [5] for
the computation of large networks, Laplace transforms [6] and variational approaches as an alternative
to Kirchhoff’s loop theorem [7].

The problem with these methods for computing the equivalent resistance or the value of unknown
resistors in large networks is that they can be very complicated and in some cases intractable. In what
follows, a new method is introduced that consists of the multiplication of a simple 2 x 2 matrix, (N —1)
times, where N is the total number of components in the network, see [8] for a good exposition of matrix
algebra. This allows easy computation of Rg or the computation for the unknown resistor values of a
network when Rp is given. For small resistor networks the matrices can be multiplied algebraically in
order to obtain closed form solutions if required.

2. THEORETICAL DEVELOPMENT

Consider the following optimization problem. A circuit design requires that the total resistance in the
circuit be equal to R = 17k(). Due to manufacturing costs, the cheapest resistors available that can
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be used to achieve this equivalent resistance have a value of R = 10k{2. How many R = 10k resistors,
which there are plenty of, can one use to produce the equivalent resistance? The answer is quite simple.
The number of resistors required z is:

Rp 17

=5 =10 1.7 (1)
Thus 1.7 x 10 k2 resistors are sufficient provided that one is a ‘whole’ 10 k€ resistor, and the other is a
0.7 kS resistor. This however is rather problematic as it is not possible to cut a 10 k2 resistor to match
the required fraction of 0.7k{). It is critical that all resistors have the value R = 10k and no other
resistor types are allowed. To resolve this problem, it is possible to use R = 10 k{2 resistors in a network
consisting of series and parallel combinations. For example, the resistors can be set out as shown in
Fig. 1 and it can be shown that the equivalent resistance of this network is indeed R = 17k{).
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Figure 1. One way to achieve an equivalent resistance of Ry = 17k using R = 10k{2 resistors is to
set them up in a network consisting of series and parallel arrangements as shown.

How was this arrangement of the R = 10k resistors made possible such that it resulted in the
required equivalent resistance of R = 17k{2? To understand how this was done, suppose that any
number x where z € RT, is written as two parts: x = [x] + {z}, where [z] is the integer part of z and
{z} is the fractional part of z. For example, (1) can be written as 1.7 = [1.7] + {1.7} = 1 + 0.7. Define
the fractional part of x to be {zo} = {x}. Then for n =0,1,2,... the following definitions are given:

Tn+1 = {x—ln} (2)
and 1
[EN [Zn41] + {Znt1} (3)

The use of Egs. (2) and (3) and why they are needed will become apparent shortly. In fact their use
will reveal how many R = 10k{2 resistors are needed in series and how many are needed in parallel
in order to facilitate the network design of Fig. 1 which achieves Rp = 17k} using only R = 10k{2
resistors. Since x = 1.7 can be written as z = 1 4 0.7, it is a matter of addressing the fractional part
{zo} = {x} = 0.7 using Egs. (2) and (3) for n = 0,1,2,.... Note that the number of values chosen for
n is such that the nth fractional term is zero, {z,} = 0. Alternatively n can be arbitrarily chosen to
terminate the process if a good enough approximation is achieved. Using (2) the following terms are
obtained:

1 1
=0: = —— =— =1428571...; =1 = 0.428571...
n =y T on ; [m] =1, {z}
1 1 . .
=1: = = = 2.3; =2 =0.3
" P27 TEY T 0.428571... i Lre] =2, {2} (4)
1 1
n=2: T3 —*—.:3; [x3]23,{x3}:0

- {z2} 03
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From Eq. (4), the last fractional term is zero when n = 2, hence n takes the values n = 0,1,2. Using
these values in Eq. (3) gives

1

@ = [71] + {1}

1
@ = [xo] + {z2} (5)
é = [s] + {3}

Starting from the last term in Eq. (5) and back-substituting the reciprocal of each term into the
expressions above, i.e., the last term is substituted into the second and then the second into the first
gives:

1
[z1] + 1
o] +
2 Tl o)
All the values in Eq. (6) have been calculated in Eq. (4) and substituting them gives
1
07=—t— (7)
o4 -
* 340
Then the equivalent resistance becomes:
1
r=17=1407=1+— (8)
1+ ——
24 =
+ 3

using Eq. (7) to replace 0.7. What does this all mean? To understand this expression, let all the 10k
resistors be represented by R, see Fig. 1. The requirement is the same as before, that is, to use the same
type of resistors in some series and parallel configuration so that in the end an equivalent resistance of
Rp = 17k is achieved. Thus starting with

R
WE =17 Rp=17R=R+0.7R (9)
the same process is followed as before using Eq. (2):
0o Lol L LAmSTL. Lo L 042857
nE M Ty TR T R MUTRVUT TR
1 R . .
=1: = = =2.3R; =2R =0.3R
" P27 T} T 0.428571... el = 2R, {2} (10)
1 1 3 3
n=2: r3=—==——=—; |23 = =, {r3} =0
O S S TR R Y

Substituting the values in Eq. (10) into Eq. (6) gives the following result for the equivalent resistance
R via Eq. (9):
1

R =R+ T T (11)
J— _|_ -
R R
2R+ —
* 3
Evaluating the right-side of Eq. (11) gives
1
R = 710 (12)

10
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since all the resistors in Fig. 1 have the same value R = 10. The form given by Eq. (11) has a very
important meaning. The series and parallel resistors alternate. To clarify this even more let series
resistors be denoted by s while parallel resistors by p, then Eq. (11) becomes:

1

Rp=s+ T

p+

(13)

25+ 1

3p
It should be clear now that as one moves from left to right in Fig. 1, there is one series resistor s
which is in parallel with one resistor p which in turn is in parallel with two series resistors 2s which are
themselves in series with three parallel resistors 3p. This is how the network of Fig. 1 was created so
that in the end it was possible to achieve the desired 17 k(2 using only 10 k{2 resistors.

As one moves from left to right in Fig. 1, there is an alternation between series and parallel resistors.
If either a series or parallel resistor is missing set s = 0 or p = 0 in Eq. (13). For example, if there is no
series resistor to begin with then the equivalent resistance becomes

Rp =0+
p+

. (14)

1
28+§

p

If instead, the first parallel resistor is removed or absent then p = 0 so that

1
1

1

28+§

p

R =R+
0+

(15)

and so on. The process that has been shown above is generalizable to resistor networks containing
different values for its series and parallel components. The other important observation is that the
analysis used to obtain Eq. (8) or (11) has allowed then to be written in a very familiar mathematical
form. They are in fact known as continued fractions and the reader can refer to [3] for their use in
circuit analysis. A ‘simple’ continued fraction x is defined as

1
x:ao—FKflV:la—:ao—F
n
ai +
as +

(16)
1
as+ ...

where Kflvzl means the fractional summation, and in this case the numbers or variables ag, a1, ... replace
the alternating series and parallel resistors. Whether a,, represents resistors or arbitrary numbers, they
can be written in a ‘pseudo-array’ structure A = [ag, a1, ...| that will be useful later on. The problem
with using continued fractions in resistor networks should be obvious. Continued fractions can become
complicated very soon especially for large resistor networks, and it can be very difficult to use them
in such an analysis. For this reason a simpler approach will now be discussed which only requires the
multiplication of a simple 2 x 2 matrix.

Let the continued fraction with components A = [ag, a1, az| be expanded as

1
A:a0+71 (17)

Define the Q-matrix as [9, 10]:
a an, 1
Q) = ( - > (18)
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The premise here is that by using the ()-matrix it is possible to represent any continued fraction such
as Eq. (17) as a product of the Q-matrices:

N-1
R= ][] Q" (19)
n=0

where N is the total number of elements in the array A. Then using Eq. (19), A can be obtained so

that it has the exact form as the continued fraction in Eq. (17) if
R
A="- 20
Rl (20)

Using the array elements and N = 3, Eq. (19) becomes

2
R = H Q(an) — Q(ao)Q(al)Q(az) (21)
n=0

B ag 1 a; 1 as 1 B (1 + aoal)ag +ag 1+ agay
R_<1 O)(l O)(l O)_< 1+ ajas aq (22)
Using Eq. (20), A becomes

ag + (1 + apaq)a a 1
A=20 ( 01)2:a0—|—72:a0+7 (23)
1+ ajas ajaz + 1 a1—|—i

a2

then

which is equivalent to Eq. (17). By induction this can be shown to be the case for n > 2. Thus not only
does the Q-matrix compute continued fractions, but it also computes the series and parallel components
of resistor networks in order to obtain such things as the equivalent resistance Rg or other properties.
These will be examined in more detail next.

2.1. The Q-Matrix and Resistor Networks

It has been established in the previous section that series-parallel resistor networks can be represented
by continued fractions. In turn it was shown that such continued fractions have an equivalence or
duality with the @)-matrix approach. This allows the analysis of resistor networks as follows. Let the
network resistor components in series be written as elements of the array:

A =lap,a1,a2, - ,an—1) = [Ro, R1,Ra,- - , Rn—1] (24)

where Ry, R;... are the resistor values for the network components. For resistor components in parallel
(shunt) configurations, the inverse is taken for the entries of the array A,

A - [CLO, ap,ag, - 7a’N71] = [1/R07 1/R17 1/R27 Tty ]-/RNfl] (25)
As an example of a network consisting of both types, the component array A can be written as:
A = [ag,a1,a2, -+ ,an—1] = [Ro, R1,1/Ra,- -+ , Rn_1] (26)

where ag = Rg,a1 = Rj are series resistors, and as = 1/Rs implies a resistor in parallel and so on,
see for example Fig. 2. In all cases, N is the total number of components in the network. Recall the

Q-matrix (18):
Qo) — ( o > (27)

Observe that when a component in array A is missing, a, is set to zero so that the Q-matrix takes on
a kind of ‘pseudo’-identity matrix. The matrix in Eq. (27) can be used to obtain the following product
for each component n of the array A as discussed in the previous section,

N-1
R = H Qo) = Q@) Qla)Qla) ... Qlan-1) (28)
n=0
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Then the network equivalent resistance Rp is obtained as:

_ B
Ry

Here (R11, R21) are obtained from the final product of all the matrices appearing in Eq. (28). It is worth
pointing out that the approach discussed above also works when the number of components is as small
as N = 1. In this case, the only contribution to R in Eq. (28) is Q(#0), and if ag is a series component
for example, i.e., ayg = Ry, then the equivalent resistance is merely Rp = Ry from Eq. (29) as expected.

So far consideration has been given on how to obtain the equivalent resistance Rr when series and
parallel resistors in a network are given. Another interesting problem is to determine what the values
of one or more resistors should be which achieve a desired equivalent resistance Rg. This is easily done
using the approach discussed above via the use of Eq. (29):

RER21 — R11 =0 (30)

for a given value of Rg. Suppose that a network contains IV resistors in series and parallel:

Rp (29)

N-1
R — H Qlan) = Q) Q) Qlaz) ... Qlaar) ... (31)
n=0

Let the component array be given as
A= [ao, a1,az,...,a21, ] = [Ro, 1/R1, RQ, ceey 1/R21, ] (32)

Assume that all resistors in Eq. (32) are known except Rs. For a given value of Rp, the problem requires
finding the numerical value of Rs. Since Ry and R; are known this implies that the product of the
@-matrices gives the final matrix

1
Q) Q) = ( Izo (1) ) ? (1) = ( ’O; ? ) (33)

where the elements «a, 3,7,0 are just numerical values. In a similar way, all matrices to the right of
Q(92) are multiplied out to give the final numerical matrix:

Q(azl)... = ( ; g > (34)
where once again €, (, 7,0 are numerical values. Then Eq. (31) becomes,
R:(a ﬂ>(R2 1><e C>:<om+e(5—|—ozR2) a@—l—((ﬁ—i—aRQ)) (35)
) 1 0 n 6 N+ €(6 +vR2) 0+ C(0 +YR2)

Obtaining Ro; and R;; from Eq. (35) and using Eq. (30), the unknown resistor Ry can be extracted
from the expression
Be 4+ an — Rg(de +vn)
Ry =
e(Rey — «)
where Rp is given. The theory developed here will be applied to a couple of simple resistor networks
in the next section.

(36)

3. APPLICATION TO RESISTOR NETWORKS

In order to elucidate the approach presented in the previous section, two simple resistor networks will
be considered here. These networks also have the added benefit that closed form solutions can be
obtained for comparison. For larger networks, closed form solutions can become horrendously complex
and intractable and so numerical techniques are needed which are usually too inefficient. On the
contrary, implementing the approach described here makes large network analysis rather simple and
straightforward.
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Figure 2. A simple ‘ladder’ resistor network consisting of N = 4 resistors in a series and parallel
configuration.

3.1. Analysis of Network 1

Consider the ‘ladder’-network shown in Fig. 2 that has N = 4 resistor components. A component array
A is constructed by entering the resistors as they are encountered from left to right. Thus for Fig. 2,
the array becomes A = [ag, a1, a2,a3] = [Ro,1/R1, R2,1/R3]. It is important to note that this series-
parallel sequence is preserved for all computations. In other words, suppose that the parallel resistor Ry
is removed from the network, then the number of components is still N = 4 but we set the entry to zero
for this missing component in the array: A = [ag, 0, ag, a3] = [Ro, 0, R2,1/R3]. For this scenario, finding
the equivalent resistance Rp is trivial since it is only the sum of the resistors: Rp = Ry + Ro + R3. It
can be shown that the matrix approach also gives the same result as follows. If A = [Ry,0, R2,1/R3]
then:

3
R = H Qo) = Q@) Qla)Qla2) Qlas) (37)
n=0
Multiplying the @-matrices out means that the matrix R becomes:
Ry + Ro + R3
o (o LY(O0 LN( R 1Y (4 1)_ Ry Fo + F 38)
L1 0 10 1 0 1 0/ 1 )
R3
The equivalent resistance is obtained from:
Ro+ Ry + R3
R
Rp="_ s R R R (39)
Roy 1
R3

as expected for resistors in series. Next, consider the case where R; is reinstated again in the network
as in Fig. 2. Then the component array is A = [ag, a1, a2, a3] = [Ro,1/R1, R2,1/R3]. Before obtaining
Rp for this network configuration using the matrix approach, a closed form solution can be derived in
algebraic form for comparison. The solution for Rr becomes:

_ Ro[R1 + Ry + R3] + R; [R2 + R3]
Ri + Ro+ R3

The algebraic result in Eq. (40) is obtained by the reduction of parallel components to series components

and then summing them starting from the right and moving to the left in order to obtain the equivalent

resistor Rg. The @-matrix approach can also be used in algebraic form to obtain the same result for
verification. Using Eq. (37) gives,

REg

(40)

1 1

Ry 1 — 1 Ry 1 — 1
R_(100) iz (120> Hs
1 0 1 0
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R
Ro+ R <1+—°>

Ry Ry Ry + Ry
14+ — Ry+ R
_ + R1 + Rg + 2 |: Rl :| (41)
1 R+ Ro Ry
R - 4 1 _“
Ry * RiR3 + Ry

where the second matrix is no longer the identity because the component R; is now included as shown
in Fig. 2. The equivalent resistance is given by:
R
Ro + Ry <1 + —0>

Ry
14 -0
Re — B i Ry - Rs
" Ra 1 Rith
Ry R1R3
_ Ro[R1+R2+R3]+R1[R2+R3] (42)
Ri+ Rs+ R3

which is equal to Eq. (40) as expected. Let the values of the resistors in Fig. 2 be given as Ry = 12,
R1 =30, Ry =50 and R3 = 4. Substituting these values into Eq. (42) gives the equivalent resistance
as Rp = 3.25Q). Suppose that instead Rp = 3.25() was given, as well as the resistor values except
Ry =7, then the problem requires finding the value of Ry by using Egs. (30)—(36) as discussed in the
previous section. Since the network of Fig. 2 has already been solved in closed form, use of Eq. (42)
can be made. Rearranging Eq. (42) for the unknown resistor Ry gives:

Ry — Ro(Rl +R3) + R1R3 —RE(Rl +R3) _ T+12—-325%x7 50 (43)

RE—(R0+R1) 3.25 -4

as expected. Typically for very large networks, closed form expressions become impractical so that
numerical multiplications of the ()-matrices are easiest.

3.2. Analysis of Network 2

The second example consists of the slightly more complicated network as shown in Fig. 3. Let the
resistors in Fig. 3 take the values: Ry =18, Ry = 12, Re = missing, R3 =4, Ry =1Q, R5 =104,
Rg = 2Q and R; = 8. Recall that the missing resistor Ry must be accounted for in the array
A by setting its value to zero: A = [ag,a1,as,as,aq4,a5,a6,a7] = [1,1/12,0,1/4,1,1/10,2,1/8]. The

R, (missing)

o——

O

Figure 3. A resistor network consisting of N = 8 resistors in a series and parallel configuration. Even
though R, is missing from the network, it is still counted as a component but its value is set to zero in
the component array A.
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equivalent resistance for the network is obtained via
7

R = H Q(an)

GO

9/4 82/15
- ( 3/4 34/15 ) (44)

The equivalent resistance for the network shown in Fig. 3 finally gives:

— R =
(e} =
7N
—_ =
S =
N———
=y

(e} =
7 N
= DN
O =
N
— ool =
o =

R
Rp 1

ot (45)

Al | ©

The problem of determining the value of a component when the equivalent resistance is given is now
revisited. Setting Rp = 32, what should the resistor R be if all other components have values as given
before? To determine this use is made once again of Ro1 R — R11 = 0. Multiplying all the Q-matrices
with the last one containing Ry gives:

R - ( 47/30 82/15 ) ( R% 1 ) 47/30+(82/15)Ri7 82/15

_ 46
/15 34715 Lo 7/15+(34/15)Ri 34/15 10)
7

Then using 3Rs; — R11 = 0 and solving for R7 gives the expected value Ry = 8€2. On the other hand
if there are multiple unknown components that need to be determined for a given Rpg, the process is
the same except that the equation for their solution takes the form R, + R, + R, + ... = C, where
C represents all the other known resistor components. An equation such as this is known as a linear
Diophantine equation [11] and solving for R,, Ry, R.,... is well documented. For example, consider
Fig. 2 and suppose that R and all other resistor values are given as before except for Re and R3. This
network has been solved above and is given by Eq. (42). Re-arranging for Ry and R3 gives:

(Ro — Rp)Ry
Rp— Ry — Ry
Substituting all the known values on the right side of Eq. (47) gives the Diophantine equation:
Ry + R3 = 9 which can be solved using a Euclidean algorithm to obtain the solutions (Rga, R3) =
[(1,8),(2,7),(3,6),(4,5),(5,4),(6,3),(7,2),(8,1)]. These are the possible values that the resistor
components Ry and Rs3 can take for a fixed Rp = 3.25. The set also includes the original values

for them, namely Ry = 5 and R3 = 4. Some of these solutions can be obtained by inspecting the
Diophantine equation; however for a larger number of unknown components, this is not so easy.

Ry + R3 = (47)

4. CONCLUSION

A simple matrix method has been proposed that allows computation for the equivalent resistance as
well as the determination of unknown components in simple resistor networks. It can also be used to
compute continued fractions. It is computationally efficient since it only requires the multiplication of
a 2 x 2 matrix (N — 1) times where N is the total number of components in the network.

REFERENCES

1. Saggese, A. and R. De Luca, “A fractal-like resistive network,” Eur. J. Phys., 065006, 2014.
2. Mungan, C. E. and T. C. Lipscombe, “Babylonian resistor networks,” Fur. J. Phys., 531-537, 2012.



134

10.

11.

Alexopoulos

Fry, T. C., “The use of continued fractions in the design of electrical networks,” FElec. Net., 463—498,
1929.

Kagan, M., “On equivalent resistance of electrical circuits,” Am. J. Phys., Vol. 83, 53-63, 2015.

Cserti, J., “Application of the lattice Greens function for calculating the resistance of an infinite
network of resistors,” Am. J. Phys., Vol. 68, 896-906, 2000.

De Carlo, R. and P.-M. Lin, Linear Circuit Analysis: Time Domain, Phasor, and Laplace
Transform Approaches, Oxford University Press, USA, 2001.

Baak, D. A. V., “Variational alternatives to Kirchhov’s loop theorem in dc circuits,” Am. J. Phys.,
Vol. 67, 36-44, 1999.

Kreyszig, E., Advanced Engineering Mathematics, 5th Edition, Wiley & Sons, 1983.

Alexopoulos, A., “Binary circular inclusions in an effective medium approximation,” Phys. Lett. A,
385-392, 2005.

Alexopoulos, A., “Quantum scattering via the discretisation of Schrodinger’s equation,” Phys. Lett.
A, Vol. 363, 66-70, 2007.

Carmichael, R. D., The Theory of Numbers, and Diophantine Analysis, Dover, New York, 1959.



