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Analysis of Resonant Characteristics of E- and H-Plane Waveguide
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Abstract—A general resonant condition for rectangular waveguide junctions operating in the single
mode regime of the main waveguide is formulated based on previously developed mathematical models.
We will consider three types of junctions with various side arms: T-oriented semi-infinite waveguide
with an impedance end wall, semi-infinite waveguide oriented in line with main waveguide, and infinite
perpendicularly oriented waveguide. The main waveguide is coupling with the side arm through a
narrow slot, and it has a dielectric inclusion in the coupling region. As a result of the analysis of the
resonance characteristics for the indicated types of waveguide devices, the correctness of the application
of the general resonance condition is substantiated. The possibility of neglecting the imaginary part
of the permittivity of the inclusion material in calculations is confirmed by a satisfactory agreement
between the numerical results and experimental data for an isolated inclusion.

1. INTRODUCTION

E- and H-plane waveguide junctions are widely used in modern UHF and EHF antenna-waveguide
technologies [1–8]. As side arms of the waveguide junctions various electrodynamic volumes can be used:
infinite and semi-infinite waveguides, resonators, etc. As well known, waveguide structures operating in
beyond-cutoff frequency ranges are characterized by high signal attenuation; therefore, beyond-cutoff
waveguide sections have now found only limited application as load elements of high-Q resonators.
The interest in the beyond-cutoff waveguides had reappeared due to development of devices capable
to concentrate microwave power in a local area. Therefore, they can be applied to study the effect of
microwave fields on various substances and biological materials. In this case, it is required to ensure the
availability of the irradiated sample during the experiment for monitoring its state or the possibility of
its movement along the waveguide. The first requirement can be satisfied by using an open area of the
beyond-cutoff rectangular waveguide, excited by a narrow slot.

In any case, the control problem of waveguide devices by a non-mechanical method is still relevant.
The impedance coatings of monopole inclusions as control elements of power dividing between the
output arms of E-plane waveguide T-junction with a slot coupling were proposed in [5]. The use of a
dielectric inclusion as an element controlling energy and resonant characteristics of waveguide junctions
was proposed to use in [6–8]. However, in these publications, the general condition of the waveguide
devices operating in resonant mode was not formulated. This paper is aimed at solution of this problem.
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2. DIFFRACTION PROBLEM ANALYSIS

Consider three types of waveguide junctions shown in Fig. 1. Let a narrow transverse coupling slot cut in
a broad wall of an infinite rectangular waveguide with cross-section a× b radiate into a side rectangular
waveguides with cross-section a1 × b1. The slot length and width are 2l and d, respectively, and the
thickness of waveguide wide wall is h. The walls of the coupling waveguides are perfectly conducting,
except for the end wall of the side waveguide in the T-junction (Fig. 1(a)), which is with distributed
surface impedance. The side waveguides of all junctions are hollow, while a dielectric inclusion with
permittivity ε = ε′−iε′′ and permeability μ = 1 is located under the coupling slot in the main waveguide.
The inclusion length is c. The main waveguide is excited by H10-wave of unit amplitude propagating
from the direction z = −∞. We connect the system of rectangular coordinates (x, y, z) with the main
waveguide and with the side ones (x̄, ȳ, z̄), as shown in Fig. 1.

(a) (b) (c)

Figure 1. Configuration of the waveguide junctions with local dielectric inclusions: (a) T-junction; (b)
directional coupler; (c) cruciform junction.

The unknown field inside the slot can be determined by applying continuity conditions for tangential
components of magnetic fields on the slot surfaces s1 and s2, facing the main “i” and side “e” waveguides
which are coupling through the slot cavity “v”. The continuity conditions are reduced to two functional
equations for the tangential components of the electric field vectors, �es1 and �es2, on the slot surfaces:{

s1 ⇒ �H i
τ (�es1) + �H i

0τ = �Hv
τ (�es1) + �Hv

τ (�es2) ,

s2 ⇒ �Hv
τ (�es1) + �Hv

τ (�es2) = �He
τ (�es2) ,

(1)

where the fields �H i
τ (�es1), �He

τ (�es2), �Hv
τ (�es1), �Hv

τ (�es2) are tangential to the slot plane components in
the corresponding electrodynamic volumes, excited by the fields �es1 and �es2, and �H i

0τ is the tangential
component of the magnetic field vector inside the dielectric inclusion not perturbed by the H10-wave
incident on the slot.

The system of functional equations (1) can be solved by the method of moments (Galerkin’s
method). The fields �es1 and �es2 can be approximated by a set of vector basis functions

�e1q = �z 0 1
d

sin
qπ

2l
(x − x0 + l), �e2q = �̄y 0 1

d
sin

qπ

2l
(x̄ − x̄0 + l) (2a)

for waveguide junctions shown in Figs. 1(a) and 1(b), and for the cruciform junction (Fig. 1(c))

�e1q = �z 0 1
d

sin
qπ

2l
(x − x0 + l), �e2q = �̄x 0 1

d
sin

qπz̄

2l
, (2b)

where �x 0, �̄y 0, �z 0 are unit vectors of the axes (x, ȳ, z), and q = 1, 2, ..., Q. If we assume that the
field distribution in direction perpendicular to the slot axis is constant, the fields �es1 and �es2 can be
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represented as follows:

�es1(2) =
Q∑

q=1

V̇1(2)q�e1(2)q. (3)

Here V̇1q, V̇2q are the unknown complex amplitudes which are solution of a system of linear algebraic
equations (SLAE), derived by the Galerkin’s method, and in this case takes the form:⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

Q∑
q=1

V̇1q

(
Ẏ i

11, pq + Ẏ v
11, pq

)
+

Q∑
q=1

V̇2qẎ
v
12, pq = Ḟ 1

p ,

p = 1, 2, ..., Q,
Q∑

q=1

V̇1qẎ
v
21, pq +

Q∑
q=1

V̇2q

(
Ẏ v

22, pq + Ẏ e
22, pq

)
= 0.

(4)

The SLAE terms in Eq. (4) have the following dimensions: the matrix elements Ẏ i, v, e
mn, pq are conductivities;

the amplitude coefficients V̇1q and V̇2q are the voltages; the terms Ḟ 1
p are magnetomotive forces (MMF).

The conductivities and MMF are defined as in [9]. The total field under the slot is represented by
the sum of two fields with different structures: the field in an infinite waveguide completely filled
with a dielectric and the field caused by multiple reflections at the “dielectric-air” interfaces. The slot
conductivities Ẏ e

22, pq in the side waveguide were defined in [6–8]. Here we give an expression Ẏ e
22, pq for

the structure shown in Fig. 1(a), which we will need in the future:

Y e
22,pq = − pq

120πa1b1

( π

2l

)2
∞∑

m=0

∞∑
n=0

(2 − δ0m)(pπ

2l

)2 −
(

mπ

a1

)2

(2 − δ0n)(qπ

2l

)2 −
(

mπ

a1

)2

×Cmn

[
Z̄SW γmn +

k2 − (mπ/a1)
2

k

][
sin
(

nπd

2b1

)/
nπd

2b1

]2

cos2 nπ

b1

(
ȳ0 +

d

2

)

×
[
sin

mπ

a1
x̄0 + (−1)p+1 sin

mπ

a1
(x̄0 + 2l)

] [
sin

mπ

a1
x̄0 + (−1)q+1 sin

mπ

a1
(x̄0 + 2l)

]
, (5)

where δ0m, δ0n are the Kronecker symbols; x̄0 and ȳ0 are the distances between the slot center
and the narrow and wide waveguide walls, respectively: Cmn = k(1+Z̄2

SW )

kγmn(1+Z̄2
SW )+Z̄SW (k2+γ2

mn)
, γmn =√

k2 − (mπ/a1)2 − (nπ/b1)2, k = 2π/λ, λ is the wavelength in free space, and Z̄SW = R̄SW + iX̄SW is
the complex normalized distributed surface impedance.

Energy characteristics of waveguide devices can be easily determined when unknown amplitudes
V̇1q and V̇2q are found as solution of the SLAE in Eq. (4). The reflection coefficient of the dielectric-slot
structure in the main waveguide, S11, is defined as the sum of the amplitude of the H10-wave reflected
from the dielectric inclusion and the amplitudes of the waves excited by all field harmonics in the
slot which propagate in the direction z < 0 and pass through the “dielectric-air” interface with the
transmission coefficient T−1 = 1 + (γε

10 − γ10)/(γε
10 + γ10). We can easily obtain that

S11 = −
2i
[
(γε

10)
2 − γ2

10

]
sin(γε

10c)

(γε
10 + γ10)2eiγε

10c − (γε
10 − γ10)2e−iγε

10c

+
Q∑

q=1

4V1q · U1(q)
iωbdπ

sin
(

γε
10d

2

)
e−iγε

10z0
(γε

10 + γ10) − (γε
10 − γ10)e−2iγε

10(c−z0)

(γε
10 + γ10)2 − (γε

10 − γ10)2e−2iγε
10c

, (6)

where U1(q) =
[

π
a cos qπ

2 sin
(

πl
a

)− qπ
2l cos

(
πl
a

)
sin qπ

2

]
sin
(

πx0
a

)/[(
π
a

)2 − ( qπ
2l

)2], γ10 =
√

k2 − (π/a)2,

γε
10 =

√
k2ε − (π/a)2.
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The transmission coefficient S12 is calculated by determining the sum of the H10-wave amplitude
passing through the inclusion and the amplitudes of the waves excited by all field harmonics in the slot
propagating in the direction z > 0 which have passed through the “dielectric-air” interface with the
coefficient T1 = 2γε

10e
−i(γε

10−γ10)c
/

(γε
10 + γ10). Thus, we can write

S12 =
4e−i(γε

10−γ10)c

(γε
10 + γ10)2 − (γε

10 − γ10)2e−2iγε
10c

×
{

γ10γ
ε
10 +

Q∑
q=1

V1q · U1(q)
iωμbdπ

sin
(

γε
10d

2

)[
(γε

10 − γ10)e−iγε
10z0 − (γε

10 + γ10)eiγε
10z0
]}

. (7)

The power transfer coefficient to the upper waveguide |Se|2 can be found by the formula

|Se|2 =
2

ωbγ10π2
/
a1

Re
∑

p

∑
q

V̇2pV̇
∗
2qY

e
pq, (8)

where sign “∗” means the complex conjugate.
In [6–9], the resonant condition for the waveguide junction operations was not formulated. If the

wall between the coupling waveguides is infinitely thin, the resonant condition can be obtained by using
in Eq. (3) only one approximating function. Usually, this condition is reduced to

Im
(
Ẏ i

11, 11 + Ẏ e
22, 11

)
= 0. (9)

Of course, the requirement in Eq. (9) becomes inapplicable to arbitrary thickness of the waveguide walls
and function systems in Eq. (3). Then, the resonant condition should be formulated based on other
approaches, such as an input impedance concept of waveguide junctions.

In [10], the correctness of the expansion

S11 =
Z − Z0

Z + Z0
, (10)

valid for dielectrics inclusions with material parameters ε = ε′ − iε′′, μ = μ′ − iμ′′ placed in rectangular
waveguides was proved. In Equation (10), Z is the wave impedance of the waveguide filled with the
dielectric material, and Z0 = 120π/

√
1 − (λ/2a)2 is the wave impedance of a hollow waveguide operating

in the single-mode regime. From Eq. (10), it is not difficult to obtain

Z = Z0
1 + S11

1 − S11
. (11)

Formula (11) can also be applied to the junctions if the inclusion area including the coupling slot in the
main waveguide can be interpreted as a volume filled with a dielectric with effective material parameters
(εef ;μ). Then, it is possible based on Eq. (11) to express the resonance condition in the traditional for
the electrodynamics theory form

Im
(

1 + S11

1 − S11

)
= χ = 0, (12)

where S11 can be determined by Equation (6) with parameters (εef ;μ). Of course, to find εef = ε′ef−iε′′ef
from the solution of the inverse problem is no less difficult problem than solving the direct diffraction
problem. However, in the resonant mode, we can assume that the radiated energy loss through the
slot into the adjacent waveguide can be defined only by the imaginary part of the effective permittivity
ε′′ef . Then, we can suppose that substituting ε′ef ≈ ε′ into the relation (12) is applicable, that is, the
resonant condition in Eq. (12) is valid if ε′ef ≈ ε′. Next, we confirm the hypothesis put forward by the
results of numerical simulation.
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3. NUMERICAL AND EXPERIMENTAL RESULTS

Formulated condition in Eq. (12) is a multi-parameter transcendental equation with respect to the
resonant wavelength λres . Undoubtedly, its solution is much more complicated in the case of a complex
value of the permittivity, since the remaining input parameters of the equation are real values. This
situation can be avoided if we neglect (due to smallness) the influence of the values of the imaginary
parts ε′′(ε′′ef ) on λres .

Indeed, according to the results of numerical simulation, the value λres turns out to be almost
independent of the choice of the imaginary part of the permittivity (which corresponds to general
physical principles). This conclusion is confirmed by those results presented in Fig. 2 and Fig. 3. Fig. 2
shows the range of energy characteristics (|S11|2 and |S12|2) for insulated inclusions of epoxy-resin,
which are characterized by relatively large losses, ε = 3.0 − i0.105. We note that in both cases, the
extrema of the dependences of the energy coefficients coincide in frequency, and the amplitudes of the
transformation of the dependences decrease. However, in the vicinity of resonances of minimal wave
reflection from the inclusion, the values |S11|2 increase with increasing losses in the dielectric. This is
due to a decrease in the amplitude of the secondary wave that has passed through the inclusion and
quenches the incident wave.

8.0 8.4 8.8 9.2 9.6 10.0 10.4 10.8
0.0

0.2

0.4

0.6

0.8

2

11

12

f, GHz

2
|S   |  , |S   |12 11

2 2

Figure 2. The dependences of energy coefficients for the isolated (without slot) inclusions at a = 23 mm,
b = 10 mm, c = 54 mm: |S11|2 — curves 1, |S12|2 — curves 2; solid — ε = 3.0 − i0.105, dashed —
ε = 3.0, circles — experimental data.
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Figure 3 shows the dependences of the real and imaginary components of the partial conductivity
of the slot Ẏ i

11, 11 in the waveguide with a dielectric inclusion, calculated by the formula [9]:

Y i
11, pq =

2
iωμ0abd2

∞∑
m=1

∞∑
n=0

(2 − δ0n)Um(q)Um(p)
(γε

mn)3
[
k2ε − κ2

m

]

·
(

dγε
mn − sin γε

mnd + 2i
(

sin
γε

mnd

2

)2
)

− 4
abd2

∑
m, n

(2 − δ0n)
γε

mn

· Um(q)Um(p)
κ2

m + κ2
n

(
sin

γε
mnd

2

)2

·
{

κ2
m

RM−μ

ωμ
× e−2iγε

mn(c−z0) − 2RM−μe−2iγε
mnc + e−2iγε

mnz0

1 − RM
μ RM−μ

+ κ2
n

ωεRe−μ

(γε
mn)2

·e
−2iγε

mn(c−z0) + 2Re−μe−2iγε
mnc + e−2iγε

mnz0

1 − Re
μRe−μ

}
, (13)

where p = q = 1, γε
mn =

√
k2ε − κ2, κ2 = κ2

m + κ2
n, κm = mπ/a, κn = nπ/b,

Re−μ = γε
mn−εγmn

γε
mn+εγmn

, RM−μ = γε
mn−γmn

γε
mn+γmn

, R
e(M)
μ = R

e(M)
−μ e−2iγε

mnc,

Um(v) =
[
κm cos vπ

2 sin(κml) − vπ
2l cos(κml) sin vπ

2

]
sin(κmx0)

/[
κ2

m − (vπ/(2l))2
]
.

As can be seen from Fig. 3, if the losses in the dielectric are taken into account, the values Re(Ẏ i
11, 11)

change substantially, in contrast to the values Im(Ẏ i
11, 11) for which the changes turn out to be small.

Such changes in the type of dependences of the imaginary part of the conductivity are associated
with a manifesting effect, similar to the imperfect “quenching” of the incident wave, in the region of the
slot. Moreover, for fixed z0 and d there is a shift in the frequency range of the resonant length of the
slot (when Im(Ẏ i

11, 11) → 0). As shown in the simulation results, for dielectric loss tangent satisfying the
inequality tgδ = ε′′

ε′ ≤ 0.1, this shift does not exceed 1% of the value λres . We note that such a numerical
estimate is comparable in magnitude with the accuracy of calculating the value of the imaginary part
of the slot conductivity [9]. Thus, for dielectrics with tgδ ≤ 0.1 an accuracy of determination λres from
condition (12) in the approximation ε′ef ≈ ε′ it turns out to be a limited interval ±0.01λres .

The obtained estimate of the accuracy of determination λres was confirmed by numerical studies
for all three types of waveguide junctions, whose configurations are presented in Fig. 1. For example,
Fig. 4 shows the results of calculations of the energy characteristics for the T-junction (Fig. 1(a)). For
the main waveguide with a dielectric inclusion (ε = 1.2), the parameters are stored as in Fig. 3, and
for the side waveguide section with an ideally conducting end, the following parameters were adopted:
a1 = 23 mm, b1 = 10 mm, x01 = a1/2, y01 = b1/2.
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Figure 4. The energy characteristics of the T-junction as functions of slot electrical length: |S11|2 —
curve 1, |Se|2 — curve 2, χ — curve 3.
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It should be noted that the use of the approximation ε′ef ≈ ε′ here, which essentially ignores the
possibility of correctly taking into account the internal losses in the waveguide device, does not allow
us to directly consider cases R̄SW > 0 for coating the end of the side waveguide in the T-junction.
However, for variants of purely imaginary impedance Z̄SW = iX̄SW , by changing the value of which
the level of transmitted power to the side waveguide can be adjusted [7], the method proposed above
(within the established limits) can be successfully applied. In confirmation of this Fig. 5 presents the
results of calculations of the characteristics of T-junctions for the cases of impedance ends of the side
waveguides with Z̄SW = i0.03 (Fig. 5(a)) and Z̄SW = i0.05 (Fig. 5(b)). In the first case, the value of
the dielectric constant of the inclusion was assumed to be equal ε = 1.13, and in the second — ε = 1.12
(the remaining parameters of the junction were saved as for Fig. 3).
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Figure 5. The energy characteristics of the T-junction as functions of slot electrical length: |S11|2 —
curve 1, |Se|2 — curve 2, χ — curve 3. (a) Z̄SW = i0.03, ε = 1.13; (b) Z̄SW = i0.05, ε = 1.12.

4. CONCLUSION

Models of waveguide devices [6–8], containing a dielectric inclusion in the main waveguide in the region of
the coupling slot, allow one to study the energy characteristics of the junctions of rectangular waveguides
with different cross-sections, provided that the main waveguide operates in a single mode. It was found
that for a given wavelength, the selection of the electrical parameters of the waveguide devices (any of
the types considered) can provide, in the interval 0 ≤ |Se|2 ≤ 0.84, the required level of power transfer
from the main waveguide to the side. It is also shown that regulation over a wide range of the level of
power transfer to the side waveguide can be ensured by changing both the value of the permittivity of
the inclusion and the value of the impedance distributed at the end of the side waveguide. Regardless
of the electrodynamic type of the lateral volume, small changes in the permittivity of the inclusion (of
the order of several percent) are sufficient to control the level of power transfer within.

The resonance characteristics of waveguide junctions with local dielectric inclusions are analyzed.
A general resonance condition is formulated for a number of waveguide junctions in the range of single
mode operation of the main rectangular waveguide containing a dielectric inclusion in the region of the
coupling slot. Based on numerical modeling, it was found that for dielectrics with dielectric loss tangent
tgδ ≤ 0.1, the accuracy of determining the resonant wavelength λres from the resonance condition in
the approximation εef ≈ ε′ is limited to ±0.01λres .
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