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Anomalous Extinction Efficiency of Two Dimensional Particles
in the Visible

Sharhabeel Alyones1, 2, *, Charles W. Bruce2, and Michael Granado2

Abstract—In this article we theoretically investigate the visible extinction efficiency that can be
obtained using a two dimensional particle. We show that extinction efficiencies up to the upper limit can
be obtained from two dimensional particles (thin circular disks or flakes) compared with one dimensional
(fibers) and three dimensional particles (spheres). Features of the theory of electromagnetic extinction
by thin circular disks are thoroughly investigated for wide size and material contents parameters in
the visible. The results of this article are of importance for the search of efficient aerosol attenuative
candidates in the visible spectral region.

1. INTRODUCTION

Manufactured high efficiency attenuative particles across the electromagnetic spectrum have been
investigated for decades. Particle’s shape, size, and material contents effects on the attenuation efficiency
have been investigated theoretically and experimentally across the electromagnetic spectrum in search
for the best attenuation particle candidate. Theoretical and experimental research on particles that
are essentially one dimensional (i.e., fibers) and can have high mass or volume normalized attenuative
properties at either long (centimeter) or short (visible and infrared) wavelengths have been reported
in recent decades [1–12], where both analytical [1] and numerical [2, 3] solutions of the problem of
electromagnetic scattering and absorption by fibers have been developed and verified experimentally [7–
12]. Two dimensional particles (i.e., thin discs) have been extensively studied across the electromagnetic
spectrum [13–21]. For two dimensional circular thin disks, an exact, modified, and improved version
of a moment method code (CWW code) was developed by Willis and Weil for the calculation of
electromagnetic scattering and absorption by thin circular disks [13]. CWW code has restrictions
of use to be accurate, and these restrictions as reported by Willis and Weil are: kt < 0.5, kd/2 < 12,
and 1 < d/2t < 10000, where k is the free space wave number, t the thickness of the disk, and d the
diameter. The first and third restrictions are intrinsic consequences of approximations made in the
analytic evaluation of certain integrals in the moment method matrix element calculations, while the
second restriction is not intrinsic to the method but depends on the number of discretizations made
over the size parameter kd/2, and the larger the discretization number made the larger kd/2 values
are covered by the code. Two dimensional thin disks show promising candidates for aerosol attenuative
particles, while three dimensional particles (i.e., spheres), on the other hand, tend to produce lower
extinction efficiency due to their mass [14–17, 22–26]. For three dimensional spherical particles, the
problem of electromagnetic scattering has been solved exactly using Mie scattering theory [22–24].

Fundamental theoretical upper limits of the extinction, scattering, and absorption efficiencies
regardless of shape and size at any given wavelength have been reported by Miller et al. [27, 28] and
verified experimentally for randomly oriented silver nanodisks in the visible and near infrared spectral
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regions [17]. The percentages of upper limit for different metallic shapes (silver), including ellipsoids,
coated spheres, pinched tetrahedron, torus, and bow-tie antenna, that can be achieved, have been
reported in [28]. To date, the reported highest orientational average extinction efficiency (extinction
cross section per unit mass), up to 10 m2/g, in the visible spectral region (at Wavelength λ = 500 nm),
can be obtained from one dimensional graphite particles (i.e., fibers) [8] and two dimensional nanodisks
silver particles [17]. Hlaing et al. [29] reported that a 10 nm diameter silver sphere would produce an
extinction per unit volume of 150 (µm)−1 which corresponds to about 27 m2/g at 423 nm wavelength,
but using the exact Mie theory or the quasistatic approximation, the calculated efficiency would be in
the order of 1 m2/g regardless of the source of silver refractive indices used in the calculation, which
contradicts the reported value by Hlaing et al.

In this study we introduce a comprehensive theoretical investigation of the potential of two
dimensional (i.e., flake or circular disk) options for attenuative particles and provide comparison with
fibers and spheres specifically for the visible spectral region. This study is not limited to quasistatic disks
where the wavelength is much greater than the disk, and the CWW code applies to disks larger than the
wavelength. What makes this issue of particular scientific interest is the difference in mechanisms: In
the IR, conducting disks are used to carry currents to resonant dimensions, among many other currents
while in the visible multiple mechanisms produce the optical absorption and scattering. In the visible,
surface currents are produced by plasmonics and quantum activity from available states. This paper
examines the net optical properties in the visible and encounters results such as the existence of sharp
resonances for dielectrics with high values of refractive index [30], which, for example, enables the use
of thin disks as building blocks for meta-structure designs.

2. NUMERICAL CALCULATIONS

The input parameters in our calculations are the complex refractive index and the dimensions of the
disk (i.e., thickness and diameter). We have not investigated non-circular geometries and it is worth
mentioning that the induced currents would be different around other form affecting, especially, the
frequencies higher than the dominant resonant mode. But for flakes with minor deviations from the
circular, the effects would not be significant. This has been shown for cylindrical fibers, as fibers with
small surface irregularities produce the same spectra as those with perfect smoothness [9]. In this
study we did not limit ourselves to existing natural materials: our first objective will be to determine
the optimal combination of refractive index, diameter and thickness that can achieve the maximum
extinction disk particle. Then we will restrict the indices to those known to exist in solids or liquids.
Also we will test the fundamental upper limits reported by Miller et al. [27, 28] for the nanodisks
material and extend the theoretical work by Langhammer et al. [16] to nanodisks beyond the quasistatic
approximation (i.e., for disks comparable or larger than the wavelength). CWW code has been used to
perform the calculations in this study along with the Mie scattering theory for spheres [13, 22] and our
developed and tested code for fibers [3].

3. RESULTS AND DISCUSSION

In the first (unrestricted) portion of the study, values beyond the normal range for the real part of
refractive index (n) and the imaginary part of refractive index (k) are allowed. In the plots of Figure 1
below, the value of k varies for a given value of n while the thickness is fixed at t = 20 nm, and Figure 1
below shows the extinction cross section per unit volume of a circular disk as a function of its diameter at
broadside incidence at λ = 500 nm. Since at this point we wish not to specify particular materials (which
would require specification of the material bulk densities), the attenuation efficiencies are presented in
volume-normalized form in Figure 1. Later in this paper, examples relevant to existing materials will
be presented in a more familiar mass-normalized form. From the set of plots in Figure 1, we notice that
scattering dominant materials (k very small) with natural values of n (0.1 < n < 3) are very inefficient,
but if we increase (n) far from unity keeping k very small (i.e., dielectrics), disks exhibit interesting
sharper resonances in comparison to three dimensional particles (spheres). As k increases damping of
these resonances occurs as the width increases, and amplitude decreases until they disappear for large
values of k, although no natural material exhibits such extreme values of n, so such materials would
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Figure 1. Extinction cross section per unit volume versus diameter for a circular disk with t = 20 nm
and different values of the complex index of refraction at 500 nm wavelength broadside incidence.

need to be manufactured. Also we see from Figure 1 that a combination of n ∼ 0.1, k ∼ 3, t = 20 mm
at the resonant diameter would produce an efficient particle at λ = 500 nm that is much larger than
what fibers or spheres would produce as we will see later. Overall, a wide range of n and k values would
produce higher efficient particles in the visible compared with spheres and fibers.

Now we test the effect of thickness on the efficiency. Figure 2 shows the extinction cross section
per unit volume for a disk with n = 0.1, k = 3 for different thicknesses. Here we notice that there is
a resonant shift as we change the thickness of the disk, and this shift is toward lower diameters as we



48 Alyones, Bruce, and Granado

0.1

1

10

100

1000

10000

0 200 400 600

t=5nm
t=10nm
t=15nm
t=20nm
t=30nm
t=40nm

n = 0.1     
k = 3

d (nm)

E
x

ti
n

c
ti

o
n

 c
ro

s
s

 s
e

c
ti

o
n

p
e

r 
u

n
it

 v
o

lu
m

e
 (
μμ
m

-1
)

Figure 2. Extinction cross section per unit volume versus diameter for a circular disk with different
values of thicknesses at 500 nm wavelength broadside incidence.

decrease the thickness. Also we notice that the extinction per unit volume increases with the decrease of
thickness. This feature of resonant shift was also shown for fibers [2], and the reason for such a behavior
was attributed to the sudden decrease in the surface impedance. To test the percentage of the upper limit
that a nanodisk (with n = 0.1, k = 3) can achieve at 500 nm, the fundamental upper limit of this disk at
500 nm is calculated according to [27, 28], and we get: extinction cross section/volume≤ 1700 (µm)−1.
Now from Figure 2, a 5 nm silver disk achieves 1841 (µm)−1 which is greater slightly than the predicted
upper limit. The results of Figure 2 indicate that nanodisks can perform up to their extinction upper
limit. The slight increase above the upper limit may be attributed to the inaccuracy of the CWW code
calculations, as an up to 5% inaccuracy was reported by Willis and Weil [13].

In the second portion of the study, we apply the same type of calculations for parameters as those
used in Figures 1 and 2 for natural existing material. We chose three of the top conductors: Silver
with mass density 10.5 g/cm3, copper with mass density 9.0 g/cm3, and aluminum with mass density
2.7 g/cm3. Silver has an index that is very close to the index we just saw as ideal, i.e., n ∼ 0.1, k ∼ 3,
the index for silver at λ = 500 nm is n = 0.13, k = 2.9; for copper n = 1.15, k = 2.67 and for aluminum
n = 0.62, k = 4.8 [31, 32]. We also chose silicon that has a low mass density 2.33 g/cm3 and an index
n = 4.3, k = 0.07 [33]. Figure 3 shows the extinction cross sections per unit volume and the extinction
cross section per unit mass (extinction efficiency) for the three metals and silicon at broadside incidence
for t = 20 nm. It is clear from Figure 3 that regardless of the mass density, silver is the most efficient
of the group, but because mass density of silver is very large compared with aluminum, aluminum
has larger efficiency if an appropriate diameter is picked. Also one can see that the efficiency is very
large (it reaches above 100 m2/g at the peak for aluminum). While for silicon, large diameter disks are
required to get the highest possible efficiency at the first resonant peak, which is at d = 221 nm, and
this corresponds to a size parameter kd/2 = 1.39, this size is not in the quasistatic region as the case
with metals.

The next priority of concern is the orientational average values for these disks. Let’s now take
the closest material with index n ∼ 0.1, k ∼ 3, and this material is silver with n ∼ 0.13, k ∼ 2.9
at 500 nm. Figure 4 shows the extinction efficiency for broadside incidence (incident angle θ = 0),
edge-on incidence (θ = 90) at parallel polarization to the incident plane, edge-on incidence (θ = 90)
at perpendicular polarization to the incident plane and the orientational average. To calculate the
orientational average efficiency, a given orientation of the disk is described by the incident angle (θ)
and polarization angle (α). The orientational average calculations using the CWW code were done by
averaging over θ and α. θ and α range from 0 to 90 degrees. So for each polarization angle we calculated
the cross sections for different incidents angles, then the average for that polarization is calculated. At
the end, the average over all polarization angles is calculated. As we see the orientational average value
is still large at 500 nm (around 30 at the peak). If one could find a material with lower density than
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Figure 3. Extinction cross section per unit volume and extinction efficiency versus diameter for
a circular disk with t = 20 nm at 500 nm wavelength broadside incidence, for three metals (silver,
aluminum and copper) and silicon.
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Figure 4. Extinction efficiency versus diameter for a silver disk with t = 20 nm at 500 nm wavelength
incidence.

silver, but with the same refractive index, still higher values would be achieved. For example, aluminum
would produce efficiency above 50 at 500 nm for its orientational average at the peak.

Another feature of two dimensional particles is shown in Figure 5. Figure 5 shows the extinction
efficiency for a silver disk with thickness 20 nm at λ = 500 nm for broadside incidence and incidence
angles 25, 45, and 65 degrees at parallel polarization. We notice that extra resonances occur for oblique
incidence between the two main resonances of the broadside incidence, and a similar behavior was also
seen for fibers [3].

Finally, we compare the behavior of thin disks with fibers and spheres in the visible spectral region.
Figure 6 shows the orientational average extinction cross section per unit mass for a silver disc with
thickness 20 nm at the resonant diameter of d = 88 nm as a function of wavelength. Also we plot the
behavior of a silver fiber [2, 3] with diameter 20 nm at the resonant length (at λ = 500 nm) and the
behavior of a resonant silver sphere at λ = 500 nm [22–24]. The diameter of the sphere and the length
of the fiber were chosen to give the maximum efficiency (resonant) at λ = 500 nm. From Figure 6 we
notice that disks are more efficient and have sharper behavior than spheres, while for fibers we know
that the efficiency in the visible is very low [9].
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Figure 5. Extinction efficiency versus diameter for Silver disk with t = 20 nm at 500 nm wavelength
incidence with parallel polarization.
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Figure 6. Orientational average extinction efficiency versus wavelength for a silver disk (t = 20 nm,
d = 88 nm), silver fiber (d = 20 nm) and a silver sphere (d = 20 nm) at 500 nm wavelength incidence.

4. CONCLUSIONS

In conclusion, we have shown that two dimensional particles exhibit very high attenuative efficiencies
and perform up to the extinction upper limit compared with one or three dimensional particles in the
visible spectral region. Extra ordinary attenuative properties can be obtained from two dimensional
particles for specific combination of size and complex index of refraction. Such properties would guide
and motivate experimentalists toward fabrication of two dimensional aerosolized particles, to be used
for attenuation of the electromagnetic radiations in the atmosphere for many applications.
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