Progress In Electromagnetics Research M, Vol. 64, 167-179, 2018

Compatible Finite Element Discretization of Generalized Lorenz
Gauged Charge-Free A Formulation with Diagonal Lumping

in Frequency and Time Domains

Peng Jiang!, Guozhong Zhao!, Qun Zhang?, and Zhenqun Guan® *

Abstract—The finite element implement of the generalized Lorenz gauged A formulation has been
proposed for low-frequency modeling. However, the inverse of mass matrix of intermediate scalar in
the finite element implement leads to additional computation cost and dense coefficient matrix. In this
paper we propose to adopt a diagonal lumping mass matrix in the finite element discretization of the
generalized Lorenz gauged double-curl operator in charge-free electromagnetic problems. Consequently,
a sparser discrete system with improved condition number is thus obtained which is more favourable for
low-frequency modeling in frequency-domain analysis. Furthermore, we apply the diagonal lumping
formulation in time-domain analysis, showing that it can remedy spurious linear growth problem.
Numerical examples are used to demonstrate the validity.

1. INTRODUCTION

Over the past decades, edge element method has been extensively studied in solving 3-dimensional
electromagnetic problems, since it effectively avoids spurious solution arising from nodal element
method [1]. However, in the framework of edge element method, the discretization of double-curl
operator suffers from null space problem, triggering other numerical difficulties such as low-frequency
breakdown in frequency-domain full-wave analysis [2-5], and spurious linear growth in time-domain
full-wave analysis [6, 7].

A general approach to overcome those numerical difficulties is using tree-cotree splitting method
to remedy those numerical difficulties [2,3,6,8]. By employing an inexact Helmholtz decomposition
for edge elements, this method provides a more reliable solution. To apply this method, one should
select a minimum spanning tree on the finite element mesh. However, this choice is non-unique, and
an improper spanning tree often gives rise to a severely ill-conditioned system [8]. Another general
effective approach to resolving the numerical difficulties arising from the null space is by using mixed
formulation [9,10]. In this approach, divergence free constraint is explicitly imposed in electromagnetic
formulation by introducing a scalar Lagrangian multiplier. After finite element discretization, it results
in a discrete saddle point system. In this saddle point system, the saddle point matrix C' = [K G", GO|
can be comprehended as the discrete double-curl operator K with divergence free constraint, where
G is the discrete divergence operator. The mixed formulation has been proved to be stable and well-
posed, suitable for source problems at an arbitrary frequency. Unfortunately, the saddle point system
is generally severely ill-conditioned, which is hard to solve by a typical iterative solver, unless a special
iterative strategy or preconditioner is designed for it [11].
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Instead of constructing special iterative strategies and preconditioners for the saddle point problem,
the discrete regularization method can be used to approximate the solution to the saddle point system.
The discrete regularization method was first proposed by Bespalov in the analysis of electromagnetic
eigenvalue problems [12], and was also investigated in [13]. The underlying idea is transferring the
saddle point system into its penalty form which can be solved more easily. The regularized discrete
double-curl operator T = K + GTP7'G can be derived by introducing a perturbation matrix P into
the zero block (2, 2) of the saddle point matrix C' and eliminating Lagrangian multiplier degree of
freedoms. The choice of P plays an important role in the numerical performance of T', such as sparsity
and condition number. A simple choice is the scaled identity matrix I or lumped mass matrix L of the
Lagrangian multipliers, a great merit of which is its inverse is still diagonal providing a sparse T' [13].
However, though T = K + GT P7!G is positive definite, it is probably ill-conditioned in practice.

Recently, a generalized Lorenz gauged A® formulation is proposed [14]. In the finite element
implement of the generalized Lorenz gauged A formulation, inspired by differential forms theory, the
divergence of A is first taken as an intermediate scalar to be discretized and then condense the unknown
scalar in the final formulation [15, 16]. Therefore, the direct action of divergence operator on A, which is
difficult in the framework of edge element method, is bypassed. The discretization inspired by differential
forms is similar to the discrete regularization of mixed formulation. A great merit of the discretization
in [15] is that generalized Lorenz gauged double-curl operator has a close relationship with Laplacian
operator, which is not manifest in common discrete regularization. However, in the discretization, the
inverse of the mass matrix of the intermediate scalar leads to additional computation cost and dense
coefficient matrix, even though the sparse approximate inverse (SAI) technique was adopted. The more
accurate the approximation of L™!, the denser L~! becomes. In fact, the accurate computation of L™*
is not necessary in the case of charge-free problems.

Inspired by the generalized Lorenz gauged double-curl operator in A formulation and diagonal
lumping discrete regularization of mixed formulation [13], and also diagonal lumping Hodge operator
in [17], we propose to adopt diagonal lumping mass matrix in the finite element discretization of the
generalized Lorenz gauged double-curl operator. Compared with the discretization using SAI in [15],
it saves additional computation cost of the inverse of mass matrix of intermediate scalar and obtains
a sparser discrete system. The diagonal lumping formulation can be applied in frequency-domain full-
wave analysis, including the limit case of magnetostatic field, to overcome low-frequency breakdown.
Furthermore, it can also be used to suppress the spurious linear growth in time-domain full-wave
analysis.

The remainder of this paper is organized as follows. In Section 2, the compatible finite
element discretization of generalized Lorenz gauged charge-free A formulation with diagonal lumping
is introduced. Section 3 applies the formulation to resolve the low-frequency breakdown problem in
frequency-domain analysis and spurious linear growth problem in time-domain analysis. In Section 4,
numerical examples are used to verify the proposed method. Finally, Section 5 contains concluding
remarks.

2. COMPATIBLE DISCRETIZATION WITH DIAGONAL LUMPING

2.1. Generalized Lorenz Gauged A Formulation

By introducing the following decomposition of electric field intensity E in Maxwell’s equations,

E = —0;A—grad®. (1)
a 3-dimensional inhomogeneous electromagnetic problems in domain €2 can be described as follows,
—0ydive A-divegrad® = p, (2)
curlvcurlA 4 €07 A+edigrad® = J. (3)
After choosing the generalized Lorenz gauge,
diveA = —x 0, P, (4)
Maxwell’s equation is separated into ® formulation and A formulation,
divegrad®—y92® = —p, (5)

—curlveurlA + egrad (x~'dived) —ed7A = —J. (6)
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where ,
X=aue. (7)
In this study, we only consider charge-free electromagnetic problem, so only the generalized Lorenz

gauged A-formulation (6) is taken into account. At the boundary of perfect electric conductor defined
by I'g, A satisfies,

ux A=0. (8)
and at the boundary of perfect magnetic conductor I'y it is defined as,
u x curlA = 0. 9)

It is worth noting that the sum of the first two terms at left hand side of formulation (6) can be regarded
as the generalized Lorenz gauged double-curl operator. Moreover, in inhomogeneous media, it has a
close relationship with Laplacian operator when o« = 1. One merit of the gauged double-curl operator
is that it generally leads to a symmetric positive system, as we will show in the following section.

2.2. Compatible Finite Element Discretization

Because diveA in A formulation (6) is not defined in the framework of edge element method, an
intermediate unknown scalar p is introduced to represent —y 'diveA, resulting in the following
equivalent formulation,

curlveurlA + egradp+ed?A = J. (10)
diveA = —xp, (11)
Furthermore, the weak form of (10) and (11) can be written as,
/curlv-ycurlAdQ—i—/ v'sgradde—F/ v-£02 AdQ) = /v - JdQVv, (12)
Q Q Q Q
/gradq-sAdQ = —/p'quQVq. (13)
Q Q

On the other hand, the weak form (12) and (13) is also a kind of discrete regularization of mixed
formulation of A and p,

/curlv-ucurlAdQ+/ v'z—:gradde—l—/ v-£02 AdQ = /’U'JdQV’U, (14)
Q Q Q Q
/gradq-z—:AdQ = 0Vq. (15)
Q

Those weak forms are not written in mathematically strict form since those vector fields should have
been defined in appropriate Sobolev spaces. After numerical discretization of the weak form in Eqgs. (12)
and (13), using the finite element with the lowest order Nédélec elements of the first kind for the
approximation of the vector field A and standard nodal elements for the scalar p, we obtain the discrete

System,
K GT 13 M 0 El_J ¢
& S e 0
where £ € R" and 1 € R™ are finite arrays denoting the finite element approximations of A and p, and
¢ € R™ is the load vector of J in discrete form. The discrete double-curl operator K € R™ ", vector

mass matrix M € R™ "™ of A, the discrete divergence operator G € R™*", and mass matrix L of p are
as follows,

K = ZeKe: Ze/ curlWj-veurlW;dSQ. (17)

M= M=) / Wi-eW,;d, (18)
e e Qe

G=> G=>_ / W;-cgrad N;dS2, (19)
e e Qe
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L=) L=)» / N;-xN;dQ, (20)
e e Qe
- Ze = Ze W;-JdS, (21)

Qe
where W; and N; are standard edge and nodal basis functions. Furthermore, a reduced form of (16)
can be obtained by condensing the discrete multipliers 7,

[K+GTL7'G) ¢ + Mé= (. (22)

2.3. Diagonal Lumping of Mass Matrix

We denote GTL~1G by the discrete generalized Lorenz gauge matrix R in Eq. (22) and denote K + R
by the discrete Lorenz gauged double-curl operator T'. Because null(K) Nnull(R) = {0} and K and R
are both positive definite on the null space of each other, T is positive definite. When « approaches
zero, Eq. (22) approximates the original saddle point system in Egs. (14) and (15). « > 0 always
results in a symmetric positive definite matrix 7. To make use of an iterative solver for Eq. (22), one
needs to carefully choose a to improve the condition number of T'. Generally, « is set to 1 so that T
is equivalent to the discrete Laplacian operator. In addition, L=! in Eq. (22) is not sparse, and the
sparsity of matrix R is thus largely destroyed, even if SAI is used. Here we choose diagonal lumping
L to save the additional computational cost and guarantee a sparse R at most. In fact, even with a
diagonal lumping L, R and T are denser than K. For illustration purposes, here we take inter-related
edges in 2-dimensional mesh for example. As shown in Figure 1, for the given edge highlighted in red,
its associated edges highlighted in green in matrix 7" with diagonal lumping, shown in Figure 1(a), are
typically more than their counterparts in matrix K, shown in Figure 1(b).

Figure 1. Associated edges in (a) the matrix 7" with diagonal lumping; (b) the matrix K.

3. APPLICATIONS IN FREQUENCY AND TIME DOMAIN ANALYSIS

3.1. Low-Frequency Breakdown Problem in Frequency-Domain Full-Wave Analysis

The time-harmonic form of A formulation (6) has the following form,
curlveurlA — egrad (x~'dived) —w?eA = J. (23)
where w is the working frequency. The finite element discretization of Eq. (23) leads to the following
equation,
[K + R—w*M| ¢ = ¢. (24)
Compared with the conventional full-wave analysis, the generalized Lorenz gauged A formulation (23)

involves an additional term egrad (x~!diveA) which corresponds to R. By contrast, the finite element
discretization of conventional F formulation gives rise to the following equation,

[K—w?M] & = — iw(. (25)
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Gauss’s law is not taken into account since it is automatically satisfied in the case of high working
frequency, provided that the imposed current excitation J is physically compatible, which is divJ = 0.
However, numerical difficulty appears when the working frequency w approaches zero. In this case, the
divergence free constraint cannot be derived from the full-wave E formulation. Numerically, the positive
semi-definite matrix & dominates the coefficient matrix, so the coefficient matrix X — w?M becomes
ill-conditioned and even singular. On the other hand, although the current .J is physically compatible,
the vector iw( in Eq. (25) is probably incompatible in the discrete system of Eq. (25); in other words,
iw¢ does not belong to the range of K. Therefore, the low-frequency breakdown happens. In Eq. (24),
the null space of discrete double-curl operator K is removed by the introduction of R. Therefore, the
discrete system in Eq. (24) is positive definite in the range of low-frequency, and its condition number
remains stable when w tends to be zero.

3.2. Spurious Linear Growth Problem in Time-Domain Full-Wave Analysis

In the conventional time-domain full-wave analysis, there is a spurious linear growth in solution if the
simulation is carried on long enough time. Consider a source-free problem and take E formulation for
example,

curlveurlE 4 €92 E = 0. (26)
Assume that F(t) is the physical solution of Eq. (26), then the solution,
E*(t) = E (t) + tgradV, (27)

also satisfies Eq. (26). It contains a non-physical solution tgradV which is curl-free in space
corresponding to zero modes and grows linearly with respect to time in theory. Here we use
formulation (6) to destroy the linear growth of spurious modes in numerical solution. By employing the
compatible finite element method with diagonal lumping, we obtain the following ordinary differential
equations, )

[K +R|{+ ME=0, (28)

By means of the generalized Lorenz gauged formulation, spurious zero modes now become simple
harmonic vibrations with finite periods. Compared with shifting frequency method [7], a merit of
Eq. (28) is that it does not pollute physical modes when suppressing spurious zero modes. The
spatially discrete system in Eq. (28) is integrated in time using the Newmark-3 method with integration
parameters 3 = 0.25 and v = 0.5, and the fully discretized form can be derived as

{0.25A8? [K + R] + M} "' = —2{0.25A¢% [K + R] —M } " — {[0.25A¢* [K + R] + M|} "1, (29)

3.3. Solution of the Discrete Linear Systems

As we have mentioned above, K is positive semi-definite, and M is positive definite. Considering
frequency-domain full-wave E formulation, when the working frequency w is larger than zero, the
coefficient matrix in Equation (25) becomes indefinite, so a MINRES solver, instead of the CG solver
that only works for symmetric positive definite system, should be generally used. However, if w is
extremely low, Equation (25) probably leads to the breakdown of the MINRES solver. Fortunately,
the coefficient matrix in Equation (24) is symmetric positive definite when frequency w is very low
including the limit case of zero, allowing us to use either CG method or MINRES method. By contrast,
in time-domain analysis, instead of solving Equation (29) in every step, we calculate the inverse of the
coefficient matrix once and obtain an explicit expression for transient solution as follows,

¢ = 4{0.25A1% [K + R+ M}~ M¢™ —2¢" — ¢, (30)
4. NUMERICAL EXAMPLES
Numerical examples are used to verify the validity of the proposed method. The numerical experiments

are mainly performed with MATLAB 7.1. The machine that we have used is a PC-INTEL, CPU E5-1620
v2 3.70 GHz process.
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4.1. Spectral Distributions

It is well known that the spectral properties of the discrete system matrix provide important insight in
the convergence behavior of the Krylov subspace methods [2]. In this section, the condition numbers
are mainly compared among those discrete systems by using different methods. Here a quarter of sphere
cavity with radius 1m is taken into account. The model filled with air is divided into tetrahedra with
outer faces defined as a perfect electric conductor. Figure 2 shows that two situations involving uniform
mesh and nonuniform mesh are considered. Table 1 gives the information of finite element models.

(a) (b)

Figure 2. Finite element models, (a) with uniform mesh; (b) with non-uniform mesh.

Table 1. The information of finite element models.

Tetrahedra Free edges Free nodes
Uniform mesh 4140 4940 723
Non-uniform mesh 2264 3216 584

Here we denote the dimension of a matrix by “Dim”, the number of non-zero elements by “N,.”,
and the number of nearly zero and positive eigenvalues by “Ny” and “N,,”, respectively. Tables 2 and 3
provide the spectrum statistics of the discrete double-curl operator K, the discrete tree gauged double-
curl operator K;, and the discrete Lorenz gauged double-curl operator T'. As shown in Tables 2 and 3,
K is highly singular with the nullity of Ny, the number of free nodes. By contrast, the matrices K; and

Table 2. Statistics of eigenvalues for the quarter sphere with uniform mesh.

Dim Ny, No N, Cond
K 4940 73424 723 4217 1.4206 x 10'®
K, 4217 56481 0 4217 2.4386 x 10°
T 4940 758230 0 4940 1.0592 x 103

Table 3. Statistics of eigenvalues for the quarter sphere with non-uniform mesh.

Dim Ny No N, Cond
K 3216 44664 584 2632 7.3615 x 108
K, 2632 33208 0 2632 3.8382 x 107
T 3216 421944 0 3216 1.0572 x 10°
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T are both positive definite. We also investigate their condition numbers which are defined as follows,

max ||

Cond = (31)

min ||’
where max |A| and min |A| are the maximum and minimum eigenvalues of a matrix. Generally, a small
condition number is desired for a linear equation, which often indicates a rapid convergence of Krylov
subspace methods. Tables 2-3 show the matrix 7" has minimum condition numbers. Figure 3 plots the
spectrums of K, K; and T of the model with non-uniform mesh. Furthermore, the condition numbers
of the matrices T —w?M and K —w?M varying with the square of wave number k? = w?ppsg in uniform
mesh are investigated in Figure 4. The condition number of the matrix K — w?M in conventional
formulation becomes very large as k? decreases. Therefore, a very little of incompatible excitation
can lead to a bad convergence and inaccurate solution. Fortunately, this difficulty disappears in the
generalized Lorenz gauged A formulation. We can see that the condition number of T — w?M is stable
and bounded by 7.9764 x 10*. Especially, at the low-frequency band with k2 varying from 1 x 10~ m~—2
to 1m~2, the condition number only has a very little variation.
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Figure 3. Spectral distribution of the finite element matrices with non-uniform mesh.
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Figure 4. The condition number varying with the square of wave number.
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4.2. Low-Frequency Breakdown Problem of a Block Cavity

A block cavity 0.5m x 0.5m x 3m, shown in Figure 5, is taken into consideration. The structure is
partitioned into 2549 tetrahedra with 2949 free edges and 400 free nodes. There are the perfect electric
conductors in the planes of y = 0m and y = 0.5m. In the plane of z = 3m, the end of the block cavity,
the y component of F is set as 1 Vm. The exact solution of electric field intensity E in the cavity can
thus be easily obtained: the y component of E along the z-axis is a sine curve with the period of 2rw™!
and the crest in the plane z = 0m. It can be used to verify numerical solutions.

Figure 5. The finite element model of the block cavity problem.

In this example, when using conventional full-wave formulation, although MINRES converges within
iteration criterion at all given frequency points, low-frequency inaccuracies arise in numerical solutions.
Figure 6 plots the distributions of the y component of E along the middle line in positive = direction of
the model. Clearly, at the frequency below 1.0 x 10° Hz, the wave profiles are distorted. By contrast, the
numerical solutions by using the compatible discrete regularization method are consistent with exact
solutions. Setting the tolerance 1.0 x 10~® and maximum number of iteration 1000, Table 4 provides
the solution information in terms of iteration counts and time at different frequency ranging from 0 Hz
to 1 x 108 Hz. The number of iterations is almost unchanged from 0Hz to 1 x 108 Hz. Furthermore,
due to the symmetric positive definite property of T — w?M in a wide range of frequency, CG method
is also an alternative solver. However, in every iteration, MINRES or CG method generally costs more
time in formulation (24) because T — w?M is denser than K — w?M.

T
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Figure 6. The wave profiles calculated by different methods at the frequency of (a) 10Hz; (b)
1.0 x 10 Hz; (c) 2.5 x 107 Hz; (d) 1.25 x 10% Hz.
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Table 4. Iteration counts and time for the block cavity problem at different frequencies.

FREQ(Hz) | 1 x 108 1 x 107 1 x 10° 1 x10? 10 0
SOLVER | MR |CG [ MR | CG | MR | CG | MR | CG | MR | CG | MR | CG
gl IC 527 ) - 1607 | - |204] - | 201|204 201 | 204|201 | 205
IT(s) [014] - [015| - [0.05] - [0.05]0.05]0.05|0.05|0.05|0.05
p | IC 212 | - | 208|212 | 207 | 211 | 207 | 211 | 206 | 210 | 207 | 210
IT(s) | 0.13 | - |0.11|0.11|0.12 | 0.11 | 0.11 | 0.11 | 0.11 | 0.11 | 0.11 | 0.11

4.3. Low-Frequency Breakdown Problem Excited by a Cylindrical Current

In this example, a simple cylindrical coil with imposed current 1 Am~2 is placed in the center of a
spherical volume which is backed by perfect electric conductor, as shown in Figure 7. The permittivity
and permeability in this model are the same as in air. The height, inner and outer diameters of the
cylinder coil are 0.08 m, 0.08m and 0.12 m, respectively, and the radius of the sphere volume is 1 m.
Because the structure is symmetric, to save the computation cost, only a twelfth part, instead of the
whole domain, is analyzed. The tolerance is 1.0 x 1078, and the maximum number of iteration is 2000.

¢

Figure 7. The finite element model of the cylindrical coil problem.

Table 5 shows that the conventional formulation (25) encounters divergence under current
excitation. At the frequency below 1.0 x 10° Hz, MINRES and CG methods both fail to converge
within the maximum number of iteration. However, formulation (24) is rather robust at the whole given
frequency band with the use of the MINRES method; it has no breakdown problem with decreasing
frequency, possessing stable numerical performance in terms of iteration counts and time. On the other
hand, it is amazing that even when the frequency has been as large as 1.0 x 108 Hz with apparent
wave phenomenon in the cavity, there is no apparent increase of iteration counts and time with the

Table 5. Iteration counts and time of the cylindrical coil problem at different frequencies.

FREQ(Hz) | 4 x 10® 1 x 10% 1 x 107 1x10° 1 x 103
SOLVER | MR |CG | MR | CG | MR | CG | MR | CG | MR | CG
gl IC 172 ] - 1153 | - | 1508 | - - - - -
IT(s) | 265 | - | 129 | - [ 143 | - - - - -
o | IC 569 | - | 317 | 329 | 304 | 319 | 304 | 319 | 303 | 320
IT(s) | 1.83 | - | 0.87 [ 0.89 | 0.78 [ 0.80 | 0.79 | 0.81 | 0.77 | 0.81
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use of MINRES in formulation (24). Furthermore, CG is also available for formulation (24) at a broad
low-frequency band.

Because the mixed finite element method has been proved stable and well-posed in time-harmonic
electromagnetic problems, here we use its results to verify the accuracy of the conventional method
and t proposed method. Figure 8 plots the distributions of the y component of imaginary electric field

intensity F along the x-axis at different frequencies. It indicates that the result of the proposed method
is consistent with that of the mixed finite element method even at extremely low frequency. However,

the conventional method is reliable at high-frequency band but fails to predict electromagnetic fields at
low-frequency band.

6

gr i 0.1 3
=== The proposed method ’ == The conventional method =o= The conventional method
=== Mixed finite element method | === The proposed method ’\ === The proposed method
| 1 | A ==== Mixed finite element method 8i  --= Mixed finite element method |
‘T’-‘ .’ " ‘T’-\ ‘b ‘. ,_.’_‘ ‘l i
E |} £ 3 e 1l
R S oy 28 |
> |3 > i} = (¢ &
B [ 1 w i TR S |
E Ik 1 E i E = 0 " iy
2\ 0.05 0 a\ v .
.‘; b g ., o
.\"--. \ml‘r‘
0 eettecesensnccces 0.1 o
0 0.5 1 0 0.5 1 0 0.5 1
x(m) x(m) x(m)
(a) (b) (c)

Figure 8. The distribution of the y component of imaginary electric field intensity along the z-axis at
the frequencies of 1 x 103 Hz, 1 x 10" Hz, and 4 x 108 Hz.

4.4. Magnetostatic Problem of Cylinder Coil around a Cylinder Iron

Here an example of an iron cylinder with an assumed relative permeability 1000, shown in Figure 9(a), is
presented to verify the generalized Lorenz gauged formulation used in magnetostatic problems [16, 18].
The current density is assumed 1 x 105 Am~2. Considering the symmetry of the model, only one eighth
of the model is taken into account. The model is divided into 66558 tetrahedra consisting of 75978 free
edges and 10483 free nodes. The no gauged formulation, generalized Lorenz gauged formulation and tree
gauged formulation are all applied to solve this problem. For the tree gauged formulation, the degree of

0.15 ;
-0- The proposed method
—1 -+- The tree-cotree splitting method
01 |
%: 0.05
®

B L

0.0% 0.05 0.1 0.15
x(m)
(a) (b)

Figure 9. (a) The finite element model of the magnetostatic problem. (b) The z component of magnetic
flux density along the y axis in the model.

0.2
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freedoms are reduced to 65495; however, it worsens the condition number and thus more iterations are
required. By contrast, the generalized Lorenz gauged formulation has an improved condition number
but with denser matrix.

The no gauged formulation cannot converge to a solution with the use of CG method, whereas
the tree gauged formulation and generalized Lorenz gauged formulation both converge. Figure 9(b)
plots and compares the z-component of the magnetic flux density along the z-axes using the tree
gauged formulation and generalized Lorenz gauged formulation. These results of magnetic flux density
are in overlap agreement with each other, which demonstrates the accuracy of the generalized Lorenz
gauged formulation. However, those two formulations show different numerical performances. Table 6
gives iteration information including the counts and times. The generalized Lorenz gauged formulation
spends more time than the tree gauged formulation in each iteration because of its less sparsity, but
needs fewer iterations due to improved condition number. On balance, the generalized Lorenz gauged
formulation is more efficient than the tree gauged formulation in this example.

Table 6. Iteration counts and time of the magnetostatic problem.

IC -
K
IT(s) -
& | IC | 46468
" TT(s) | 168.40
IC | 3776
T
IT(s) | 76.21

4.5. Spurious Linear Growth Problem Excited by an Initialized Field

Here a block cavity model, having the same geometry of Figure 5, is used to illustrate the suppression
of the spurious linear growth problem in time-domain analysis. The spurious linear growth generally
exists in the transient analysis, though sometimes it is not noticeable in limited computational time.
Once the curl-free distribution is generated, the spurious solution will linearly increase with time no
matter how small it is at the initialized moment.

In this example, a coarser mesh is adopted for the model to reduce the computation cost. The
planes y = 0m, y = 0.5m, z = Om, and z = 3m are the perfect electric conductors. The initialized
field Fg = (0Vm™t, 0Vm~!, 1Vm™!) and d*Ep/dt? = (0Vm=ts™2, 0Vmts72 —5 x 100 Vim~1s72)

02 045
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Figure 10. The solution in time-domain and its frequency spectrum using conventional method.



178 Jiang et al.

is set up at the middle plane of the block. The time step and total number of steps are set as 1 x 1079 s
and 2%, respectively. Figure 10(a) plots the time-varying solution of one edge at the middle plane
computed by the conventional method, clearly showing that there is a spurious linear growth in the
solution. Moreover, the spectrum of the solution, as shown in Figure 10(b), also reveals the non-
physical zero modes are involved in the transient solution. To suppress the spurious solution, we apply
the generalized Lorenz gauged formulation to solve this problem. Figure 11(a) shows the spurious
linear growth phenomenon disappears with the use of the generalized Lorenz gauged formulation. The
spectrum distribution in Figure 11(b) also indicates that those non-physical zero modes are completely
removed.
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Figure 11. The solution in time-domain and its frequency spectrum using the proposed method.

5. CONCLUSIONS

In this paper, we introduce diagonal lumping in generalized Lorenz gauged charge-free A formulation. In
this formulation, the discrete double-curl operator is transferred to a discrete quasi-Laplacian operator
with improved condition number. Compared with using SAI for the inverse of mass matrix, the diagonal
lumping can save computation cost and guarantee a sparser coefficient matrix.

The formulation with diagonal lumping is applied in the frequency-domain full-wave analysis to
overcome the low-frequency breakdown problem. It is shown that the formulation is more accurate
and robust than conventional method at low-frequency band, including the limit case of magnetostatic
field. Moreover, it can also be used in the time-domain full-wave analysis to suppress the spurious linear
growth problem arising in conventional method.

ACKNOWLEDGMENT

This paper is accomplished with support from the National Natural Science Foundation of China
(11272074) and the National Science and Technology Major Project (2011ZX02403-004).

REFERENCES

1. Jin, J. M., The Finite Element Method in Electromagnetics, 3rd Edition, John Wiley & Sons, New
York, 2015.

2. Lee, S. C., J. F. Lee, and R. Lee, “Hierarchical vector finite elements for analyzing waveguiding
structures,” IEEE Transactions on Microwave Theory and Techniques, Vol. 51, No. 8, 1897-1905,
2003.



Progress In Electromagnetics Research M, Vol. 64, 2018 179

10.

11.

12.

13.

14.

15.

16.

17.

18.

Lee, S. H. and J. M. Jin, “Application of the treecotree splitting for improving matrix conditioning
in the full-wave finite-element analysis of high-speed circuits,” Microwave and Optical Technology
Letters, Vol. 50, No. 6, 1476-1481, 2008.

Zhu, J. and D. Jiao, “A theoretically rigorous full-wave finite-element-based solution of Maxwell’s
equations from DC to high frequencies,” IEEFE Transactions on Advanced Packaging, Vol. 33, No. 4,
1043-1050, 2010.

Zhu, J. and D. Jiao, “A rigorous solution to the low-frequency breakdown in full-wave finite-
element-based analysis of general problems involving inhomogeneous lossless/lossy dielectrics and
nonideal conductors,” IEEE Transactions on Microwave Theory and Techniques, Vol. 59, No. 12,
3294-3306, 2011.

Venkatarayalu, N. V., M. N. Vouvakis, Y. B. Gan, etal., “Suppressing linear time growth in
edge element based finite element time domain solution using divergence free constraint equation,”
Antennas and Propagation Society International Symposium, 193-196, 2005.

Hwang, C. T. and R. B. Wu, “Treating late-time instability of hybrid finite-element /finite-difference
time-domain method,” IEEE Transactions on Antennas and Propagation, Vol. 47, No. 2, 227-232,
1999.

Golias, N. A. and T. D. Tsiboukis, “Magnetostatics with edge elements: A numerical investigation
in the choice of the tree,” IFEFE Transactions on Magnetics, Vol. 30, No. 5, 2877-2880, 1994.

Kikuchi, F., “Mixed and penalty formulations for finite element analysis of an eigenvalue problem
in electromagnetism,” Computer Methods in Applied Mechanics and Engineering, Vol. 64, No. 1,
509-521, 1987.

Chen, Z., Q. Du, and J. Zou, “Finite element methods with matching and nonmatching meshes for
Maxwell equations with discontinuous coefficients,” SIAM Journal on Numerical Analysis, Vol. 37,
No. 5, 1542-1570, 2000.

Benzi, M., G. H. Golub, and J. Liesen, “Numerical solution of saddle point problems,”
Actanumerica, Vol. 14, 1-137, 2005.

Bespalov, A. N., “Finite element method for the eigenmode problem of a RF cavity resonator,”
Russian Journal of Numerical Analysis and Mathematical Modelling, Vol. 3, No. 3, 163-78, 1988.
Hiptmair, R., “Finite elements in computational electromagnetism,” Acta Numerica, Vol. 11, 237—
339, 2002.

Chew, W. C., “Vector potential electromagnetics with generalized gauge for inhomogeneous media:
Formulation,” Progress In Electromagnetics Research, Vol. 149, 69-84, 2014.

Li, Y. L., S. Sun, Q. I. Dai, etal., “Finite element implementation of the generalized-Lorenz
gauged A-® formulation for low-frequency circuit modeling,” IEEE Transactions on Antennas and
Propagation, Vol. 64, No. 10, 4355—4364, 2016.

Li, Y. L., S. Sun, Q. I. Dai, and W. C. Chew, “Vectorial solution to double curl equation with
generalized coulomb gauge for magnetostatic problems,” IEEE Transactions on Magnetics, Vol. 51,
No. 8, 1-6, 2015.

Bossavit, A. and L. Kettunen, “Yee-like schemes on a tetrahedral mesh, with diagonal lumping,”
International Journal of Numerical Modelling FElectronic Networks Devices and Fields, Vol. 12,
129-142, 1999.

Magele, C., H. Stogner, and K. Preis, “Comparison of different finite element formulations for 3D
magnetostatic problems,” IEEE Transactions on Magnetics, Vol. 24, No. 1, 31-34, 1988.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


