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Helmholtz Equation in Transverse Circular Representation

Stefan Visiovsky"

Abstract—The use of transverse circular representation in circular cylinder coordinate system provides
an alternative approach to the solutions for vector Helmholtz partial differential equations (VH-PDE)
of electromagnetics. After separation, VH-PDE for electric (magnetic) field splits into a set of three
ordinary differential (Bessel) equations for two opposite transverse circular polarizations (TCP) and
the axial component. The approach is suitable for solving the problem of cylindrical waveguides and
cavities starting from transverse fields. The coupling between TCP fields via the axial component affects
nonrecirocal propagation in waveguides. The procedure is illustrated on a dielectric waveguide. It may
be extended to the media with circular eigen polarizations including those displaying magnetooptical
Faraday effect or optical activity.

1. INTRODUCTION

In circular cylinder coordinates, solutions to the vector Helmholtz partial differential equation in a
homogeneous medium (i) characterized at the angular frequency w by scalar magnetic permeability ,u(l)
and electric permittivity @ [1-5]

<V2 + w2,u(i)z—:(i)) EY = 0, (1)
(V2 + w2u(i)s(i)> HY = 0, (2)
employ the decomposition of electric, E® and magnetic H®Y fields into the components parallel to the
unit vectors 9, ¢, and 2, i.e.,
EO = EDo+ EWDg + EWz,
HY = HDo+ HY o+ Hz,
with the vector Laplacians of the form
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251 2 20HY HY 2y, 2 0HY  HY 2 77 (i)
HY =5 gWw _ " 7C 3 HO L = _ e o2 (o) 4
\% o vy - 5o R R 5o | AV (4)

Here ¢ and ¢ denote the transverse cylindrical coordinates and
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For the time, ¢ and 2z dependence characterized by the complex factor explj(wt — [z)],
the Maxwell equations provide the transverse field components expressed in terms of Egz) and H éz)

Eé") = - w%(z‘),}(i) — 32 <ﬁ8§§) +wﬂ(i)éag§)) ’ ®)
By = _%25(2'):(2') By (5 % 855) - @81;_?) ’ )
H) =y ijE(i)Ml(i) — <58§§) - wgméagf)) | (7)
HY) = - 2220 Ml(w e <5% 855) +we a??) ’ (8)

where 3 represents the z component of the propagation vector.
The separation of Egs. (1) and (2) is achieved with the products

B = EY (0) e explj(wt — 52)], (9)
HY = HY (o) explj(wt — 82)], (10)

where v is an integer. Eqs. (1) and (2) then lead to a set of three equations for EY (H,(f )) where the
0 and ¢ components are functions of both Eg) (H él)) and Eg ) (Hg(;)) and only the Z component is

a function of E,gi) (H S)) alone. The solution procedure starts from the ordinary differential (Bessel)

equation for Egi)(g) or H 3)(@) and the transverse components are deduced from Egs. (5)—(8) [2-8].

In practice, there are situations of interest where |E§Z)| and |H. §2)| are much smaller than the

transverse field components |Eél)| (|H, él) |) and |Eg )| (|HS(DZ) 1) [3,9,10]. From a formal point of view, this
presents no problem in the exact analysis but may be a less convenient approach in the development of
approximations.

The present work employs an alternative procedure which provides solutions to the vector
Helmholtz partial differential equations (VH-PDE) in terms of transverse circularly polarized (TCP) field
components coupled via the axial field component. After separation, VH-PDE for electric (magnetic)
field splits into a set of three ordinary differential (Bessel) equations. The coupling between the
TCP components plays role in cylindrical waveguides displaying nonreciprocal propagation or optical
activity [7]. It also presents interest in optical angular momentum studies [8]. Its effect (often
undesirable) can be controlled by a proper choice of waveguide parameters. In Section 2, the Helmholtz
equations are expressed with the transverse fields decomposed in circularly polarized components. The
solutions for the cases ¥ = 0 and v = +£1 are given in Section 3. Section 4 applies the procedure
to the analysis of dielectric waveguides of circular cross-sections with homogeneous core and cladding.
In the last section, Section 5, the procedure is summarized and illustrated on the case of monomode
waveguides where the effect of material parameters on TCP amplitudes is of a primary interest as it
includes conditions for weak guiding regime.

2. TRANSVERSE CIRCULAR POLARIZATIONS

With the circularly polarized (CP) unit vectors o4 and unit vector Z, the field vectors in Egs. (9) and
(10) (with the time factor ¢! omitted) can be decomposed to

EY (0,0,2) = [é+e‘j*0Eﬂ (0,0) + 0-°E (0,0) + 2E0) (o, w)} S (11)

)

HY (0,p,2) = [@+e‘j“0H£i+) (0,0) + 0-H (0,0) + 2HY) (o, w)} e iz, (12)
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The circularly polarized unit vectors g+ are related to the cylindrical unit vectors ¢ and ¢ and to the
Cartesian unit vectors,  and ¢ by

=212 (g% jp) et =272 (2 % jg).
The fields decomposed into 9, ¢, and Z in the classical solution become

B (0.0,2) = {270 |E{L (0.0) + B (0.9)]

+271%p | B (0,9) = BLL (0,0)| + 2B (0,0) 7%, (13)
HY (9, 0,2) = {2—1/2@ [Hﬁ (0. 0) + HY (o, w)}
+272%i5 [H) (0,0) = HEY (0,0)] + 2H(D, (0,9) } e (14)

The decomposition to Z, g, and 2 applied in the weak guiding approximation [3,4,9, 10] gives

EY (0,0,2) = {2—1/2§; [e‘j@Eﬂ (0.9) + ¢ E[ (e, )]

+2_1/2j§ |:e—jgoEl(/i) (0,¢) — eWE " (o, )] + Ej?z (o, 90)} e 107, (15)
HY (0.,2) = {2722 [ A (0.0) + 7 (0.0)]
21255 [e—J@Hﬂ (0.¢) — &7H (o, sO)} +2HY) (o, 90)} e Iz, (16)

The substitution of the vectors E{ and H') given in Egs. (11) and (12) into Egs. (1) and (2) reduces
them to sets of ordinary differential (Bessel) equations separately for the electric field components E,SZJ)F,
EY  and EY)

v— v,z

[ @2EY 14EY) 1 i
bre J@{ ot [(w u0e® — %) — — (v - 1)2] By

o do 0?
[ @ED  1aED 5 (i 1 '
R v— 195 2,00 _g2) - — 2| g
e { a2 "o de +[<w“ c B> 0 (V+1)]E”_
R v,z - v,z (z () AT E(Z) — 1
+Z{ i o do +[( ~) 924 T "
and separately for the magnetic field components Hl(,J)r, o, (Z) , and H,SZ,)Z,
HY)  1aH{) 1 '
N J(p v+ - v+ ( 2 _ _ 2 ( )
o€ { dg —i—g dg +|:<LU/L B) Q2 (V 1) :|H+
o [azEY  1aEl 1 :
Ao v— < v— (3) (7,) 2y - 2 (@)
e { d? o de +[<wu B> 0? (V+1)]HV_
2, 1dH) ) -
. v,z 1 v,z (7, (3) 2 (@) \ —
+Z{ W@ o do T {( ) -z } Hozp =0 -

Each of the Bessel equations has two linearly independent solutions. In the problem of cylindrically
multilayered media, both solutions must be considered [11]. Here the procedure will be demonstrated
on a circular cylindrical dielectric waveguide formed by a core ¢ < a and a cladding ¢ > a with the
solution proportional to the Bessel function of a real argument 7, (kp) in the region ¢ < a and with the
solution proportional to the modified Hankel function of the first kind of an argument imaginary pure
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(1)

v’ (jyo) in the region o > a. Then the solutions can be expressed using with the solutions proportional
to the amplitudes Af,zi and A,(,Z)Z for the electric fields
E(ZJ)r _ Al(/-)i-Z(Z) (K(i)g) Az
EW — A0z (,{u) Q) v, (19)
B = AQLZ (x0g) v,
and the amplitudes Bffi and BZ(,Z,)Z for the magnetic fields
) = B0, (02)
g = Wz (MZ')Q) e, (20)
HS) = B (<00)
Here the transverse component of propagation vector, k@, follows from the definition

K02 2 2,(0.6) _ g2 (21)

and Zl(,i)(,%(i) 0) denotes a cylindrical function of the order v.
The solutions given by Egs. (19) and (20) must be consistent with the Maxwell equations, i.e., with

the Faraday law
d
gew[l]ﬂE +27 1/2< +K>
de

E
0

to e [—jpE®D — o2 (L V) o)

do o ’

1 d v : 1 d v ;
+271/2%; [—E,(f) + <— - —> EY) - ~EY — (— + —> Eﬁl]
T \de o) Y 0 do o
= —wp® (e JsoQ+H( 0oy eroé_HlEi_) + éH%) , (22)

and with the Ampere law
g o o (242 s
g b

+0_0¥ [—jﬁHﬁi’ — 2712 <i - 5) Hyfl}

ot (g4
do o 0 do o

= we® (e—i@@mﬂ +evo EY +2E()). (23)

Equations (22) and (23) are related by the duality transformation which requires E — +H, H — FE,

and e « 1. The substitutions of Eqs. (19) and (20) into Eqgs. (22) and (23) provide for the Faraday
law

v,

@ _ 1 1/2,.0) () ) 20 give
HY == <J5A +o- AZ>ZV_1eJ ,

@ _ 1 co () 9—1/2 (i) 4(3) ORRT

HV_ - w'u(i) (‘]BAV_ 2 k AIAZ) ZI/—HQJ ) (24)
. o1/2 . . N
@ — 2 () () (@) (3) Jjre

HI/,Z — (JJ/.L(Z) K (AV+ + AV_) ZV e'] N
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and for the Ampere law

) _ 1 (iap@) o172, () ga)) 20 ve
El/+ - WE(i (JﬁBzx++2 K Bl/,z) Zu—leJ ’
(@) _ _ 1 9—1/2,.(&) g(i) (@) _jue
Eu— UJE ( ﬁBu— K By,z) sz+1eJ ) (25)
i 21/2 7 (@) (@) 1) Ljv
ISLZ_EE()(BV-%—’_B—)Z()& QO.
The relations among the amplitudes follow from Eqgs. (19) and (20) and Egs. (24) and (25)
% 1 . — %
AL = — (i8B2 + 27200 B(), (26)
0 _ L (ap® _o-1/2,0) g)
A = -—5 (JﬂBV_ 92-1/2; Bm), (27)
. —92=1/2,.(9) , , (@) , .
i) _ (1) (1) _ o—1/2; (1) _ 7
Au,z E(i)w (BI/ + BI/—) 2 J B (Au—i- Au—) ’ (28)
(@) _ 1/2,.(8) 4(0)
Bzx-l— W,UI(Z ( BA +27 Al/,z) ’ (29)
i I APNG - i) A
B = — (jgal) — 2712040, (30)
wit
—1/2,.(4) (4) , ,
i _ 12 0) L ADY = 9-1/25 () _ gl
BY) o (Al,+ + AU ) i (BV+ BV_). (31)

The six amplitudes can be expressed in terms of two of them, e.g., using the axial A,(,)Z and B(Z) (2,4, 5].

Here, the preferred selections employ the transverse amplitudes, i.e., A,(ji and BZ(,i or A(J)r and A()
etc.. Substitutions of the solutions from Egs. (19) and (20) into Egs. (11) and (12) provide

ED (0,¢,2) = |70, A0 20 + %0 AL 2, 4+ 240200 | ee 2, (32)
H(i) (0,0, 2) = [e i B’Slzi)l+elso 5@2254)_14_ B(z) 'Sz)} ol eiBz. (33)

The amplitudes A(?z and B(l can be replaced using Eqgs. (28) and (31). This gives, with the factor
e 6% omitted,

) . k(@) ) . . .
E,(f) (0,0) = [e7%0 A( 9 Z( )1 +e¥p A(Z) z0) +2- 1/232 3 (AI(,ZJ)r A9 ) ZZ(,Z) ev?, (34)

v+1 v—

. ) . . ) (@) . . A
HY (0,¢) = |e 04 BL 20, + 70 B2} + 271 e (BSL-BY) 20 e (35)

v— v

Note that the field components A,(,Z)Z (BZ(,Z,)Z) parallel to 2 depend on the CP amplitudes Al(,li (B,S?E) parallel
to 0+. Alternatively, the transverse (CP, i.e., perpendicular to 2) field components can be expressed in

terms of the amplitudes Afjio and B,Ego for the axial (parallel to Z) components given in Egs. (19) and
(20)

p _ 27 i) Rli) _ - v
EY) = 0 (WM()Bﬁ,)z—JﬁA( )Z() el
) 9—1/2
HIEJ)F = — %() (we(Z)A(Z 4—JﬁB(Z ) e""p
() 271/ (1) p(@ : ugo
E, = ,%(Z) (w,u By, +jiBAy )Z e
; 9—1/2
B« ()i o
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3. SPECIAL CASES

In this section, the solutions will be given for the modal fields of the lowest orders 0 and £1 which
determine the range of monomode operation in a circular cylindrical waveguide with a uniform core and
a uniform cladding [2, 5].

3.1. TE and TM waves

For v = 0, the Helmholtz equations consists of Bessel equations for E(()Zl and Ho(li which are of the same
D, Also, the Bessel equatié)ns for E((]Z)il and Hg are of the
same form. Their solutions are proportional to Zg According to Eq. (28) the electric field component
E(()i) vanishes for —B(()i)r = B(()i_) = B%)«: and A(()a)r = A(()i) = A(T%E, where B%)E = JB(Z)A() The solution

A

form with the solutions proportional to Z(()

corresponds to the transverse electric (TE) wave
Bip = (007 — 5-0%) Afp2) = 22y 20, (36)
i B e s i) i YD L
Hip = 0 (64077 + o_ei?) A(T?EZ§)+21/2zw(i) 0z
21/2

-0 5 (282" — 20 2(") Al (37)

According to Eq. (30), the magnetic field component Hézi vanishes for —A(()a)r = A((Q = A%%\/[ and

Béi)r = Béi_) = B(Til)\/[, where A%\/I = wjf(i) B(TZI)\/I The solution corresponds to the transverse magnetic
(TM) wave
HY), = — (61e7% — 5 ¢%) BY), 2 = —j21/25B0) 2 (38)
i B ' L&D 6y LG
Bl = 2 (0 0.07) B 200 225 0 2
21/2
_ s, (D) 20 )
-3 1 (0827 - 2" 20) BY,. (39)
3.2. Solutions for v = +1
For the special case of v = £1, Eqs. (34) and (35) provide
EV (0,¢) = 02 A0, 2+ 6-AY 209 1240, 20 eie, (40)
H, (0,0) = 0:BY, 20 + 6-B\)_z{e%% 1 3Bl 2%, (41)
EY (0,0) = 5,4, 2{e 2W+g AV _z) 240 z{eie, (42)
) (0.0) — 0050, 2000 + o8 20 — 350, 20, -

The use has been made of the parity relation [1]

Z0) = (—1)» 20,

In the z components, the amplitudes A( ) , and Ag . can again be replaced according to Eqgs. (28) and
(31), ie

i _1/2.k i 7
Ai)u =2 1/2J7 (AS_L)H - AS_L)1_) :

32

i _ R [ i
By, =2 1/2J7 (Bi)pr - BE_L%_) :
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4. WAVEGUIDE

For the purpose of illustration, Egs. (17) and (18) will be now applied to the analysis of a
simple cylindrically layered medium, a cylindrical dielectric waveguide. The waveguide is formed
by the structure consisting of a homogeneous core in the region 0 < ¢ < a (i = 1) characterized

by @ and e and a homogeneous cladding occupying the region a < p (¢ = 2). In the core,
Z,El)(,%(l) 0) = J,(kp) represent Bessel functions of the first kind with the real argument kp. In
the cladding, Z,SQ)(,%@) 0) = H,(,l)(j’yg) represent modified Hankel functions of the first kind, with the

argument imaginary pure jyo (see Section 2).
4.1. Boundary conditions

The continuity of the field components parallel to the interface p = a follows from the projections of
fields to ¢ and 2. Projections to ¢ of the fields in Eqgs. (34) and (35) are given by

2 EBD (0,0) = ¢ bpe 1Al 20 e 4. 5 iAW Z1) eive, (44)
o -H (0,0) = ¢ o1e#B) 2D &0 1 3. 5 o?BY 21 cve, (45)

where ¢ - o473 = 271/2j and - 6_el¥ = —271/2j. Projections to 2 of the fields in Egs. (34) and (35)
provide

(0

2 BY (0,0) = 2_1/2.17 (Az(j) - Azj—) Z{Delv?, (46)
. . 0] ; ; o
Zr Hz(/l) (0,) =2 1/2.]7 (Bw)r - Bzgl) erl)e]w' (47)

The amplitudes BZ(,Zi can be replaced with A,(fi using Eqgs. (26)-(31)

Bt = zﬂ;iu) (207 4+ 62) AL = k22, (48)
P2 = s () A A2 ®

The inverse relations follow from the duality transformation which requires A,(fi — Bl(fi, B,EZ)E — —Af,ii,
and €@ — p e,

A = gy (09450 2 ), o
A =3 5;35 o |(26%+52) B — 2B0)] (51)

Equations (48)—(51) show the coupling between the circularly polarized field components via the field
z-component typical for the circular cylinder symmetry. For example, the electric field amplitude AI(,ZJ)r
with the circular polarization g is coupled to the magnetic field amplitudes B,SZJ)F and B,SZZ with both
0+ and o_.

Expressed in a matrix form, the boundary conditions become

aiy ai12 ai3 aiq A(1)

1 1 2 2 v+

Zz(/—)1 _Zz(/—zl _ZIE—)I ZIE-BI A(l)
H(l)ZZ(,l) _,{(1)251) _,42)252) %(2)252) A'(’;) =0, (52)

1) 1) 2) 2) vt

Mz E 20 _EF 22 _E 2@ A®

P N G S A C) I )
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where in the first row (continuity of H,)

ay] = ﬁ :— <2ﬁ2 + /{(1)2> ZZ(,l_)l + /{(1)221(,21] ,
a2 = ﬁ :’{(1)221(/1—)1 - (252 + “(1)2) 31521] )
a3 = ﬁ :(252 + /1(2)2> 252_)1 - /1(2)225321] ,
o = e [ () 23]

The second, third and fourth rows express the continuity of E,, £, and H, respectively.

4.2. Characteristic equation

The condition of zero determinant of the 4 x 4 matrix in Eq. (52) leads to the characteristic equation
(the guidance condition) for 3 [5]

3 (K(1)2 _ /1(2)2)2 v?

a?

p 2 (KVa) ) 2 <m<2’a>] W2 (s0a) e 27 (:Pa)]

k(L Z,Sl) (ﬂ(l)a) e 2132) (H(Q)a) kD) Z,Sl) (ﬂ(l)a) k(2) 3152) (R(Q)a)

Here )2 = w2e@ @ — 52 (5 = 1,2) and k(V? — 532 = L2(eMW (1) — @) 4(2)), The derivatives at the
le(,i)(n(i)g)
d(k(o)
relations for cylindric functions [1]

2z, (ﬁu)é)) - Y =0 (ng) _z( (ng)’

k®Da

z, (ﬁ(i) Q> = ﬂ(f)az,ﬁ“ (ﬁ(i)g) + Z0 (ﬁ(i)g .

— 2D, (24

interface o = a, i.e., | lo=a, are denoted by Z,Ei)' (kM a). The use has been made of the recursion

N——

4.3. Amplitude Ratios

The relations among Al(,zi follow from the equation system Eq. (52). From Eq. (52) with the first row

removed, the amplitudes expressed in terms of A,}JZ become

1)5/{(1)2 _ @2 - ey Z,Sl)/ - e 5152)’
a k(12,22 kD) z(1) 2 z(2)

A0 - v 502 2 L0z ez
B 22 -

I

v

AZ(}JZ ,1(2)2182) WY (D2 _ (2)2
0 k(2522

+

(2)Vﬂ(1)2 _ @2 ey Zlgl)’ e Zl@)’

Az(/Q-i)- K(I)Zlgl) K a Kk(1)2,(2)2 t k() Z,Sl) B k() ZISQ)
A0 T @22z® m2 _ (22 0 20 2 2@\ (55)

vt N A () LA X p 2y w2y

a kMD2,2)2 k(1) Zlgl) k(2) 252)

(2)5,{(1)2 _ @2 - ey Z,Sl)/ e 5152)’

A(2) /{(1)2(1) H a kD2k2)2 k@D Z(l) K(2) 2(2)
v— v ( v v > (56)
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Equivalently, these results can be deduced from Eq. (52), now with the second row removed
32 k2 _ k@) £(1) Z,El)/ £(2) 352)’
A LD 025@2 ¢ Y\ KD 0 T 5@ 0
- = V ’ ~ ’ 9 57
Az(jll - 32 k02 _ (@2, - 5(1) ( ) 2 252) (57)
pud) g(1)2,(2)2 a Z n ()2(2)
LDz §2 K02 g<1 zZV e g
Az(jz—i)- _ W Iu(2) /1(1)2 Z(l x(2) ZZ(,Q) (58)
Az(/ll H(Q)ZIEQ) 32 k(2 _ 5(1 Z(l )2(2)
p@ K/(l)2 Z(l B ,1(2) 21(12)
A(Q) W /L(z) /1( )2 /{(2) a w /{(1) Z,Sl) /{(2) ZIEQ)
= . (59)

Al(jll < (2) 152) - 32 k12 H(Q)QZ e &Zzgl), ) &252)'
p®) p) k12522 g sz Q) z(2)
The corresponding ratios in Eqgs. (54)-(56) and (57)—(59) are related by Eq. (53).

5. DISCUSSION

The use of transverse circular representation in circular cylinder coordinate system enables simplified
solutions to the vector Helmholtz partial differential equation of electromagnetics. After separation, the
equation for electric (magnetic) field splits into a set of three ordinary differential, i.e., Bessel equations
for two opposite transverse circular polarizations, 9+ and ¢_, and the axial Z component. The approach
is suitable for solving the problem of cylindrical waveguides and cavities starting from transverse field
components. It is illustrated on a circular cylindrical dielectric waveguide. Its monomode operation is
deduced from the solutions for v = 0 and v = £1 given in Sections 3 and 4 and defined by the V-number
range,

1/2
V=w <u(1)€(1) — ,u(2)€(2)) / a < 2.405.

Table 1 provides the solutions to Eq. (40) at a fixed V' = 2.4028 for several M) /() ratios and
propagation constants in the cladding k) = w(u@)z—:(?))l/ 2 corresponding to the case v = 1, with
restriction to ,u(l) / ,u(2) = 1. The model may be applied, e.g., to the evaluation of the trends in an optical
fiber operating at the Vacuum wavelength, Ayac = 1.55 um with the core radius 1 um < a < 36 um. At
the lowest e /e®) (M) /() ~ 1), the component propagating with ¢, dominates. This justifies the

weak guiding approximation, i.e., AL . /A tip ~ 0. The same situation takes place for v = —1 and o

Table 1. Dependence of waveguide characteristics on permittivity ratio.

e /e 1.000143 1.00143 1.0143 1.1 1.143

k@ q 200.932 63.5615 20.0677 7.59855 6.34597

Ba 200.94 63.5856 20.1437 7.79353 6.5762

Ka 1.64605 1.64631 1.64885 1.66507 1.67288

fya 1.75042 1.75021 1.74782 1.73237 1.72484
/AW s 0.00579243 0.0183079j 0.0578799; | 0.151072j | 0.179877j
A(jl_ /AY L1 | —0.0000229546 | —0.000236753 | —0.00231887 | —0.0153239 | —0.0214017
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where the ratio A(_I% n /A(_I%_ ~ 0. The two solutions can be combined to construct the LPy; orthogonal
modes linearly polarized parallel to & and g [3].

The coupling between fields with 9, and o_ presents interest in the development of approximations,
in the design of nonreciprocal waveguides, in optical angular momentum studies, etc. [3, 8]. The approach
may be applied to rectangular cylindrical waveguides in a way developed by Goell [6] and to the media
with circular eigen polarizations displaying magnetooptical Faraday effect or optical activity [7,12].
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