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Electromagnetic Analysis on Propagation Characteristics of CRLH
Waveguide Loaded with Double Ridge Corrugations
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Abstract—The propagation characteristics of a composite right/left-handed (CRLH) waveguide loaded
with air-filled double ridge corrugations (DRCs) is studied intensively in this paper. It is analyzed from
the perspective of electromagnetic (EM) fields other than equivalent circuit method used by many other
CRLH structures. First, the EM fields inside the CRLH waveguide are derived theoretically based
on the EM fields in the rectangular waveguide and the DRC, as well as the boundary conditions on
the interface, respectively. Then the propagation characteristics of the CRLH waveguide including the
dispersion relation, surface current and transmitted power are determined according to the EM fields.
The properties of the surface current are focused on for analyzing the application possibility of this
CRLH waveguide to the leaky-wave antennas (LWAs). The transmitted power of the CRLH waveguide
is calculated to demonstrate the high power capacitance of this CRLH waveguide. All the theoretical
results are verified through full-wave simulations.

1. INTRODUCTION

Composite right/left-handed (CRLH) transmission line (TL) structures have been studied extensively
over the past decades due to their unusual properties such as supporting backward and forward
wave propagations simultaneously and infinite wavelength propagation [1]. Numerous CRLH TL
structures have been proposed so far, and they can be generally classified into two categories: planar
structures [2–10] and three-dimensional (3D) waveguide structures [11–14]. Planar CRLH TLs have the
advantages of low profile, low weight, low cost and easy fabrication, etc. They are usually realized using
microstrip [2, 3], substrate integrated waveguide (SIW) [4, 6, 7], and ridge substrate integrated waveguide
(RSIW) [9, 10], etc. However, they suffer from high loss and low power capacity when operating at the
frequency bands above Ku band. Thus this type of CRLH TLs is not suitable for practical radar systems
which require high power capacity for long range operation. The waveguide CRLH TLs have higher
power capacity than the planar ones, and they may satisfy the actual requirements for radar applications.
The CRLH waveguide with dielectric-filled corrugations proposed in [11] has been applied to leaky-wave
antennas (LWAs) [15, 16]. However, the radiation efficiency is low due to high dielectric loss, thus this
CRLH waveguide with dielectric-filled corrugations is not suitable for high performance LWAs. To avoid
the dielectric loss, air-filled CRLH waveguide can be a good choice. A dielectric-free CRLH waveguide
LWA consisting of one shorted stub and two twisted H-plane irises in [14] can overcome the dielectric
losses. However, the obstacles inside the waveguide cause poor voltage standing wave ratios (VSWRs)
of the antenna, let alone the fabrication complexity. So this type of CRLH waveguide is still not suitable
for high performance LWAs.

The CRLH waveguide adopted in this paper was first proposed in [13] with the left-handed
propagation investigated using full-wave simulation. It is composed of a main rectangular waveguide
with one broadwall periodically loaded by air-filled double ridge corrugations (DRCs). This CRLH
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waveguide has the advantages of high power capacity, low loss and high efficiency, which might be a
good choice in practical radar applications. Many CRLH structures proposed before were studied using
equivalent circuit method or full-wave simulation. A generalized form of the asymptotic corrugation
boundary conditions has been employed to analyze this CRLH waveguide [17]. However, only the
dispersion relation is focused on without the propagation characteristics analyzed, which describes the
performance of the CRLH waveguide. In this paper, we study the propagation characteristics of this
CRLH waveguide from the perspective of electromagnetic (EM) fields other than the equivalent circuit
method and discuss the possibility of applying this CRLH waveguide to high performance LWAs.

This paper is organized as follows. The configurations and EM fields of the CRLH waveguide are
first derived theoretically in Section 2. Section 3 studies the propagation characteristics of this air-
filled CRLH waveguide based on the EM fields deduced in Section 2. In this section, the dispersion
relation is first deduced, and the propagation parameters such as phase velocity, group velocity and
guided wavelength are calculated. Then the surface current and transmitted power are determined.
The properties of the surface current are analyzed in detail to demonstrate the leaky-wave principle
when being applied to LWAs. The transmitted power of the CRLH waveguide is also calculated to
estimate the power capacitance of this CRLH waveguide. Section 4 gives the comparison of the EM
theoretical analysis results and full-wave simulation results, which demonstrates the effectiveness of the
EM fields analysis for the propagation characteristic of the CRLH waveguide. Finally, conclusions are
drawn.

2. CONFIGURATIONS & EM FIELDS

The unit cell configuration of the CRLH waveguide is shown in Figs. 1(a)–(c). A CRLH waveguide can
be realized by periodically cascading the unit cell. Stepped transitions are used in the two ends of the
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Figure 1. The configurations of the CRLH waveguide. (a) Side view of the unit cell. (b) 3-D view of
the unit cell. (c) Top view of the unit cell. (d) Closed CRLH waveguide with input and output stepped
transitions.



Progress In Electromagnetics Research C, Vol. 75, 2017 3

CRLH waveguide for connecting the structure to standard waveguides, as depicted in Fig. 1(d).
For the interface between the main waveguide and the DRC shown in Fig. 1(c), the boundary

conditions are expressed in the following form [17]∫∫
Sp

Ew
z |y=0+ds =

∫∫
Sa

Ec
z|y=0−ds (1a)∫∫

Sp
Ew

x |y=0+ds =
∫∫

Sp
Ec

x|y=0−ds (1b)∫∫
Sa

Hw
x |y=0+ds =

∫∫
Sa

Hc
x|y=0−ds (1c)

where Sa denotes the air aperture surface of the interface, and Sp denotes the whole interface including
the conducting and air parts.

Enforcing the boundary conditions on the upper conducting wall of the CRLH waveguide shown
in Fig. 1(d), the longitudinal EM fields in the main waveguide can be expressed in the form

Ew
z = A1E0 sin(kxx)

sinh(χ(b − y))
sinh(χb)

e−jβz (2a)

Hw
z = A2

E0

η0
cos(kxx)

cosh(χ(b − y))
sinh(χb)

e−jβz (2b)

where β is the propagation constant, k0 the wave number in free space, and
kx = π/a, χ2 = k2

x − k2
cm, k2

cm = k2
0 − β2 (3)

The transverse EM fields in the main waveguide then can be deduced as [19]⎛
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The dominant mode field expressions inside the double ridge waveguide are reported in [18]. They are
presented as transverse electromagnetic (TEM) mode in the gap, and with some higher order, cutoff
transverse magnetic modes in the large parts by matching the electric field at the edge of the ridge to
the TEM mode on the gap side. The fields expressions can be found in [17] and [18].

Together with the EM fields inside the main waveguide, as well as the boundary conditions expressed
by Eqs. (1a) and (1b), the unknown A1 in Eq. (2) can be determined as

A1 =
kxβ

sin(βp/2)

[
d cos(kcs/2)
w sin(kcl)

· (1 − cos(kcl)) · sin(βw/2)
kcβ

+
∞∑

n=1

2w cos(kcs/2) sin(nπd/w)
((nπ)2 sinh(γnl)

· cosh(γnl) − 1
γn

· sin(nπ/2) +
sin(kcs/2) sin(βd/2)

kcβ

]
(5)

where
γ2

n = (nπ/w)2 − k2
c (6)

Due to the odd symmetry of Ec
x in the DRC, its integral in Eq. (1b) equals zero, thus we have

A2 =
βkx

k0χ
A1 (7)

and thereby
Ew

x = 0 (8)
In this way, all the EM field components inside the CRLH waveguide are derived.
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3. PROPAGATION CHARACTERISTICS

3.1. Dispersion

Dispersion is one of the most important parameters for the CRLH structure. The left-handed region,
right-handed region and stopband region or balanced frequency can be distinguished directly from their
dispersion curves. Substituting the EM fields of the CRLH waveguide into the boundary condition of
Eq. (1c), we have

−κ · coth(κh) =
(1 − cos(kxl)) sin(βw/2) + cos(kxl) sin(βd/2)

sin(βp/2)
· k2

x − k2
0

χ
coth(χb) (9)

As can be seen, the unknown variables in both sides of Eq. (9) are the propagation constant β and
frequency ω only, thus Eq. (9) is the dispersion relation. Besides, the solution of Eq. (9) is χ = 0 if the
depth of the DRC h → 0, which results in

β =
√

k2
0 − k2

x (10)

It is interesting to see that Eq. (10) is the propagation constant of the domain mode (TE10 mode) in
the traditional rectangular waveguide.

Based on the dispersion relation, the guided wavelength λg, phase velocity υp and group velocity
υg can be calculated using Eqs. (11)–(13)

λg = 2π/|β| (11)
υp = ω/β (12)

υg =
∂ω

∂β
(13)

3.2. Surface Current

It is known that the induced current would be generated on the inner wall of the waveguide when
microwave signal propagates inside the waveguide. In the microwave frequency, the induced current
flows just on the surface of the inner wall because of the skin effect, thus the current can be treated as
surface current. The amplitudes and directions of the surface currents are determined by the tangent
magnetic fields on the waveguide wall,

Js = n̂ × Htan (14)

For the upper broadwall, the surface current is calculated as

Js|y=b = −ŷ × Hw
tan|y=b = ẑ · Hw

x |y=b − x̂ · Hw
z |y=b

=
A1E0e

−jβz

η0k0χ sinh(χb)
[
ẑj(k2

0 − k2
x) sin(kxx) − x̂βkx cos(kxx)

]
(15)

The current at the position of x = 0,

Js|y=b,x=0 = −x̂
A1E0e

−jβz

η0k0χ sinh(χb)
· βkx (16)

while the current at the position of x = a is,

Js|y=b,x=a = x̂
A1E0e

−jβz

η0k0χ sinh(χb)
· βkx (17)

and the current at the centerline (x = a/2) is,

Js|y=b,x=a/2 = ẑ
jA1E0e

−jβz

η0k0χ sinh(χb)
· (k2

0 − k2
x) (18)

It is observed from Eqs. (15)–(18) that the surface current distribution is very similar to that of the
traditional rectangular waveguide. There are only x components at the two sides of the broadwall
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(x = 0 and x = a). Their amplitudes are equal to each other, while their directions are opposite. For
the surface current at the centerline (x = a/2), there is only z component, thus there is no radiation for
the longitudinal slots cut along the centerline of the broadwall. However, the power can be leaked from
the longitudinal slot cut on the broadwall with offsets from the centerline since the x components of the
surface current can be cut by the slots. Besides, the bigger offset of the slot corresponds to the larger
leaky-wave factor in the x component of the surface current since it is cos(kxx). This characteristic is
very useful for designing high performance CRLH LWAs because the slot offsets can be varied to realize
a tapered excitation distribution for achieving low sidelobe levels of radiation patterns. This leaky-wave
radiation has been analyzed and demonstrated by full-wave simulation in [20].

For the current at the sidewall surface of the main waveguide (y ∈ [0, b]), we have

Js|x=0 = x̂ × Hw
tan|x=0 = ẑ · Hw

y |x=0 − ŷ · Hw
z |x=0

= − A1E0kxe−jβz

η0k0χ sinh(χb)
· [ẑjχ sinh(χ(b − y)) + ŷβ cosh(χ(b − y))] (19a)

Js|x=a = −x̂ × Hw
tan|x=a = −ẑ · Hw

y |x=a + ŷ · Hw
z |x=a

= − A1E0kxe−jβz

η0k0χ sinh(χb)
[ẑjχ sinh[χ(b − y)] + ŷβ cosh[χ(b − y)]] (19b)

It is observed that the surface currents at the two sidewalls are equal to each other, and there are
both y component and z component for the sidewall surface current of the CRLH waveguide with DRC,
while only y component exists for the sidewall surface current of the traditional waveguides.

For the sidewall surface current of this CRLH waveguide at y = b, there is only y component

Js|x=0,y=b = −ŷ
A1E0kxβ

η0k0χ sinh(χb)
e−jβz (20)

3.3. Transmitted Power

The energy flow density transmitted in the CRLH waveguide with DRCs can be calculated by the
Poynting vector as

S =
1
2
�(Ew × Hw∗) =

1
2
�[x̂(Ew

y Hw∗
z − Ew

z Hw∗
y )

+ŷ(Ew
z Hw∗

x − Ew
x Hw∗

z ) + ẑ(Ew
x Hw∗

y − Ew
y Hw∗

x )] (21)

Its longitudinal component Sz is the EM power flowing through the unit area of the waveguide cross
section, while Sx and Sy are the energy flow densities transmitting along the x and y directions,
respectively. Standing waves appear in the x and y directions due to the waveguide walls. Thus
the average transmitted power flowing along the CRLH waveguide is given by

P =
∫ a

x=0

∫ b

y=0
Szdydx (22)

The integration limit in y direction is chosen from 0 to b because the DRCs have no contribution to the
longitudinal (z direction) power transmission. Thus only the EM fields in the main waveguide need to
be considered. In the left-handed region where β, χ and A2 are all real numbers, the transmitted power
can be computed as

PLH =
ab

4
· A2

1E
2
0β(k2

0 − k2
x)

η0k0χ2
· sinh(2χb)/(2χb) + 1

cosh(2χb) − 1
(23)

While in the right-handed region where β is real, χ and A2 are imaginary numbers, the transmitted
power is calculated as

PRH =
ab

4
· A2

1E
2
0β(k2

0 − k2
x)

η0k0χ2
· sin(j2χb)/(j2χb) + 1

cos(j2χb) − 1
(24)

In fact, Eqs. (23) and (24) can be uniformed as Eq. (23).
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Table 1. Geometry parameters of the Ka-band CRLH waveguide.

Parameters a b p w s d h

Value (mm) 4.47 2.8 2.8 1.8 1.2 1 4.75

4. SIMULATION RESULTS

A Ka-band CRLH waveguide with DRCs is built and simulated using full-wave simulation tools to
demonstrate the above theoretical analysis. Perfect conductor (PEC) is assumed for the waveguide
material. The geometry parameters of the Ka-band CRLH waveguide are given in Table 1.

4.1. Dispersion

Figure 2 gives the dispersion curves of the Ka-band CRLH waveguide calculated according to the
theoretical formula of Eq. (9) and HFSS simulation using eigenmode with periodic boundary condition.
Master and slave boundaries are added on the two sides of the CRLH waveguide unit cell
for the HFSS simulation, respectively, and the boundary is set to be PEC outside the
CRLH waveguide. Good agreement can be observed. The dispersion curves show that this CRLH
waveguide is a balanced CRLH structure with the transition frequency occurring at 33.65 GHz. The
corresponding guided wavelength λg, phase velocity υp and group velocity υg based on the dispersion can
also be determined and presented in Fig. 3, Fig. 4 and Fig. 5, respectively. The free space wavelength
is plotted in Fig. 3, from which one can find that the guided wavelength is larger than the free space
wavelength in the frequency region from 32 GHz to 40 GHz, which means that this frequency region
is the fast-wave region. Thus this CRLH waveguide can be applied to antennas with radiating slots
cutting on the waveguide surface. The phase velocity given in Fig. 4 exhibits a pole at the transition
frequency. On the other hand, for the group velocity in Fig. 5, there is no zero observed between the
left-handed region and right-handed region since this CRLH structure is balanced [1].

Figure 2. The dispersion relations of the Ka-
band CRLH waveguide.

Figure 3. The guided wavelength of the Ka-band
CRLH waveguide.

4.2. Surface Current

The upper broadwall surface current of the Ka-band CRLH waveguide is calculated by the theoretical
formula of Eq. (15) and plotted in Fig. 6. As comparison, the CRLH waveguide is also simulated
using CST Microwave Studio, and the corresponding surface current is given in Fig. 7. They are in
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Figure 4. The phase velocity of the Ka-band
CRLH waveguide.

Figure 5. The group velocity of the Ka-band
CRLH waveguide.
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Figure 6. The upper broadwall surface current of the Ka-band CRLH waveguide calculated by the
theoretical analysis. (a) f = 33 GHz, (b) f = 33.65 GHz, (c) f = 35 GHz.
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Figure 7. The upper broadwall surface current of the Ka-band CRLH waveguide simulated by CST
Microwave Studio. (a) f = 33 GHz, (b) f = 33.65 GHz, (c) f = 35 GHz.
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Figure 8. The upper broadwall surface current of the Ka-band CRLH waveguide at 33.7 GHz (near
the transition frequency).
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Figure 9. The sidewall surface current of the Ka-band CRLH waveguide calculated by theoretical
analysis. (a) f = 33 GHz, (b) f = 33.65 GHz, (c) f = 35 GHz.

accordance with each other for the frequencies at 33 GHz (left-handed region) and 35 GHz (right-handed
region), and they both show similar surface current distribution on the broadwall to that of traditional
waveguide, as concluded by Eq. (15). Only x components are observed at the two sides of the broadwall
(x = 0 and x = a) while at the centerline (x = a/2), there is only z component. It is interesting to
find that different surface current distributions are exhibited at the transition frequency of 33.65 GHz
in Fig. 6 and Fig. 7. In Fig. 6, there is only z direction surface current, while both x and z direction
surface currents are observed in Fig. 7. This is because the propagation constant β equals zero strictly
in the theoretical analysis, while in the actual prototype simulation, the strict zero propagation constant
(or the strict balanced condition) is usually hard to achieve [5, 10]. Furthermore, the surface current
at 33.7 GHz, which is near the transition frequency, has also been analyzed theoretically and plotted in
Fig. 8. It is in accordance with the current distribution in Fig. 7(b).

The sidewall surface current of the Ka-band CRLH waveguide is also calculated using Eq. (19)
and given in Fig. 9. Fig. 10 shows the corresponding surface current distribution simulated by CST
Microwave Studio for comparison. Unlike the traditional waveguide, there are both y and z components
for the sidewall surface current of the CRLH waveguide in both the left-handed and right-handed
regions. Only y component is observed when y = b, as discussed in Section 3.2. The different surface
current distributions also occur at the transition frequency between Fig. 9(b) and Fig. 10(b) because
of the same reason as discussed above. The sidewall surface current at 33.7 GHz (near the transition
frequency) plotted in Fig. 11 shows agreement with that in Fig. 10(b).
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(a) f = 33 GHz

(b) f = 33.65 GHz

(c) f = 35 GHz

Figure 10. The sidewall surface current of the Ka-band CRLH waveguide simulated by CST Microwave
Studio. (a) f = 33 GHz, (b) f = 33.65 GHz, (c) f = 35 GHz.
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Figure 11. The sidewall surface current of the Ka-band CRLH waveguide at 33.7 GHz (near the
transition frequency).

4.3. Transmitted Power

Taking Ebr = 3000 kV/m as the breakdown field strength of air, the peak power capacitance of the CRLH
waveguide can be calculated by Eq. (22) and plotted in Fig. 12. As predicted, high power capacitance
of this air-filled CRLH waveguide is shown, and this characteristic makes the CRLH waveguide more
suitable for the practical radar application than the planar CRLH structures. As we all know, in
radar application, the operation range is decided mainly by the transmitted power, antenna gain, and
sensitivity of the receiver according to the radar equation if some radar cross-section (RCS) is assumed.
Higher transmitted power is very helpful for longer operation range. Thus an LWA based on this CRLH
waveguide can be a better choice than the planar LWAs for radar application.

It should be noted that a zero exhibits at the transition frequency in Fig. 12. This can be explained

Figure 12. The power capacitance of the air-filled CRLH waveguide.
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as that the electric length of the CRLH waveguide at the transition frequency is zero, and the EM waves
inside the waveguide can be considered as standing wave with the EM power transmitted only in the
x and y directions. Besides, from the point of view of the energy flow, although the Poynting vector
can be considered as the EM energy flow density, it is not rigorous since it is ∇ · S that represents
the variation of the energy density other than the Poynting vector itself according to the Poynting’s
theorem. The ∇ · S in the z direction at the transition frequency equals zero, which also indicates the
EM power transmitting only in the x and y directions. Therefore, Eq. (22) is not appropriate for the
power calculation at the transition frequency.

5. CONCLUSION

The propagation characteristics of the CRLH waveguide loaded with air-filled DRCs are studied through
EM analysis. The EM fields inside the CRLH waveguide are derived based on the EM fields in the
rectangular waveguide and the DRC, as well as the boundary conditions on the interface. An implicit
expression for the dispersion relation of this CRLH waveguide is derived. The comparison of the
dispersion results between the theoretical analysis and the full-wave simulation verifies the derived
formulae.

The surface currents on the upper broadwall and the sidewall of the CRLH waveguide are focused
on. The current on the upper broadwall shows similar distribution to that of the traditional rectangular
waveguide, while different distributions are shown for the surface currents between the sidewalls of the
CRLH waveguide and traditional waveguide. They are both verified by the theoretical analysis and
full-wave simulation. The calculated high power capacitance of this CRLH waveguide demonstrates
that it is more suitable for practical radar applications than the planar CRLH structures.

The propagation characteristics of this CRLH waveguide show potential application to the high
performance LWAs with high power capacitance, low loss and high radiation efficiency. Long longitudinal
slots may be cut on the upper broadwall to realize the LWA. Continuous beam-steering capabilities from
backfire to endfire including the broadside direction can be achieved by the balanced CRLH waveguide
LWA. Besides, the sidelobe level of the antenna patterns can be more conveniently optimized by using
meandering long slots compared with the planar CRLH LWAs.
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