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Cross Section Equivalence between Photons and Non-Relativistic
Massive Particles for Targets with Complex Geometries

Matthew J. Brandsema', Ram M. Narayanan® *, and Marco Lanzagorta?

Abstract—The quantum radar cross section (QRCS) is a concept that gives information on the amount
of returns (or scattered energy towards the detector) one can expect from a particular target when being
illuminated with a small number of photons. This cross section is highly dependent on the target’s
geometry, as well as the illumination angle and the scattering angle from the target. The expression for
the quantum radar cross section equation has been derived in the context of photon scattering. In this
paper, it will be shown that an equivalent cross section expression, including the alternate form written in
terms of Fourier transforms, can be derived using quantum scattering theory applied to non-relativistic,
massive particles. Both single particle and multiple particle illumination are considered. Although this
approach is formulated based upon massive, non-relativistic particle scattering, its equivalence to the
expression based upon photon scattering provide many valuable insights of representing and interpreting
these equations in the context of quantum radar. This includes an improved algorithm to simulate the
QRCS response of an object illuminated with any number of photons desired.

1. INTRODUCTION

Quantum radar has the potential to provide a significant advantage in observing stand off targets in
the field of remote sensing [1-5]. In this context, the quantum radar cross section has been defined
to characterize how electromagnetically “large” an object appears to a quantum radar. It must be
mentioned that this kind of cross section is highly dependent on the macroscopic target geometry (e.g.,
the shape of an airborne vehicle). This is in contrast to the kind of cross section normally discussed in
physics within the context of particle collision experiments, where target geometry is relatively simple
(e.g., a flat surface).

Objects viewed with a quantum radar exhibit increased QRCS sidelobe returns, resolution, and
signal-to-noise ratio (SNR) in comparison to classical radar with the same transmit power under certain
regimes [1,2]. There are many mechanisms by which a quantum radar achieves an advantage over
classical radar [6-8], and it is these results that prompt further study into this promising field.

This paper uses the formalism of quantum scattering theory for non-relativistic massive particles
to obtain equivalent expressions for the QRCS found in the literature [2,9,10]. It will be shown that a
scattering cross section can be derived for massive particles that is equivalent to the QRCS in quantum
radar under certain conditions. Using this theory, the alternate form of the QRCS equation written
in terms of Fourier transforms can also be derived in a very natural manner. Using the equivalence
between the two cross sections, a more efficient method is developed to simulate the QRCS response of
an object in the case of many illuminating photons.

The driving point behind our results is that the same QRCS expression is obtained using non-
relativistic, massive particles (which we will hereby just refer to as “particles”), as opposed to photons.
By “massive”, we simply mean particles with mass. This leads one to the conclusion that the underlying

Received 23 November 2016, Accepted 21 January 2017, Scheduled 7 February 2017
* Corresponding author: Ram M. Narayanan (ram@engr.psu.edu).
I Department of Electrical Engineering, The Pennsylvania State University, USA. 2 The Naval Research Laboratory, USA.



38 Brandsema, Narayanan, and Lanzagorta

mechanism of the quantum radar cross section comes purely from the concept of quantum superposition,
and therefore any quantum particle probe will generate an analogous cross section response. This result
suggests an interesting possibility of using not only photons for standoff target detection, but other
quantum particles as well.

2. ILLUMINATION WITH A SINGLE PARTICLE

The theory of particle scattering in quantum mechanics is well understood and well established [11].
We will denote the state of an incoming particle’s wave function as [¢), traveling in a direction defined
by its wave vector k. After the particle interacts with the target and scatters in another direction k’,
the outgoing wave function, which we will denote as [¢)), is the sum of the incident plane wave of the
free particle, plus an outgoing spherical wave from the target. This is given by the following:

() = — [eikx oK) M

(27rh)3/ 2 7 r
where f(k,k’) is the scattering amplitude and describes how the particle is scattered in a particular
direction k’, which is in general, different from k, and r is the distance from the center of the target to
the observation point (which is far removed) and is equal to r = |x|. Note that in this development,
we are ignoring tunneling and diffraction effects. The expression for the scattering amplitude under the
Born approximation is given by the following [11]:
1 m ; AV

f(kX) = 5.2 k=K x"y (x) dx’ (2)
where x’ is the distance from the center of the object (and coordinate system) to a particular point
on the object, V(x’) the potential that represents the scatterer, or target in space, m the mass of the
particle, and i = h/2m where h is Planck’s constant. Typically in these types of scattering problems in
physics, one is interested in particle collision scattering, namely, two particle beams colliding with each
other or against a 2D target of simple geometry. However, within the context of quantum radar, the
scatterer of interest is actually a macroscopic target with complex geometry made up of a collection of
atoms. We treat each atom as a point scatterer, having no long range interaction with the incoming
particles. This can be modeled adequately by a collection of spatial impulse functions. Therefore, we
make use of the Fermi pseudo potential typically used in neutron scattering theory [12] and express

N
27::2 Z by (x' — x(”)) (3)
n=1

where x(™ represents the position of the n-th atom in an arbitrary coordinate system, N the total
number of atoms, and b,, the scattering length of each atom, which is a description of how large the
atom looks to a quantum particle based on the particle’s wavelength and the atom’s size. One can think
of b, as being analogous to the atom’s individual scattering cross section, and the potential for the
entire system is proportional to the summation of all these cross sections. We now obtain the following
for the scattering amplitude after substituting this expression for the potential function and assuming
that the scattering lengths for each atom are the same (b, = b,Vn)

N
f (k7 k/) = _b/G_ik/'x/ Z(S <x/ _ X(n)) eik-x’dx/
N n=1
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For the monostatic case, the observation direction is opposite to the direction of incidence, thus
k = —K/, and |k — K| = 2k. So, we obtain,

Taking the magnitude squared gives us:

|f (e, K)|" = [bl” (6)

2 :e2zkx

We now insert a factor of 1 by multiplying by \e2lk'd|, where d is the distance from the center of the
object, to the radar. This gives us:

N 2

|f (k, k/)‘2 — b Ze2ik-(d+x(n))

n=1

N
— |b|2 Ze2i|k\|d+x(")‘cos€

(7)

where 6 is the angle between the vector k and (d+x™)), and (d+x() is the distance from the receiver
to the n-th atom. If the object is very far away, this angle will always be very small and we can set it
equal it to be zero. This gives:

|f (k, %) |" = [bf? (8)

Z o 2ilk|[d+x n)\

n=1

We recognize the term 2|d + x(”)| to be the round trip distance from the radar, to a particular atom,
otherwise known as the total interferometric distance. We denote this as AR,,. Thus, we have

N 2

Z eikARn

n=1

|7 (k,K)[* = [b]? (9)

This term accounts for the superposition of all the wave functions emitted from each atom in the
target. The origin for this superposition of wave functions is the multi-path nature of the particle.
When the particle impinges on the target, it has a probability of interacting with any of the atoms
in the object and being scattered in another direction. This situation is analogous to a double slit
experiment. The uncertainty in the exact path of the particle manifests as a summation of all possible
paths the particle can take [13].

Our next objective is to develop an expression for the quantum radar cross section of the target.
A reasonable definition of the quantum radar cross section og is to define it in terms of intensity [2],
analogous to the classical case [14]. Thus,

I
0Q = hm 47‘[‘R2M

. 10
R—o0 <IInCident > ( )

where R is the distance that the target is away from the radar, (Icattered) the expectation value of the
scattered intensity, and (I1ncident) the expectation value of the incident intensity. It can be shown that
the magnitude squared of the scattering amplitude, | f(k,k’)|? is equal to the differential scattering cross
section of the target, do/dS2 [11]. We have added a tilde above o to differentiate it from the o used for
the radar cross section, which has units of square meters, m?. The definition of this particular cross
section normally used in physics is the number of incident particles crossing a plane perpendicular to the
incident direction per unit area per unit time [11]. This particular cross section, although sharing the
same nomenclature, is different from the type of cross section considered for radar and standoff sensing.

While both cross sections provide information on the amount of return expected at a particular angle,
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the radar cross section takes into account potentially complex 3D target geometries, whereas 6 does not
because it is associated with a collision from a simple target. Based on the definition, the units of & are
(1/s)/m?. This suggests that the scattering amplitude is directly proportional to the incident intensity
density, as all one needs to do is multiply by the energy per particle, thereby obtaining units of W/m?,
where W is Watts. We will call this energy Fi.

<[scattered> = Ey f (k7 k/) |2 . (11)

To obtain the expression for the total incident intensity on the object, we employ the high
frequency approximation expounded in Ref. [2], which is valid for any wavelength smaller than the
target dimensions. We recognize that the incident intensity will simply be equal to the scattered
intensity density, integrated over all viewing angles (assuming there is no loss of energy during the
scattering process)

/ (Iincident )dS ~ / Fi R? !f (k, k,) ‘2 sin 6d6’d¢’ (12)
St SOT

where St is the surface of the target, and S D T denotes the solid angle of a large half sphere that
surrounds the target. It is only a half sphere because the object does not emit fields behind itself, as
the atoms that would be responsible for this behavior are in the shadow region of the illumination.
Henceforth, we will orient our coordinate system such that this half sphere is associated with the angles
0< ¢ <2rand 0 <€ < 7/2, If the wavelength of the photon is small in comparison to the object,
then we can assume that the incident intensity is uniform over the target, and we obtain the following:

/ <[incident>dS ~ (Iincident >AJ_ (13)
St

where A | is the projected cross sectional area of the target. Thus, the incident intensity of the particle
is given by the following;:

Ey 2r /2 9
(Tincident) = —/ / R*|f (k,K')| sin0df'dg’. (14)
AL Jo Jo
Substituting Equations (11) and (14) into Equation (10) gives:
|/ (e K)[*
0q(0,¢) = 4mAL—5—7s ) (15)
/ / |f (k,X')|" sin6'd6’do’
o Jo
or equivalently:
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Z eikARn
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Thus, using purely particle considerations, we have arrived at the exact same equation for the QRCS
using single photon illumination [2]. We can go a step further and relax the monostatic geometry
assumption in Equation (5), as well as not imposing the extra factor of 1 introduced by a complex
exponential in terms of the target distance used in Equation (7). This provides coordinates that are
only dependent on target geometry, not object distance. These changes will give us a more general
result for any bistatic setup, as follows:

n

N 2
Z ei(k—k’)-x(")
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™ i(k=K)x | .t g g0
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Notice that og does not depend on b, the scattering length of the atoms even though the scattering
amplitude explicitly depends on it in Equation (4). The reason for this is because we assumed it to
be constant for every atom in the object (namely, all of the atoms are the same in the target) and it
canceled in the ratio in the QRCS expression. Also notice that the limit as R — oo is no longer present.
This is because when substituting in the expression for (licident), the R? term cancels the R? term in
the numerator of the expression.

It is important to mention, by no means do we suggest that we are only sending one singular
particle towards the target in total. In actuality, one would need to send many single particles towards
the target, and make many single particle measurements. In the next section we will explore the scenario
wherein small clusters of particles are sent towards the target instead of single particles.

3. ILLUMINATION WITH MULTIPLE PARTICLES

In a general scenario, many particles per pulse would be used to illuminate a target. The method
presented in the previous section can be generalized to any number of particles. We will start by
analyzing the case for two-particle illumination and then generalize from there.

We assume the two particles occupy different Hilbert spaces. Thus, the total wave function can
be represented as a tensor product [11], [¢1) ® [1h2) = |¥1,12). Equation (1) represents the solution
for each particle separately, and therefore the total wave function solution is the product of the two
independent solutions.

<X1 x2‘¢/ 1/}/> _ ; 2 ez‘kl'xl eikz-xg + eikl'xl elk_szz (kg k/) + eikz'xz elk_lrlfl (kl k/)
) 1> %2 ( h)3/2 ro ) B2 " ) B 1
ezklrl 62k2T2 / ,
f1 (k1K) fo (ko k) (18)

1
where the first term represents the case where neither particles interact with the target, the second
and third terms represent the cases where only one particle interacts with the target, and the last term
represents the case where both particles interact with the target. In the interest of quantum radar,
we are discussing the case where both terms interact with the target, so all of other terms can be
disregarded. We use the same expression as in the single particle case for both scattering amplitudes

f1,2(k7 k,)

<X X< W)/ ¢/> _< 1 >2 etkir gikara bzez(kl —k))-x(™ biei(kz_kg),x(m) (19)
B NCL DR =

In general, for M particles, we would need to take M tensor products of Equation (1). This will produce
many terms, each one representing a different scenario of particles that do, and do not, interact with
the target. Since we are only interested in the case when all particles interact with the target, we again
only take final term in the expansions and the procedure just shown will be identical (this situation
corresponds to using a narrow beam to illuminate the target). Therefore, for any number of particles
M, and any arbitrary bistatic radar geometry, we have:

Y, / 1 M M e’ - Z'(kq—k’)'x(")
<X1,X2,-~7XNW171/127---7¢N>:<W> b H 2—316 4/ - (20)

Since all particles are incident and observed in the same respectlve directions, we let k, — k and
k; — k. We again use Equation (15) as the definition of the quantum radar cross section to obtain the
following.

M [ N 2
ATA | H (Z ei(k_kl)xgn))
oQ = 9 2| M QZ1N = i h
/ﬂ /ﬂ 10 <Zez(k_kf>.x§") sin 0/'d6/d¢
o Jo ¢=1 \n=1
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In the single particle illumination case, we saw that we exactly obtained the QRCS equation for a photon.
How does this multiparticle solution compare with the multiphoton solution in the literature [2]? Since
each summation will yield the same value, it is tempting to write [[/(>",): — (3,))7. However,
when expanding out the product of summations in Equation (21), we will obtain terms that represent
contributions from the same atom, but from different incident particles. In the context of photon
scattering, we are assuming the scattering interactions are first order, namely, Feynman diagrams with
only 2 vertices [2]. Therefore, this restricts interactions from multiple photons originating from the
same atom in a single term in the expansion [15]. In other words, more than one photon cannot interact
with an atom simultaneously. Therefore, Equation (21) has extra contributions that are not present in
the photon case.

As an example to illustrate this idea, let us imagine we are illuminating a target consisting of three
atoms with two particles. We then have (after setting K = k — k):

T(s K | _ : iK-x{") - Kxy™)
H Z € - 221 € Z e
n=

m=1

— (eiK-xgl) +eiK-x§2) +eiK-x§3))

; (1) ; (2) : (3)
% <ezK.x2 + ezK.x2 + ezK-x2 > (22)

Expanding the right hand side of Equation (22) yields:
eiK-(xgl)—l—xéU) _’_eiK-(xgl)—i-xg)) +eiK-(xgl)+xé3))

eiK'( x(+x(0) N eiK'( X 1x?) LK (< +x)
eiK~( x4 +eiK-( x4 ) +eiK~(x§3)+x§3))

The terms that are excluded are the terms where the contribution is from the same atom, but from

. (1), (1) (2) , (2) (3) 4 . (3) .
different photons, namely the terms, e X1 +%37) K7 +x37) " gnd K (17 +%27)  which correspond

to the squared terms in the product of sums. The expansmn above can be rewritten as:

3 TL m
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In general, for N atoms, thls can be generalized tO'
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In this particular example, N is very small, so the number of squared terms is on the same order as
the number of cross terms (namely, 3 and 6 respectively). However as N grows large, the number of
squared and cross terms will be N and N!/(N — 2)! (the number of ways to arrange N items, taken 2
at a time). If we take the ratio between these two numbers, and take the limit as N — oo, we obtain:
N . (N =2)!
N NN =2 A (N1
Therefore, in the limit of a large number of atoms, the squared (or excluded) terms do not contribute
to the overall interference pattern of the response. Thus, in this limit, the multiple particle illumination
solution is equivalent to the multiple photon illumination solution.
For a larger number of illuminating photons, there will be more modes that are not allowed. For
example, for three particle illumination, one can show that the product of summations becomes:

3 (&L N YN K (x4 P
TTID ™= ) =33 ) (1= n) (1= 6pn) (1= Gp) - U 772778
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In other words, the first term represents the case when none of the atom position vectors is equal to
any other at the same time (the allowed terms), the second term when two are equal at the same time,
and the last term when all three are equal (the excluded terms). The number of terms in the triple
summation is simply the number of ways one can arrange N items, taken 3 at a time (since there are
three distinct position vectors), i.e., N!/(N — 3)!. The number of terms in the double sum term will be
the amount of ways one can arrange N items, taken 2 at a time, multiplied by 3, i.e., 3N!/(N —2)! (we
are treating x; and x5 as one item since they have the same counting index). Lastly, the number of
terms in the single sum is the number of ways to arrange N items, taken 1 at a time, which simplifies
to N. Therefore, similar to the first case, the sum of the last two terms over the first is:
| — 92! — 3!
m 3N!/(N 2).—|—N: i 3 +(N 3)! _0 (27)
N—oo0 N'/(N—3)' N—oo N — 2 (N—l)'
This pattern will continue for any number of illuminating particles. For M particles, the product of
summations will be equal to a term that does not repeat any indices in the atom position vectors, plus
a term that repeats indices twice, plus a term that repeats indices thrice, and so on, all the way to a
sum that repeats indices M times. Following the established pattern, the ratio of terms would be (the
sums may have constant multiples such as the double sum did in the previous case, and we denote these
terms as C):

M-1

3 CpN!
(N —k)! & (V- M)
. k=1 L !
e kz::l O N =R (28)
(N — M)

Since M will always be larger than any value k can take on, (N — M)! will always be smaller than
(N — k)!; therefore every term in the sum will go to zero when taking the limit as N goes to infinity.
These results tell us that no matter the number of illuminating particles, in the limit of infinite
atoms, the excluded scattering states do not contribute to the overall response.
Using the concepts developed here, we can write the photon and particle cross section equation for
M illuminating photons or particles as the following (with the assumption of a large number of atoms):

N 2M
Z pi(k—K)x ()
og =4mA,| n=l 29
Q o pm/2| N ' o 2M ( )
/ / D ellkx sin 0'd0’d¢’
0 0 n=1

Interestingly enough, this particle analysis makes evident a more useful approximation for multi-
photon illumination, even though we are not dealing with photons. The realization that one can simply
exponentiate the summation to a power equal to the number of photons, instead of determining all
of the allowed wave function combinations, allows for much faster computations. Multiple photon
illumination has always been the crutch to QRCS simulations [2]. This result enables the simulation of
multiple photon illumination to be extremely simple computationally compared to previous methods.

Figures 1(a) and 1(b) illustrate this concept of large atom equivalence for a rectangular plate
target illuminated by 2 particles/photons. When the number of atoms is only 16, the squared terms
in the particle response have a relatively large contribution and therefore cause a large change in the
interference pattern. As the number of atoms grows to 900, the two responses become equivalent.
This behavior has been observed to always be true in subsequent simulations, regardless of target
dimensions or incident wavelength. Although it is desirable that the wavelength be much smaller than
the target dimensions, the wavelength used is just one-half of the target size in these figures. We
determined via simulations that the peak returns were quite close in both cases. However, the plots of
smaller wavelengths resulted in a very dense lobe structure making it impossible to observe the close
correspondence between the particle and the photon case.
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Particle Case

Photon Case

16 atoms o oee 900 atoms

Return [AU]
Return [AU]

0 0.5 1 15 2 25 3 0 05 1 15 2 25 3

Angle of Incidence [rad] Angle of Incidence [rad]
(a) (b)

Figure 1. QRCS response of a 1 meter x 1 meter rectangular plate illuminated with 2 particles/photons
with a wavelength of 0.5 meters for both the particle and photon case. (a) When the atom number is
only 16, the two responses are very different. (b) However as the atom number grows, the two responses
become equivalent.

4. WRITING THE QRCS EXPRESSION IN TERMS OF FOURIER TRANSFORMS

This section serves to illustrate how one can rewrite the QRCS equation in terms of Fourier transforms
using the formalism presented, for easier computation. We start with the simplest case, namely the
single particle illumination case. If we return to Equation (2), and denote k — k' as K, we have the
following.
m ; ’ m
f(kK)= ~573 / e KXY (x) dx’ = —W}'(V(x)). (30)
Thus, we see that the scattering amplitude is simply the Fourier transform of the atom
distribution [11]. Note that nothing in this theory sheds any light on what atoms in the object are
most important. In this case, we are considering solid objects which are not transparent. Thus, the
photon will only interact with the atoms on the surface of the object.
What was done earlier, namely, defining the interaction potential as a summation of delta functions,
can be thought of as sampling a continuous distribution of atoms, since the atoms are so numerous and
so close together. More explicitly, for the continuous case, we can define V(x) to be the following:

1, ifx' e S
Vix')=<" : 31

() {0, else (31)
where S defines the surface of the object under study. The constant multipliers required for dimensional
analysis have been neglected since they will cancel upon substitution into the equation for the QRCS.
With this definition in mind, we can now go through the same steps to re-write the QRCS formula in
terms of Fourier transforms.

47rAL I (V(x)?

27
/ / |F (V(x))[*sin 0'd6’ d¢/

For multi-photon illumination, the procedure is very similar. We present the case for two-photon
illumination as an example. The scattering amplitude for each particle is given by Equation (2).
Therefore for the product of both of scattering amplitudes, the total scattering amplitude fr(k,k’)
is (after dropping the multiplication factors):

fr(kk) = /eiKl'xllV (x]) d3x'1/eiK2'xl2V (xb) d*x)

oo (k—Kk) (32)
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= F (V(x)) F (V(x2)) = F (V(x))? (33)
This result is expected because of what was found in the previous section, namely that as the number
of atoms grows to infinity, the contribution from the terms not allowed in the expansion compared to
the terms that are allowed goes to zero, and the summation for M photons/particles, can simply be
raised to the Mth power. This allowed us to write the product of two summations as a square of one
summation. When going to the continuous case, we assume the same principles apply. We can now
rewrite Equation (32) as the following for any number of photons or particles M.

A AL |F(V (X)) PM
21 /2
/‘ /n/|f(V(xqﬂmwdn9ﬂﬁdW
0 0

It must be mentioned here that although we obtain the same equations for the QRCS using a
particle method, the response of a particle will be vastly different than the response of a photon. This is
purely due to the difference in wavelengths, which is manifested in the expression for k in the complex
exponentials. The degree in which the atomic wave functions interfere with each other depends heavily
on the wavelength, this interference dictates the QRCS response of the target; therefore a large difference
in wavelength leads to a large difference in the response of the target.

To obtain some insight into this statement, let us calculate what the velocity of a particle (say a
neutron for example) would need to be, to obtain a wavelength of 0.3 meters. The De Broglie wavelength
is given by:

oq (k—X) =

(34)

h
A o (35)
To obtain this wavelength, the velocity would need to be 2.08 x 10~7 meters per second, which is, for
all physical purposes, essentially stationary. Therefore, the examples given earlier in this paper were
simply used for comparison purposes and do not represent practical or realistic scenarios.
A more realistic situation is an electron traveling in an electron microscope [16]. In this scenario,
the electron is traveling at roughly 70% of the speed of light, therefore relativistic effects must be taken
into account. Doing so will give us the following expression:

h 1
A=
V2moel eU
1+
2mpc?
where my is the rest mass of the electron, U the electric potential used to accelerate the electron and
e the elementary charge. Calculating the wavelength some some typical accelerating potentials (on the

order of 101-10%kV), we find that the wavelength is on the order of 10~'2 meters, which is several orders
of magnitude less than microwave frequencies, with wavelengths on the order of 1072 to 10! meters.

(36)

5. CONCLUSIONS

The QRCS provides information on how much return one can expect in a particular scattering direction
from a target, when being illuminated at a particular incident direction, from a single photon or cluster
of photons. This cross section is heavily dependent on the geometry of the target as the photon-atom
interaction for each atom on the objects surface contributes to the overall cross section response.

In this paper, we developed a theory which focuses on illuminating an object with non-relativistic,
massive particles instead of photons. It was found that in the single photon/particle illumination case,
the two cross section expressions are identical. Following this, we also showed that in the multiple
photon /particle illumination case, the two cross section expressions become equivalent in the limit of
large atom number. This therefore lead us to obtain a very convenient approximation of the multi-
photon illumination case using the result of the multiparticle illumination case. This convenient form
allows one to very quickly calculate the QRCS response with multiple photons.

These results should not be entirely surprising. Indeed, both types of objects, photons and neutral,
non-relativistic particles, both interact in a superposition state with the atoms in the target. The nature
of this superposition interaction is different between these two types of particles, but the form of this
coherent interaction is the same.
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