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Outage Probability and Bit-error Rate for Communication Systems
with Gaussian-Schell Electromagnetism Beams in

Non-Kolmogorov Raining Turbulence

Ye Li1, Yixin Zhang1, 2, *, Zhengda Hu1, 2, and Qiu Wang1

Abstract—Two major performance degrading factors in free space optical communication systems are
rainfall and atmospheric turbulence. We study the outage probability and bit-error rate for free-space
communication links with spatial diversity and Gaussian-Schell electromagnetism beams over the raining
turbulence fading channels by double inverse Gaussian distribution proposed in this paper. Assuming
intensity-modulation/direct detection with on-off keying and perfect channel state information, we
derive expressions of average bit-error rate and outage probability of multiple-input multiple-output free
space optical communication systems over double inverse Gaussian model. The effects of scintillation
index of raining turbulence, spatially coherence of source, pointing errors and spectral index of non-
Kolmogorov turbulence on the outage probability and bit-error rate of multiple-input multiple-output
free space optical communication systems are examined.

1. INTRODUCTION

Free space optical (FSO) communication has been studied widely for its superior characteristics such as
no licensing requirements, reduced interference, high security, cost-effectiveness, and simplicity of system
design and deployment, and high connection. However, the factors of the atmospheric turbulence [1–7],
tiny building jitter [3, 7], and rainfall [8–15] limit widespread application of FSO.

Recent progress on research of the atmospheric-induced fading has proposed many distribution
models to describe the effects of atmosphere turbulence and rainfall on optical transmission. Physical-
mathematical models for the prediction of rain fading distribution have been proposed in such as
lognormal distribution [9], gamma distribution [10], Weibull distribution [11, 12] and inverse Gaussian
(IG) [13–15]. For atmospheric turbulence fading distribution, in weak scintillation region, log-normal
distribution is the most commonly used model in application [1–3, 7]. In order to mitigate the effects
of atmospheric turbulence on FSO system, there have been various attempts using the multiple-input
multiple-output (MIMO) technique [1, 16, 17]. Many methods have been proposed to overcome the
turbulence-induced degradation of laser beams [2, 18–20]. However, there are critical defects of the
log-normal distribution. The distribution of the sum of log-normal variables in MIMO FSO systems
is not analytically available so as to require additional approximation in the performance analysis of
channels [17, 21]. For this reason, there are no closed-form analytical expressions for bit-error rate (BER)
and the outage probability of MIMO FSO systems in log-normal models, and the MIMO FSO cannot
be settled real time when the turbulence-induced fading is characterized by log-normal distribution
model. Recent studies have shown that the IG distribution can substitute the log-normal distribution
and can be applied to MIMO FSO system [17, 21, 22]. On the other hand, rainfall is inevitable natural
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phenomenon, and rain attenuation prediction modeling is of utmost importance for the reliable design
and performance evaluation of line-of-sight (LOS) millimeter-wave terrestrial link [13–15]. However, to
the best of our knowledge, there is almost no discussion with respect to the effects of turbulence and
rainfall on the probability distribution of Gaussian-Schell electromagnetism beams in raining turbulence
(the coexisting of the turbulence and rainfall) fading channels.

In this paper, we apply IG statistical model of intensity fluctuations caused by turbulence
and rainfall fluctuations to analyze the performance of the MIMO FSO system and propose a new
distribution model of rainfall and turbulence induced fading. The outage probability and BER of
the MIMO FSO channel in raining turbulence were derived based on the source of Gaussian-Schell
electromagnetism beams and the intensity-modulation/direct-detection (IM/DD) with on-off keying
(OOK). The paper is organized as follows. The double inverse Gaussian model of BER and outage
probability in raining turbulence is proposed in Section 2. Section 3 describes the results of numerical
simulations. Section 4 concludes the paper.

2. THE BER AND OUTAGE PROBABILITY

For MIMO FSO communication links (see Figure 1), the signal is transmitted by M apertures and
received by N apertures over a discrete time ergodic channel with additive Gaussian noise. The
communication link is a horizontal path near ground with raining turbulence and misalignment. The
channel is assumed to be memoryless and stationary. The receiver integrates the photocurrent signal
related to the incident optical power by the detector responsively for each bit period. Assuming a binary
input and continuous output and IM/DD with OOK modulation, the received signal at the nth receiver
aperture can be expressed by [1]

yn = xτ
M∑

�=1

η�n + h, n = 1, . . . , N (1)

where yn is the received signal intensity of the nth receiver, x the modulated transmitted signal intensity
(and takes values 0 or 1), τ the detection efficiency and h the signal-independent additive white Gaussian
noise with zero mean and variance σ2

h. The channel state η�n models the random attenuation of the
propagation channel. In our model, η�n = η̄βηβηαηp results from the path loss caused by the absorption
and scattering of rain η̄β, scintillation of rainfall fluctuations ηβ, t fading of turbulence scintillations ηα

and beam wander and the pointing errors of channel link ηp.

2.1. Model of Rain Fading Distribution

There are mainly two aspects in the influence of rainfall on the transmission beams. One is the average
attenuation of light caused by the absorption and scattering of rain, and the other is the intensity
fluctuations (scintillations) caused by rainfall fluctuations. The average attenuation can be described

Figure 1. Block diagram of M × N FSO system over raining and atmospheric turbulence channel.
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by the Beers-Lambert Law [23]
η̄β = exp (−2.9z/V ) (2)

where V is the visibility and z the distance between transmitters and receivers.
The attenuation fluctuations (or fading) ηβ can be modeled as inverse Gaussian distribution [13–15]

in MIMO channels

p (ηβ) =

√
J2

2πϑ2
Iη

3
β

exp

(
−(ηα − J)2

2ϑ2
Iηβ

)
(3)

where J = M × N is a parameter of the transmitter number and ϑI the standard deviation of the
intensity in the rainfall. In Eq. (3), we have utilized the approximation in [21] for the mean of the
irradiance fluctuations, i.e., the mean of the irradiance fluctuations is equal to one.

2.2. Model of Turbulent Fading Distribution

In weak scintillation regions and by the inverse Gaussian distribution [21], the distribution of the fading
caused by turbulence of MIMO FSO systems can be described as

p (ηα) =

√
J2

2πδ2
I η3

α

exp

(
−(ηα − J)2

2δ2
I ηα

)
(4)

where δI is the standard deviation of the intensity [1] in Eq. (4), and the approximation of the mean of
the irradiance fluctuations being one is utilized.

For non-Kolmogorov turbulence, the turbulent spectrum is given by [3, 24]

φn (α, κ) = A (α) C̃2
nκ−α, 0 ≤ κ < ∞, 3 < α < 5 (5)

where α is the spectral index of atmospheric turbulence, A(α) = 1
4π2 Γ(α−1) cos(απ/2), Γ(x) the Gamma

function, C̃2
n = 0.033C2

n(k/z)(α−1/3)/2/A(α) the generalized refractive-index structure parameter of
turbulent atmosphere with units m−α+11/3, C2

n the strength of the atmospheric turbulence, κ the scalar
spatial wave number of turbulent fluctuations and k = 2π/λ the optical wavenumber.

When a Gaussian-Schell electromagnetism beam propagates through the non-Kolmogorov
turbulence channel over a distance z, the scintillation index [24, 25] is given by

δ2
I (δpe, z) ≈ 4.42δ2

peδ
2
[
ξsz0/

(
r2
0+ξsz

2
0

)]α
2
−1

w2
LT

+ 3.86δ2

⎛
⎝0.4

[
(1 + 2re)

2 + 4
(

ξsz0

r2
0+ξsz2

0

)2
]α

4
− 1

2

× cos

[
α − 2

2
tan−1

(
(1 + 2re)

(
r2
0+ξsz

2
0

)
2ξsz0

)]
− α

2α − 2

[
ξsz0

r2
0+ξsz

2
0

]α
2
−1
)

, 3 < α < 4 (6)

where z0 = 2z/(kw2
0), w0 is the effective beam radius at the transmitter, and r0 = 1 − z/F0, F0

is the phase curvature parameter of the beam at the transmitters; re = r0/(r2
0 + ξs[ξsz0/ξsz0

2]);
ξs = 1 + 2w2

0/ρ
2
s is the source coherence parameter and ρs the spatial coherence length of the light

source; δ2 = −8π2A(α)α−1Γ(1 − α
2 ) sin(πα/4)C̃2

nk3−α/2zα/2 is the Rytov variance of the plane wave in
weak non-Kolmogorov turbulence [3, 26] and δ2

pe the variance of the beam wander caused by atmospheric
turbulence.

The variance of the beam wander δ2
pe is given by

δ2
pe = 219.6A (α) C̃2

nz3w
−1/3
0

∫ 1

0

ξ2

[(1 − z/F0) + zξ/F0]
4−α

−ξ2

⎛
⎜⎜⎜⎝ (2π/rα0)

2 w2
0

1 +
4π2

r2
α0

w2
0

((
1 − z

F0

)
+

zξ

F0

)2

⎞
⎟⎟⎟⎠

(2−α/2)

dξ (7)
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In Eq. (7), rα0 represents the Fried’s coherence diameter in non-Kolmogorov turbulence and is
defined by [26]

rα0 =

⎛
⎜⎜⎜⎝

2
(

8
α − 2

Γ
(

2
α − 2

))α−2
2

(α − 1) Γ
(

3 − α

2

)

π1/2k2Γ
(

2 − α

2

)
zC̃2

n

[
ε + 0.62Λα/2

]
⎞
⎟⎟⎟⎠

1/(α−2)

(8)

where Λ = Λ0

Θ2
0+Λ2

0
, Θ0 = 1 − z

F0
, Λ0 = 2z

kw2
0
, Θ = Θ0

Θ2
0+Λ2

0
, ε = 1−Θα−1

1−Θ (Θ ≥ 0) or ε = 1+Θα−1

1−Θ (Θ < 0),

and ρ2
0(z, α) = (−23−απ2Γ(1−α/2)k2A(α)C̃2

nz
Γ(α/2) )

−1/(α−2)
is the spatial coherence radius of a spherical wave

propagating in turbulent atmosphere [24].

2.3. Double IG Distribution of Raining Turbulence

The fading of raining turbulence can be modeled as
ηαβ = ηαηβ (9)

By the integral relationship [27]
∫∞
0 xv−1 exp(−β/x− γx) = 2(β/γ)vK1(

√
βγ), (β > 0, γ > 0) [20],

we have the double IG distribution of raining turbulence without pointing errors

p (ηαβ) =
∫ ∞

0
p (ηαβ/ηα) p (ηα) dηα =

J2

πϑIδI
exp

(
J
(
δ2
I + ϑ2

I

)
ϑ2

Iδ
2
I

)√
ηαβδ2

I + ϑ2
IJ

2(
ηαβϑ2

I + δ2
IJ

2
)
η2

αβ

×K1

⎛
⎝
√(

ηαβϑ2
I + δ2

IJ
2
) (

ηαβδ2
I + ϑ2

IJ
2
)

ϑ4
Iδ

4
Iηαβ

⎞
⎠ (10)

where Kv (z) is the modified Bessel function of the second kind.

2.4. Distribution of Raining Turbulence with Pointing Errors

In line-of-sight FSO communication links, pointing accuracy is an important issue in determining link
performance and reliability [7]. Therefore, the effects of pointing errors caused by random building
sways must be considered.

Consider a circular detection aperture of radius a and a Gaussian profile of the beam at the receiver.
The attenuation due to geometric spread with pointing errors r is expressed as

ηp (r, z) ≈
[
erf
( √

πa√
2wLT

)]2

exp
(
− 2r2

w2
zeq

)
(11)

where w2
zep =

√
πw2

LT (z)erf (ãLT )(2ãLT exp[−(ãLT )2])
−1

is the equivalent beam width, ãLT =
√

2πa
2wLT

,

wLT (z) = w0[r2
0 + (ξs + 2w2

0

ρ2
0(z,α)

)( λz
πw2

0
)
2
]
1/2

the effective radius of the beam at receiving plane, and erf (•)
the error function.

In the approximation of the independent identical Gaussian distributions for the elevation and the
horizontal displacement [7], the probability distribution of pointing errors ηp can be expressed as

p (ηp) =
γ2

Aγ2

0

ηγ2−1
p , 0 ≤ ηp ≤ A0 (12)

where A0 = [erf (v)]2, v =
√

πa√
2wLT

, γ = wzep

2σs
the ratio between the equivalent beam radius at the receiver

and wzep the standard deviation of the pointing errors at the receiver.
The probability distribution function p(η�n,�LT

) of η�n = ηαβηp can be written as [7]

p (η�n,�LT ) = γ2A−γ2

0 ηγ2−1
�n

∫ ∞

η/A0

η−γ2

αβ p (ηαβ) dηαβ (13)
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By the integral relationship∫ ∞

0
exp

(
−a

x
− x

b

)
dx =

∞∑
m=0

(−1)m

bmm!
am+1Γ (−m − 1, 0) (14)

we have the distribution of raining turbulence with pointing errors

p (ηαβ) =
J2

πϑIδIη
3/2
αβ

exp

(
J
(
δ2
I + ϑ2

I

)
ϑ2

Iδ
2
I
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m=0

(−1)m(ηαβϑ2
I + δ2

I J2
)m(

2ηαβϑ2
Iδ

2
I

)m
m!

(
ηαβδ2

I + ϑ2
IJ

2

2ϑ2
Iδ

2
I

)m+1

×Γ (−m − 1, 0) (15)
where Γ(−m − 1, 0) is the incomplete gamma function.

By substituting Eq. (15) into Eq. (13), we obtain the double IG distribution of ηαβ in raining
turbulence with pointing errors

p (η�n,�LT
) =

γ2

π
exp

(
J
(
δ2
I + ϑ2

I

)
ϑ2

Iδ
2
I

) ∞∑
m=0

(−1)m 1
m!

m∑
K=0

(
m
K

)
J2K+2m+4A

1/2+K
0 Γ (−m − 1, 0)

ϑ2K+1
I 22m+2δ4m−2K+3

I η
3/2+K
�n

×
2F1

(
−γ2 − 1/2 − K,−m − 1;−γ2 + 1/2 − K;− δ2

Iη�n

ϑ2
IJ

2A0

)
γ2 + 1/2 + K

(16)

where pFq (•) is the hypergeometric series.

2.5. Outage Probability

By the definition of outage probability [3, 7], we obtain the outage probability of double IG raining
turbulence channels.

pout (η0, wLT ) =
∫ η0

0
p (η�n, wLT ) dη�n =

γ2

π
exp

(
J
(
δ2
I + ϑ2

I

)
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Iδ
2
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) ∞∑
m=0

(−1)m 1
m!
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(
m
K
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×
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1
2
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I δ4m−2K+3

I η
1/2+K
0

Γ (−1/2 − K)

×3F2

(
−1

2
− K,−γ2 − 1

2
− K;

1
2

+ K,−γ2 +
1
2
− K,− δ2

Iη0

ϑ2
IJ

2A0

)
(17)

where η0 is the threshold value of the instantaneous intensity gain.

2.6. Average BER

Using the optimum decision metric for OOK and the assuming of perfect channel state information, the
average BER of the MIMO FSO communication system is given by [1, 16].

PBER =
1
2

∫ ∞

0
p (η�n, wLT ) erfc

(
τη�n

2
√

2MNσh

)
dη�n (18)

By substituting Eq. (16) into Eq. (18) and using the Merjer’s functions expression of erfc(•), i.e.,

erfc(
√

x) = 1√
π
G2,0

1,2

(
x| 1

0, 1/2

)
we can express Eq. (18) as

PBER =
γ2

π5/2
exp

(
J
(
δ2
I + ϑ2

I

)
ϑ2

Iδ
2
I

) ∞∑
m=0

(−1)m 1
m!

m∑
K=0

(
m
K

)

× J2m+3Γ (−m − 1, 0)
(
γ2 + 1/2 + K

)−1

2m−1δ4m−4K+2
I ϑ4K+2

I Γ (−γ2 − 1/2 − K) Γ (−m − 1)
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×G6,2
5,6

⎛
⎜⎝ϑ4

Iτ
2J2A2

0

8σ2
hδ2

I

|
1,

3/2 + K

2
,
5/2 + K

2
,
2 + γ2

2
,
3 + γ2

2

0,
1
2
,
γ2

2
,
1 + γ2

2
,
K − 1/2 − m

2
,
K + 1/2 − m

2

⎞
⎟⎠ (19)

3. NUMERICAL RESULTS AND DISCUSSION

In this section, we present the numerical discussions for the outage probability and average BER as
a function of the coherent length of the source, pointing error, radius of detection aperture, effective
emitting radius, number of transmitters and receivers, spectral index and scintillation index of rainfall
and turbulence. The system parameters are settled as the wavelength λ = 1550 nm, curvature
radius of beam phase front at transmitter F0 = ∞ (the collimated beam), noise standard deviation
σh = 1 × 10−7 A/Hz, detection efficiency τ = 1, and threshold value of instantaneous intensity gain
η0 = 0.5.

Figure 2(a) shows outage probability curves, and Figure 2(b) shows BER curves as a function
of the scintillation index of rainfall and turbulence. The outage probability and BER increase with
the increase of the scintillation index of rainfall and turbulence. In the small scintillation index of
turbulence, the outage probability and BER increase tardily with increasing the scintillation index of
turbulence. However, for larger scintillation index of turbulence, the outage probability and BER change
quickly. In addition, the increase of BER with increasing the scintillation index of rainfall is analogous
to the increase of BER with increasing the scintillation index of turbulence, but the outage probability
nearly linearly increases with increasing the scintillation index of rainfall. We find that the effects of
turbulence on BER are greater than that of rainfall for δ2

I = ϑ2
I . Nevertheless, the effects of rainfall on

outage probability are greater than that of turbulence for δ2
I = ϑ2

I .
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Figure 2. Outage probability (Figure 2(a)) and BER (Figure 2(b)) of MIMO communication systems
for the different scintillation index of rainfall or turbulence with the radius of detection aperture
a = 0.18 m, the coherent length of source ρs = 0.02 m, the transmitter number M = 2, the propagation
distance z = 2000 m, the receiver number N = 2, the spectral index α = 3.67, the effective beam radius
at the transmitter w0 = 0.1 m, the refractive-index construction parameter C2

n = 1 × 10−15 m−2/3, the
pointing error standard variance σs = 0.3.

Figure 3(a) and Figure 3(b) plot the outage probability and BER under different spatial coherence
lengths of the source and radii of detection aperture. When the coherence length of light sources is less
than the transmitting aperture radius (0.1 m), BER and outage probability primitively increase with
the increase of the coherence length of light sources. As the coherence length of light sources exceeds the
transmitting aperture radius (0.1 m), BER and outage probability increase to saturation. Our results
show that the spatially partially coherent beam has considerable improvement on the outage probability
and BER. The outage probability and BER associated with the radius of detection aperture are shown
in Figure 3. When the radius of the detection is less than 0.12 m, the outage probability and BER
fluctuate with the increase of radius of the detection. As the radius of the detection increases more than
0.12 m, the outage probability and BER reduce rapidly due to aperture averaging effects working. The
case of a large-aperture receiver shows considerable improvement in the predicted the outage probability
and BER.
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Figure 3. Outage probability (Figure 3(a)) and BER (Figure 3(b)) of MIMO communication systems
versus different values of the spatial coherence length of the source ρs and the detection aperture of radius
a with the transmitter number M = 2, the receiver number N = 2, the spectral index α = 3.67, the
scintillation index of rainfall ϑ2

I = 0.1, the propagation distance z = 1000 m, the effective beam radius
at the transmitter w0 = 0.1 m, the refractive-index construction parameter C2

n = 1 × 10−15 m−2/3, and
the pointing errors standard variance σs = 0.15.
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Figure 4. Outage probability (Figure 4(a)) and BER (Figure 4(b)) of MIMO communication systems
versus different values of the transmitter number M , the receiver number N , and the spectral index
α with the coherent length of source ρs = 0.01 m, the radius of detection aperture a = 0.02 m, the
scintillation index of rainfall ϑ2

I = 0.1, the propagation distance z = 1000 m, the effective beam radius
at the transmitter w0 = 0.04 m, the pointing errors standard variance σs = 0.15, and the refractive-index
construction parameter C2

n = 1 × 10−15 m−2/3.

In Figure 4, the outage probability and BER versus M , N and the spectral index α are depicted.
Figure 4(a) and Figure 4(b) show that the outage probability and BER increase to maximum with
increasing index of α non-Kolmogorov turbulence from 3.0 to 3.3, and they decrease with increasing
α from 3.3 to 4.0. The result can be derived from the fluctuation pattern of beam wavefront with
the increase of α [28]. In addition, Figure 4(a) and Figure 4(b) show the increase of the receiver or
transmitter number is helpful to reducing the outage probability and BER of the system. Moreover, we
see that the outage probability and BER can be reduced by several orders of magnitude by increasing
the number of apertures from one to four, given a fixed value of the spectral index. A similar observation
is made concerning a coherent array of receivers established by experimental data [29].

Given the radius of receiving aperture, the effects of pointing errors and effective emitting apertures
on the outage probability and BER are shown in Figure 5. The outage probability and BER increase to
maximum with increasing pointing errors, and decrease tardily with the sequential increase of pointing
errors. Meanwhile, the outage probability and BER increase initially with the increase of the effective
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Figure 5. Outage probability (Figure 5(a)) and BER (Figure 5(b)) of MIMO communication systems
versus the effective beam radius w0 and the pointing errors standard deviation σs, the scintillation
index of rainfall ϑ2

I = 0.1, the radius of detection aperture a = 0.1 m, the transmitter numbers M , the
receiver numbers N , the coherent length of source ρs = 0.02 m, the propagation distance z = 1000 m,
the refractive-index construction parameter C2

n = 1 × 10−15 m−2/3, and the spectral index α = 3.67.

emitting radius, then increase tardily with the sequential increase of the effective emitting radius. The
phenomena result from the increase of the beam diameter can reduce beam jitter and beam spread
caused by raining turbulence. These results also show that the increase of effective emitting apertures
can reduce effects of pointing errors and beam jitter on the outage probability and BER of the raining
turbulence link.

4. CONCLUSION

In this work, we have established the double IG probability distribution function of the raining
turbulence fading, outage probability and average BER for MIMO FSO links with Gaussian-Schell
electromagnetism beams in weak scintillation atmosphere with rainfall. We find that the effects of
turbulence on BER is greater than that of rainfall for δ2

I = ϑ2
I , but the effects of rainfall on outage

probability are greater than that of turbulence for δ2
I = ϑ2

I . The increase of the receiver or transmitter
number is helpful to reducing the outage probability and BER of the system. The increase of the effective
emitting aperture reduces the effects of pointing errors and beam jitter on the outage probability and
BER of the raining turbulence link. Further work needs to be carried out to establish the average BER
of MIMO FSO links in raining turbulence without the assumption of perfect channel state information.
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