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Plane-Wave Propagation in Electromagnetic PQ Medium

Ismo V. Lindell*

Abstract—Two basic classes of electromagnetic medium, recently defined as P and QQ medium, are
generalized to define the class of PQ media. Plane wave propagation in the general PQ medium
is studied and the quartic dispersion equation is derived in analytic form applying four-dimensional
dyadic formalism. The result is verified by considering various special cases of PQ media for which the
dispersion equation is either decomposed to two quadratic equations or is identically satisfied (media
with no dispersion equation). As a numerical example, the dispersion surface of a PQ medium with
non-decomposable dispersion equation is considered.

1. INTRODUCTION

The most general linear (bi-anisotropic) electromagnetic medium can be represented in terms of 36
scalar medium parameters in different representations. In engineering form applying Gibbsian vector
fields and 3D dyadics it is typical to apply the form [1, 2]

(B)-(£8) (%)
(B)-(£%)(2)

A more compact form is obtained by applying the 4D formalism in terms of differential forms [4, 5]
where the electromagnetic fields are characterized by two six-dimensional quantities, the two-forms W
and P,

U=D-HAey, =B+ EANey. (3)

In a linear medium they are related by the medium bidyadic M as
T = M|®. (4)

The medium bidyadic can be expanded in terms of 3D medium dyadics as

M=a+ZAes+es Al +esABAey (5)
For details in the present notation [5] or [6] should be consulted. A recent readable introduction to
differential forms in E.M. theory is given in [7].

It is not easy to get a grasp of the most general medium defined by the bidyadic M. This is why
many classes of media with M restricted by special forms involving less than 36 parameters, and bearing
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strange names, have been defined and studied. Because M corresponds to a 6 x 6 matrix, some classes

have been based on expressing the bidyadic M in terms of a dyadic corresponding to a 4 X 4 matrix
involving only 16 parameters. As the most obvious one, the class of P media [9] has been defined in

terms of a dyadic P € EF; as the double-wedge square

_— = 1: =
M =POT = 5P%P? (6)

As another obvious example, the class of Q media [10] has been defined through the modified medium
bidyadic

M,, = ey Lﬁ =en @2) € Eolo, (7)

in terms of a (quasi-) metric dyadic 6 € E1E;. Properties of both medium classes have been recently
studied. For a plane wave, a field of the dependence exp(v|x) of the spacetime variable x, the wave
one-form v is normally restricted by a dispersion equation

D(V):Ov (8)

which is a quartic equation in general [11] and its form depends on the medium bidyadic M. For
example, for the Q medium the dispersion equation is of the form

D(v) = Ag (QUlww) =0, 9)

which means that, for a dyadic of full rank satisfying Ag = € NsNHa(4) # 0, the quartic equation
reduces to a quadratic equation. On the other hand, one can show that, for a P medium, the dispersion

Equation (8) is actually an identity which is satisfied by any one-form v [9]. Also, if Q is of rank lower
than 4, we have Ag = 0 and (9) is satisfied identically. Media of this kind have previously been called
NDE media (media with no dispersion equation) [12]. Decomposition of P and Q media in natural
subclasses has been studied in [8].

As simple generalizations of the classes of P and Q media we can define

M =P?7 + ey |DC, (10)

and — —
M,, = Q® + AB, (11)

which have respectively been called extended (or generalized) P [9] and Q [13] media. Here, A,B,C
and D are any bivectors. The number of medium parameters in both cases has been increased from 16
to 23.

Plane waves propagating in extended P and Q media have been previously studied and the
dispersion equations have been shown to take the respective form [9, 13]

D(v) = Ap ((DET) ||W) ((CE—”) ||W) —0, (12)
D) = Ag (Qlww) (Q+ABQ ) v =0, (13)

Here we denote Ap = trP@. In both cases, for full-rank dyadics ﬁ 6, the dispersion equations can
be decomposed in two quadratic equations. Such media make two examples of what have been called

decomposable media [14]. For dyadics P and Q of rank less than 3, the two media again fall in the class
of NDE media with dispersion equations satisfied identically for any v [12]. For ranks equaling 3, some
quadratic functions of D(v) may decompose to products of linear functions of v.

Study of various classes of bi-anisotropic media can be motivated by the ongoing effort to find
metamaterial realizations for various electromagnetic media and boundaries [15], in the hope of finding
possible engineering applications. Examples of applicable boundary conditions realized by structures
simulating interfaces of various exotic media are given, e.g., in [16-19].
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2. CLASS OF PQ MEDIA

In the present study we make a further generalization of both P and QQ media by considering medium
bidyadics of the composite form

M =POT L ey |QW. (14)
Media defined by bidyadics of this form will be called PQ media. It is easy to see that medium dyadics

of this form do not cover all possible linear media. In fact, the number of parameters must certainly be
less than 2 x 16 = 32, which falls short of the 36 parameters of the most general medium.

To find a 3D representation of the PQ medium bidyadic (14) the dyadics P a_nd_Q can be expanded
in terms of spatial vectors as, b, p;, a spatial one-form 7, and spatial dyadics Q, P as

6 = 65 + eja, + bgey + cegey, (15)
P = fs + €475 + P4 + peyey. (16)

The spatial medium dyadics of the Q medium can be expressed as [5]
@ = e123|Q, A as, (17)
¢ = eisl(Q. - baay) . (18)
il = —es[QP, (19)
B = €123L(bs A 65> ; (20)

while those of the P medium have the form [9]

a=pQT, (21)
§ = —m, ADPL, (22)
Al=-P{Ap, (23)
B = m.p, —pPl. (24)

The medium dyadics of the PQ medium are obtained by summing up the corresponding expressions.
To write the medium equations in the Gibbsian form (1) requires that the dyadic  exist. Denoting the
Gibbsian dyadics by the subscript ( )4, they are obtained by inserting the previous expansions in the
expressions [5]

& = el (7~ @) (25)
gg = eis|alf, (26)
fg = —e23 Lﬁ|§7 (27)
g = e123|fi. (28)

The dyadic denoted here by T stands for the inverse of the sum of the two 7! dyadics of (19) and
(23). The full analytic form of the Gibbsian medium dyadics of the PQ medium would have quite an
extensive form.

3. PLANE WAVE IN PQ MEDIUM

The main task of this study is to find properties of a plane wave propagating in the general PQ medium.
Expressing the field two-form of a plane wave in terms of a potential one-form as ® = v A ¢, the potential
satisfies

VAW = uAM|(vA @) =0
— VA (F@)T Yey @2)) (v A @)

A (fT\u) A (?T\qb) +en L(@?) HW) 6. (29)
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Operating this by ey | yields the equation
en|(vA®) = eNL(V A (u|P> A PT) I+ ( HW) I = ( [P’ +Q® uuu) 6=0.  (30)
Here we have introduced the bivector
F=F(v) :eN{<u/\ (u\f)) , (31)
which is simple since it satisfies [6]
FAF =0, (F ET)(Q) = FF, (F ET) D, (32)

and it can be expressed in the form F = a A b in terms of two vectors. The Equation (30) for the
potential,

D(v)|¢ = 0, (33)

is defined by the dispersion dyadic
D(v) =F|[PT + Q¥ | |wv. (34)
Because of (33) and ﬁ(u)]u = 0, the rank of ﬁ(u) must be less than three, provided ¢ and v are linearly
independent, i.e., when ® = v A ¢ # 0, which is assumed here. As a consequence, v is restricted by the

dyadic dispersion equation [6]

6(3)(1/) = (FL?T +6(2)Huu>
(F ﬁT>(3) |§(3)T I ((F ﬁT) @ |§(2)T> N (6(2) HVV>
( PT) (6(2 ) (6(2) HVV) ®

- (FF|P T) (6 uuu) (FLPT> (Q(z)uuu>(2)+(6(2)Hw/>(3):0. (35)

Applying the expansion rules [6]
Q®(lwv = (Qllvv) Q- (AW@Q)
(@11w)” = (@) (@) Q2 - T4 (@) (vR)) = (@lw) (@9 Lv)  (36)
(@) = @)’ ((@r) @ - @24 Q) (v
= Q)" (@ uuu)zAQ (@) (evenllvw). (37)

with Ag = E4€4HQ , the dispersion Equation (35) can be written as

3)

D®) () =Ci(v) + Ca(v) + C3(v) = 0, (38)
where we denote
Ci(v) = (FFPPT) 2 (Q| ) (39)
Cov) = (Qllww) (FIPT) 4 (Q)[|wv) (40)
Colv) = Ag (6y\uu)2(eNeNuw). (41)

Now one can show that (38) is equivalent to a scalar dispersion Equation (8). For that we expand the
three dyadics C;(v) as follows.



Progress In Electromagnetics Research, Vol. 154, 2015 27

e For the dyadic 61(1/) we apply the identity
A; N (BZ La) = (Az AN Bz) LO[ —B; A (Az LO[) = EN|(Ai A Bi)(eN LO[) —B; A (Az LO[), (42)

valid for any bivectors A;, B; and one-form a. Assuming that Xz and « satisfy Xz la =0, we can
construct the dyadic rule

A1 AR (B1By||aa) = enen||(A1A2AB1By)(eyen| | aa). (43)
Because of F|v = 0 and (F|§(2)T)Lu =(F L(u|§))L§T =0, we can set A; =F, Ay = F|§(2)T and
a = v. Since the rule is linear in the dyadic B1Bs, we can set B1Bs = Q® and apply the rule as

Ci(v) = (FFP®T) 2 (Q@ | [vv) = Di(w)(enen| lvv), (44)
with

exenl| ((FFPPT)AQP)) = (enenl1Q?) || (FEPET)

= 2oQ27)| (FEPT) = agrE|| (FTQ) (45)

Dy (v)

In the last expression we have assumed that 6 is of full rank, Ag # 0.
e To expand the dyadic 62(1/) we proceed as

Co(v) = (6HW) (6@) HW) A (F ET)

= o (@) ([exentL (@ 730)) 2 (11F7)
= Ag (6HW) eNeNu((é—lTﬁw) LL(F LPT))
= 8¢ (Qllvw) evenllvw) (7711 (FIPT))
= Dy(v)(evey|[vv), (46)
with
Ds(v) = Aq (Qlww) tr (FPTIQ) (47)
e Finally, we have .
Cs3(v) = D3(v)(enen||vv), (48)
with B )
Dy(v) = Aq (Qllvw) . (49)

Because each of the dyadics EZ(V) is a scalar multiple of eyen||vv, the dyadic dispersion
Equation (38) equals the scalar dispersion Equation (8) as

D(v) = Di(v)+ Dy(v) + Ds(v)
— AQFF|| (?T@*l)@) +Ag (6HW) tr (FET@*)
20 Q) =0 (50)

Substituting F = en [ (v A (V|§)), the quartic form of the dispersion equation can be . This is the main
result of the present paper.
For Ag — 0 we must replace

AoQ? = enen[|QPT,  AQ ! — enen([QPT, (51)

in the expression (50).



28

Lindell

4. SPECIAL CASES

Let us consider the expression (50) for a few special cases of the PQ medium for which we know the
dispersion equation.

(i)

(ii)
(iii)

(iv)

For the pure P medium case 6 = 0, after inserting (51) we obtain the identity D(v) = 0 for all v.
This proves that a pure P medium belongs to the class of NDE media [12].

For the pure Q medium with P = 0 (50) is reduced to the known quadratic dispersion Equation (9).

The case P = al corresponds to a Q-axion medium. Since we now have F = aeyn| (v Av) =0, only
the last term of the expression in (50) survives. This, again, yields the dispersion equation of the Q

medium. In fact, it is well known that adding an axion term aI@T to the medium bidyadic does not

change the dispersion equation. Here one should note that the P-axion medium M = pOT + Q@7
with a # 0 is not a special case of the PQ medium.

Choosing 6 = a;b; + asby we obtain

ﬁzﬁ(z)T —I—ENKal A as)(bq /\bg), (52)

which yields a special case of the extended P medium (10) with DC = (a; Aag)(b1 Abg). Applying
(51) for Ag — 0 in (50) yields the dispersion equation whose form can be expanded as

D) = F| (PAT[QPT) |F

—F E@T( (ex| (b1 Ab2))((a1 Aag)|en)|F

= (v (vIP) ) Jew [P exl(b1 A ba)) (a1 A o)) (v 1

— Ap (u A (u\f) EH)( (by A b2)) ((a1 Aas) = |(v A (

— Ap ((m?l) A u) I(by A by)) ((a1 A as))| (u A (V|F)) ~0. (53)
Assuming Ap = trP@ £ 0 the equation is split in two quadratic equations as

V| (Fm/) (a1 A ag) = u‘(ﬁ(al AaQ))(u —0,
u((?lw)‘(bl Aby) = u\(fflj(blAbQ))‘u:o,

which coincide with (12) for DC = (a1 A a2)(b1 A b2). In the case Ap = 0 we must replace P!
by enyen||[P®T in (55).
Choosing P= ajy + asag we have PG — 0 and

M = ey |QPT + (a1 A a)(ar Aa), (56)

which corresponds to a special case of the extended Q medium (11) with AB = en|(a; A az)(a; A
az). Expanding

F[POT = eNL(u A (?T\u)) ‘ POT — oy ‘ (1/ A (FC“’)T {u)) —0, (57)
the first term of (50) obviously vanishes. Expanding further
F|PT = em(u A (fT\u) AfT) - eNL(V A (§<2>T Ll/))
= —v] (ex[PO7T) [ = (ex[POT) [ |1, (58)

we have

tr (FPT[Q") = (en[POT) [ww) Q7T = ((enPO7) [1Q77) v, (59)
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whence the dispersion Equation (50) can be written as

D) = Aq (Qllvw) (Q+ (en[PAT) [[Q7') [lww =0, (60)
which coincides with (13).

(vi) Finally, let us assume that 6 is an antisymmetric dyadic, which can be expressed in terms of some
bivector A in the form

Q=Al". (61)
This implies 6\ |vv = 0, whence the dispersion Equation (50) reduces to
D(v) = AgF E@)T( Q2 |F =o. (62)
Applying the expansion [6]
=\ (2) = 1
(AUT) = AA+aen[I?7,  a=—Zen|(ANA), (63)
the PQ medium bidyadic has the form of an extended P-axion medium bidyadic [14]
M=POT L ey|AA + ol (64)
Applying the rule [6]
—= — 1 =
QY = —enen||QPT = — (stNLLAA + asNLI(2)> , (65)
Ag Ag

one can show that its last term has no effect on the dispersion equation. In fact, inserting
FPOT = ey (u A (§T|u) Aﬁ?)T) = v (eN L§<3>T) lv = Apv| (?—1 JeN) v, (66)
in (62) we have
F E@)T\ (sN ﬁ@)) IF = Ap (u\ (ﬁﬂeN) Lu) | (ENL(eNL(V/\ (FTyu)))
— Ap (u| (F—ljeN) | (u/\u/\ (§T|y)) ~0. (67)
Thus, (62) is reduced to
D(v) = AgF E@T‘ Q2R
= Apv| (P! fex ) [vl(enen([AA)| (enl@ A (PTv))
— Apv| (f—ljeN) lv|(en|A) (Ay (1/ A (?T\u)))
— Ap ((u\?l A 1/) yA) (A\ (1/ A (?T\u)))
— Ap ((§_1JA> ||W) ((?JA) ||W) = 0. (68)

Since the axion component does not affect the dispersion equation, the result coincides with that
of the extended P medium (12) for the special case C = D = A.

5. EXAMPLE

As a numerical example of a PQ medium let us consider a special one by restricting the dyadic P as

F:P(Hﬁ,), P,=aa, ala=0, (69)



30 Lindell

and assuming that 6 be a symmetric dyadic,
Q=5 S§T=5. (70)
In the corresponding medium bidyadic
M = P17 4 P2aail’ + ey [S® (71)

the three terms can actually be recognized as components of the Hehl-Obukhov decomposition,
respectively called as the axion, skewon and principal components [3,6]. In fact, the axion part is

a multiple of the unit bidyadic 17T while the skewon and principal parts are trace free. Also, any
skewon bidyadic is known to be of the form (EOJ) with a skewon-free dyadic B, while any bidyadic
C € FyF, satisfying CHI = 0 is a principal bidyadic. Actually, one can show that (ey LS(Q)) | |T vanishes

for any symmetric dyadic S7 [6].
To find the dispersion equation for the present PQ medium from (50), let us first expand

FIPAT = ey (y A (§<3>T Lu))
= Plex| (v (T + 0ahT®7)) [v
= PSeN{<u Av A f@)T) + Pleyl (u A (a (alv) A TT
v A (aa) A TT) = P3(ajv)en|(v A a), (72)
F|PT = eNL(V A (P(2 )) Ll/)
- PQeNL<u/\ (1( T +aa/\IT> v )
= P%M(w\ v AT +uA (a(a\u) AT v A aa))
= P*(alv)(en|(v A a)[I". (73)

Since the last expression is an antisymmetric dyadic and AS§_1 = eNE NH§(3) is a symmetric dyadic
or zero, we have

Aotr (F ET@—l) = Ag (F LPT> 5! (74)
Thus, (50) becomes
D(v) = AgF] (§T|§—1) “E 1 A (§||W)2 . (75)

Finally, applying (72), we can expand
AgF| (fTS—l) E = Pilaw) (ex (v A @) E@)( (eNL(V A (TT v aa)\u)))
= Plaw)* (v A a) [S?| v h @) = PHalv)? (aal]S®) vy,
whence the dispersion equation for the special PQ medium (71) has the form
D(v) = P(a|v)? (aa“§<2>) lvv + Ag (§HW)2

= P*(a|v)? (aa||S) <S||w/) + PY(a|v)? <a|S|u> + Ag <S||w/) = 0. (76)
Unlike for all the special cases considered above, the quartic dispersion equation corresponding to the
medium defined by (71) does not . necessarily decompose in two quadratic equations. In the special

case when the dyadic S satisfies S]a = Aa, whence we have SHaa = 0, the dispersion equation is
decomposable.
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Setting S=0in (76) we obtain D(v) = 0 for any v, a property shared by all skewon-axion media.

For ac = 0 we are left with Ag(S||vv)? = 0, valid for the Q-axion medium.
To be able to work on this example numerically, let us choose

§ = SES — Seyey, (77)
where Es denotes the metric dyadic
65 = eje; + eges + eses. (78)
Thus, we have _
Ag = trS¥W = —§3s, (79)
Let us further choose
o = €9, a — es3. (80)

Inserting these in (76), the dispersion equation becomes
D(v) = PYW2S (S (v +v3 +v3) — sk?) + PYW2S%3
—S%s (S (Vi +v3 +13) — sk:2)2 = 0. (81)
For a given value of k, this corresponds to a quartic dispersion surface in the three-dimensional space
spanned by v;.
Let us assume that S, s and P are real and positive quantities and simplify the expressions by
denoting
P4
xi:V’i\/§7 K:k\/§7 T= G35
S3s
with 0 < 7 < 1. The dispersion Equation (81) then takes the form
(2 + 23+ (1 — 7)23 — K?) (2% + 23 + 25 — K?) — 2323 = 0. (83)

An idea of the dispersion surface can be obtained by considering the three main sections.

(82)

e Assuming x3 = 0, (83) leads to
42— K2=0, (84)
which corresponds to a circle of unit radius.
e Assuming xo = 0, (83) yields

(21 4+ (1 = 7)23 — K?) (2] + 25 — K*) = 0. (85)
This splits in two separate curves, one of which is a circle of unit radius
i+ - K*=0, (86)

and, the other one, a quadratic curve
23+ (1 —7)23 — K2 =0. (87)

For 7 < 1 the latter defines an ellipse with axial ratio v/1 — 7. For 7 > 1 the curve is a hyperbola.
e Finally, assuming z1 = 0, (83) yields

(:1:% +(1- T)xg — K2) (:1:% + :1:% — K2) — Txgx% =0. (88)

This corresponds to a curve of the fourth order, the form of which depends on the parameter 7.

For 7 < 1 the curve is closed and for 7 > 1 it is open. For 7 — 0 the curve approaches a circle of

unit radius, in which case the PQ medium approaches a Q medium.

The cross sections 1 = 0 and xo = 0 are depicted for the parameter value 7 = 0.7 in Fig. 1 in
terms of normalized axis parameters nul = x;/K = v;/(ky/s/S) and nu2 = z2/K = va(kv/s/S). It
is seen that, for this particular PQ medium, there is no birefringence for waves whose wave one-form
satisfies e3|v = 0. For es|v # 0 the medium appears birefringent. For example, choosing v = e3v3, nu3
may take the values +1 and £1/v/1 — 7 ~ £1.826.
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nu3
=

nul,nu2

Figure 1. Two cross sections of the quartic dispersion surface are denoted by nul = 0 (corresponding
to v1 = e1|v = 0) and nu2 = 0 (corresponding to vy = ez|v = 0). For v» = 0 the cross-section reduces
to a circle and an ellipse. For nu3 = 0 the dispersion surface reduces to a single circle of unit radius.
Here the parameter value 7 = P*/S93s = 0.7 has been assumed.

6. CONCLUSION

A novel class of electromagnetic medium, called PQ medium, was introduced as a generalization of
the previously studied classes of P media and Q media. Plane-wave propagating in the general PQ
medium was studied, and the quartic dispersion equation was derived in analytic form. The equation
was verified for six special cases of PQ media for which the analytic form has been found from previous
studies. In all of these special cases, the quartic equation either reduces to two quadratic equations or
becomes an identity. As an example of a medium yielding a more general quartic dispersion equation,
another special case of the PQ medium was considered.
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