
Progress In Electromagnetics Research M, Vol. 43, 135–145, 2015

Electromagnetic Characteristics of 1D Grapheme Photonic Crystal
by Using SBC-FDTD Method of Oblique Incidence in THz

Lixia Yang1, *, Lingling Li1, and Lunjin Chen2

Abstract—A modified 1D finite-difference time-domain method is analyzed by using the surface
boundary condition (SBC-FDTD) for oblique incidence. The SBC-FDTD iterative formulas are
deduced in oblique incidence by TEz and TMz wave. The reflection and transmission coefficients of
electromagnetic wave in the 1D photonic crystal (PC) including a graphene sheet are calculated by the
SBC-FDTD method. The method is also validated by comparison with the existed analytic methods.
Finally, this modified method is applied to simulate 1D graphene photonic crystal (GPC). By changing
the position of grapheme sheet in GPC, the electromagnetic gap characterizations of 1D GPC by an
oblique incidence plane wave in THz spectral range are studied. The computational results show that
the graphene sheet can enhance the absorption in THz because of the localization of light and the
surface defect formed by graphene.

1. INTRODUCTION

Graphene consists of a single layer of carbon atoms, which is organized in a hexagonal honey-comb
structure. It has been known for good conductivity, zero band gap structure and unique light sensitive
features [1, 2]. As a novel two-dimensional semi-conductor material, the graphene has drawn a great
deal of interest since successful stripping in 2004 [3].

Recently, the studies tend to focus on the electromagnetic characterizations of graphene in THz
spectral range and the attempt of adding graphene into various opto-electronic devices. One of the
common goals is to enhance the power absorption of graphene in THz [4]. In 2012, Liu et al. studied
the power absorption of graphene by adding graphene on the top of one-dimensional photonic crystal.
The results show the absorption efficiency of this kind of structure is superior to that of monolayer
graphene [5]. In 2013, Nayyeri et al. proposed a modeling for graphene by the FDTD method using a
surface boundary condition (SBC), but the study is limited to parallel incidence [6]. In this paper, we
extend the SBC for oblique incidence and propose a FDTD method that can transform two-dimensional
scattering problem of electromagnetic wave to one-dimensional condition [7]. By using the modified
SBC-FDTD method, the reflection and transmission coefficients of electromagnetic wave in the 1D
GPC with a graphene sheet located at various position are calculated in THz. The results show that
the absorption performance is optimized when the graphene is located on the top of the photonic crystal.

2. PARAMETERS OF GRAPHENE

A scalar surface conductivity of graphene can be represented symbolically as σg(ω, μc,Γ, T ), depending
on frequency ω, chemical potential μc (which can be controlled by either an applied electrostatic
bias or doping), phenomenological scattering rate Γ, and temperature T [8]. The conductivity of
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graphene has been commonly expressed by the well-known Kubo formula consisting of two terms,
σg = σintra + σinter, where the former is due to the intraband contributions and the latter is due to
the interband contributions. In general, the interband term is negligible and the intraband term is
dominant [8]. σintra can be evaluated by Drude-like expression as

σintra (ω, μc,Γ, T ) =
σ0

1 + jωτ
(1)

where

σ0 =
e2τkBT

π�2

[
μc

kBT
+ 2Ln (exp {−μc/kBT} + 1)

]
is the dc conductivity, e the electron charge, kB the Boltzmann constant, � the reduced Planck constant,
and τ = 1/(2Γ) the phenomenological electron relaxation time. Eq. (1) is adopted as the surface
conductivity model of a graphene sheet in our study.

2.1. Oblique Incidence by TEz Wave

Firstly, we consider a one-dimensional problem where a TEz polarized plane wave is obliquely incident
on a conducting sheet at an angle θ. The 1-D FDTD mesh including a graphene sheet at the spatial
grid K + 1/2 is shown in Fig. 1, where the tangential component Ey of electric field and the tangential
component Hx of magnetic field are staggered at one-half cell. Hz is the normal component of magnetic
field. Since a conductive material allows for the possibility of conduction current, we consider two
magnetic fields, 1Hx and 2Hx immediately to the left and right sides of the conductive sheet boundary [6].
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Figure 1. TEz polarized plane wave with oblique incident.

According to Maxwell’s curl equations [9], the time domain Maxwell’s equations of TEz polarized
plane wave in vacuum are ⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∂Hx

∂z
− ∂Hz

∂x
= ε0

∂Ey

∂t
∂Ey

∂z
= μ0

∂Hx

∂t
∂Ey

∂x
= −μ0

∂Hz

∂t

(2)

By converting Eq. (2) from time domain to frequency domain of via Fourier transform, we have⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∂Hx

∂z
− ∂Hz

∂x
= jωε0Ey

∂Ey

∂z
= jωμ0Hx

∂Ey

∂x
= −jωμ0Hz

(3)

Then, the one-dimensional solution of electromagnetic waves along x direction is⎧⎨
⎩

Ey1D = E0e
jk sin θx+jωt

Hz1D = − sin θ
E0

η0
ejk sin θx+jωt (4)
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By substituting Eq. (4) into Eq. (3) for eliminating Hz and then converting the expressions from
frequency domain to time domain via jω → ∂/∂t, we have⎧⎪⎨

⎪⎩
∂Ey1D

∂z
= μ0

∂Hx1D

∂t
1

cos2 θ

∂Hx1D

∂z
= ε0

∂Ey1D

∂t

(5)

Therefore, FDTD iterative formulas of one-dimensional Maxwell’s equations for vacuum are⎧⎪⎪⎨
⎪⎪⎩

En+1
y (k) = En

y (k) +
Δt

ε0 cos2 θΔz

[
Hn+1/2

x (k + 1/2) − Hn+1/2
x (k − 1/2)

]
H

n+1/2
x (k + 1/2) = H

n−1/2
x (k + 1/2) +

Δt

μ0Δz

[
En

y (k + 1) − En
y (k)

] (6)

When there is a graphene sheet, we discretize Faraday’s law ∂B/∂t = −∇×E at the grid K +1/2 such
that the central difference scheme is used for the time derivative ∂B/∂t, and backward and forward
difference schemes are used for spatial derivative along the z direction:{

μ1δ
c
t

{
1Hn

x

}
= δb

z

{
En

y (K + 1/2)
}

μ2δ
c
t

{
2Hn

x

}
= δf

z

{
En

y (K + 1/2)
} (7)

where μ1 and μ2 are the permeabilities of media to the left and right sides of the interface respectively,
and δc, δb and δf are the central, backward and forward difference derivative approximations, we have⎧⎪⎪⎪⎨

⎪⎪⎪⎩
μ1

1H
n+1/2
x (K + 1/2) − 1H

n−1/2
x (K + 1/2)

Δt
=

En
y (K + 1/2) − En

y (K)
Δz/2

μ2

2H
n+1/2
x (K + 1/2) − 2H

n−1/2
x (K + 1/2)

Δt
=

En
y (K + 1) − En

y (K + 1/2)
Δz/2

(8)

Using the boundary condition at the conducting surface [6],
2Hx (K + 1/2) − 1Hx (K + 1/2) = σgEy (K + 1/2) (9)

By substituting Ey(K + 1/2) into Eq. (8), we obtain⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

μ1

Δt

[
1Hn+1/2

x (K + 1/2) − 1Hn−1/2
x (K + 1/2)

]
=

2
Δz

{
1 + jωt

σ0

[
2Hn

x (K + 1/2) − 1Hn
x (K + 1/2)

] − En
y (K)

}
μ2

Δt

[
2Hn+1/2

x (K + 1/2) − 2Hn−1/2
x (K + 1/2)

]
=

2
Δz

{
En

y (K + 1) − 1 + jωt

σ0

[
2Hn

x (K + 1/2) − 1Hn
x (K + 1/2)

]}
(10)

Converting the expressions from frequency domain to time domain via jω → ∂/∂t, we have
μ1

Δt

[
1Hn+1/2

x (K + 1/2) − 1Hn−1/2
x (K + 1/2)

]
=

2
Δzσ0

[
2Hn

x (K + 1/2) − 1Hn
x (K + 1/2)

]
+

2t
Δzσ0

∂

∂t

[
2Hn

x (K + 1/2) − 1Hn
x (K + 1/2)

] − 2
Δz

En
y (K) (11)

μ2

Δt

[
2Hn+1/2

x (K + 1/2) − 2Hn−1/2
x (K + 1/2)

]
=

2
Δz

En
y (K + 1) − 2

Δzσ0

[
2Hn

x (K + 1/2) − 1Hn
x (K + 1/2)

]
− 2t

Δzσ0

∂

∂t

[
2Hn

x (K + 1/2) − 1Hn
x (K + 1/2)

]
(12)
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where the values of the magnetic field components at time step n are approximated by the average of
the field values at n − 1/2 and n + 1/2

Hn
x (K + 1/2) =

H
n+1/2
x (K + 1/2) + H

n−1/2
x (K + 1/2)

2
(13)

By substituting Eq. (13) into Eqs. (11) and (12), the updating equations for 1Hx and 2Hx can be
obtained

1Hn+1/2
x (K + 1/2) =

1
1 − c1c2

{
(fh11 + c1fh21) 1Hn−1/2

x (K + 1/2) (14)

+ (fh12 + c1fh22) 2Hn−1/2
x (K + 1/2) + 2c1fe2E

n
y (K + 1) − 2fe1E

n
y (K)

}
(15)

2Hn+1/2
x (K + 1/2) =

1
1 − c1c2

{
(fh21 + c2fh11) 1Hn−1/2

x (K + 1/2) (16)

+ (fh22 + c2fh12) 2Hn−1/2
x (K + 1/2) + 2fe2E

n
y (K + 1) − 2c2fe1E

n
y (K)

}
(17)

where c1 = Δt+2t
μ1Δzσ0+Δt+2t ; c2 = Δt+2t

μ2Δzσ0+Δt+2t ; fe1 = Δtσ0
μ1Δzσ0+Δt+2t ; fe2 = Δtσ0

μ2Δzσ0+Δt+2t ; fh11 =
1 − 2Δt

μ1Δzσ0+Δt+2t ; fh12 = Δt−2t
μ1Δzσ0+Δt+2t ; fh21 = Δt−2t

μ2Δzσ0+Δt+2t ; fh22 = 1 − 2Δt
μ2Δzσ0+Δt+2t .

2.2. Oblique Incidence by TMz Wave

Similarly, we consider the one-dimensional problem that a TMz polarized plane wave is obliquely incident
on a conducting sheet at an angle θ. The 1-D FDTD mesh including a graphene sheet at the spatial
grid K + 1/2 is shown in Fig. 2, where the tangential component Ex of the electric field and the
tangential component Hy of the magnetic field are staggered at one-half cell apart. Ez is the normal
component of the electric field. Similar to oblique incidence situation of TEz wave in Section 1.1, we
consider two magnetic fields, 1Hy and 2Hy immediately to the left and right sides of the conductive
sheet boundary [6].
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Figure 2. TMz polarized plane wave oblique incident.

According to Maxwell’s curl equations, the time domain Maxwell’s equations of TMz polarized
plane wave about vacuum are ⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∂Ex

∂z
− ∂Ez

∂x
= −μ0

∂Hy

∂t

−∂Hy

∂z
= ε0

∂Ex

∂t
∂Hy

∂x
= ε0

∂Ez

∂t

(18)

The same to TEz case, FDTD iterative formulas of one-dimensional Maxwell’s equations of TMz
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polarized plane wave for vacuum are⎧⎪⎪⎨
⎪⎪⎩

En+1
x (k) = En

x (k) − Δt

ε0Δz

[
Hn+1/2

y (k + 1/2) − Hn+1/2
y (k − 1/2)

]
H

n+1/2
y (k + 1/2) = H

n−1/2
y (k + 1/2) − Δt

μ0 cos2 θΔz
[En

x (k + 1) − En
x (k)]

(19)

When there is a Graphene sheet, the central difference scheme is used for 1Hy and 2Hy, and backward
and forward difference schemes are used for Ex along the z direction:⎧⎪⎨

⎪⎩
−μ1δ

c
t

{
1Hn

y

}
=

1
cos2 θ

· δb
z {En

x (K + 1/2)}

−μ2δ
c
t

{
2Hn

y

}
=

1
cos2 θ

· δf
z {En

x (K + 1/2)}
(20)

where μ1 and μ2 are the permeabilities of media at the left and right sides of the interface, and δc, δb

and δf are the central, backward and forward difference derivative approximations.
Using the boundary condition at the conducting surface [10],

2Hy (K + 1/2) − 1Hy (K + 1/2) = −σgEx (K + 1/2) (21)

The derivation process is similar to TEz, and we will repeat no more. The updating equations for 1Hy

and 2Hy can be obtained

1Hn+1/2
y (K + 1/2) =

1
1 − c1c2

{
(fh11 + c1fh21) 1Hn−1/2

y (K + 1/2) (22)

+ (fh12 + c1fh22) 2Hn−1/2
y (K + 1/2) − 2c1fe2E

n
x (K + 1) + 2fe1E

n
x (K)

}
(23)

2Hn+1/2
y (K + 1/2) =

1
1 − c1c2

{
(fh21 + c2fh11) 1Hn−1/2

y (K + 1/2) (24)

+ (fh22 + c2fh12) 2Hn−1/2
y (K + 1/2) − 2fe2E

n
x (K + 1) + 2c2fe1E

n
x (K)

}
(25)

where c1 = Δt+2t
μ1Δzσ0 cos2 θ+Δt+2t

; c2 = Δt+2t
μ2Δzσ0 cos2 θ+Δt+2t

; fe1 = Δtσ0
μ1Δzσ0 cos2 θ+Δt+2t

; fe2 =
Δtσ0

μ2Δzσ0 cos2 θ+Δt+2t
; fh11 = 1 − 2Δt

μ1Δzσ0 cos2 θ+Δt+2t
; fh12 = Δt−2t

μ1Δzσ0 cos2 θ+Δt+2t
; fh21 = Δt−2t

μ2Δzσ0 cos2 θ+Δt+2t
;

fh22 = 1 − 2Δt
μ2Δzσ0 cos2 θ+Δt+2t

.
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Figure 3. The transmission and reflection
coefficients for TEZ with incidence angle θ = 30◦.
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Figure 4. The transmission and reflection
coefficients for TMZ with incidence angle θ = 30◦.
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2.3. Numerical Validation

For verifying the accuracy of the algorithm, we calculate the reflection and transmission coefficients
when plane wave is obliquely incident on a graphene sheet with angle θ by using the above algorithm.
A Gaussian pulse Ei(t) = exp(−4π(t−t0)2

τ2
1

) is used as the source which the highest frequency effectively

is fmax = 10THz, t0 = 1.6 × 1013 s, τ1 = 2/fmax. The FDTD spatial mesh is set to Δz = 1.5 × 10−6 m,
and the time step is set to Δt = Δz/c/2 = 2.5 × 10−15 s. The speed of light is c = 3 × 108 m/s. The
simulation was run for 10000 time steps. We consider a graphene sheet of T = 300K, μc = 0.5 eV,
τ = 0.5 ps, ε = 1.0.

The transmission and reflection coefficients are also calculated analytically as T = 2cos θ/(2 cos θ+
η0σ0) and Γ = T − 1 for TEZ [11], where η0 is the free space impedance. Fig. 3 shows the comparison
with numerical examples of θ = 30◦.

The transmission and reflection coefficients are calculated analytically as T = 2/(2 + η0σ0 cos θ)
and Γ = T − 1 for TMZ [11], where η0 is the free space impedance. Fig. 4 shows the comparison with
numerical examples of θ = 30◦.

From Fig. 3 and Fig. 4, the transmission and reflection coefficients calculated by the SBC-FDTD
method are identical with the analytic solutions. The results show that the method is feasible. The
absorption performance of the monolayer graphene is great in the high frequency of THz, where the
transmission coefficient is above 0.98 even close to 1, while the reflection coefficients is nearly 0.15.

3. 1D GPC BY OBLIQUE INCIDENCE

Increasing researches focus on the characters of the optical absorption enhancement for graphene in
THz, which provides a theoretical foundation for the investigation of GPC and its application. In the
following sections, three structures about the combinations of graphene and one-dimensional photonic
crystal will be simulated by the above-mentioned SBC-FDTD method, respectively. In the simulations,
the polarized plane wave is incident obliquely on three one-dimensional GPCs with θ. A Gaussian pulse
is used as the source, which is the same as the validation example.

3.1. Graphene on the Surface of One-Dimensional GPC

In this condition, the Graphene is located on the surface of a structure of a spatially periodic array of
Si/SiO2 which extends for several layers, and the graphene and this structure are separated by a spacer
made of SiO2 (seen in Fig. 5).

g s a b

2
x

z

θ SiO 2SiOSi

G
raphene

d d d d

Figure 5. Model of graphene located at surface of the 1D photonic crystal.

In this model, we approximate the dielectric constant of Si by its static value, εa = 12.96, and
its length is set as da = λ0/4

√
εa. Similarly, the dielectric constant of SiO2 is εb = 3.64, with length

db = λ0/4
√

εb. εs, the dielectric constant of the spacer εs = εb, with length set as ds = λ0/2
√

εs [6].
The center frequency of the THz wave is taken as f = 5 THz, with the corresponding center wavelength
λ0 = 60µm [10].
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Figure 6. Reflection and transmission coefficients by TEZ . (a) Reflection coefficients, (b) transmission
coefficients.
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Figure 7. TMZ Reflection and transmission coefficients by TMZ . (a) Reflection coefficients, (b)
transmission coefficients.

The transmission and reflection coefficients of GPC are given by SBC-FDTD method, with and
without graphene respectively, for oblique incidence of TEZ and TMZ wave with θ = 30◦. The results
can be seen in Fig. 6 and Fig. 7. For the reflection coefficient, when the Grapheme is on the surface
of GPC the photonic band gap is about 5–6 THz. Compared with the photonic crystal without the
grapheme, the photonic band gap is about 4–6 THz. For the transmission coefficient, the location of
grapheme almost has nothing effect on the width of the photonic band gap. The reflection coefficient of
GPC decreases nearly by 0.25 at 7 THz, and the transmission coefficient increases by 0.2 at 6.8 THz in
the TEZ oblique incidence with θ = 30◦, as shown in Fig. 6; the reflection coefficient of GPC decreases,
the transmission coefficient also increases in the TMZ oblique incidence with θ = 30◦, which also can be
seen in Fig. 7. These results show that the introduction of graphene layer can enhance the absorption
power in THz. This is because the surface defect formed by the 1D GPC results in the localization of
light, which enhance the transmission of graphene and reduce the reflectivity in THz spectral range [12].
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Figure 8. Model of graphene in the middle of 1-D photonic crystal.
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3.2. Graphene in the Middle of One-Dimensional Graphene Photonic Crystal

The graphene is located between a structure of a spatially periodic array of Si/SiO2 which extends for
several layers and a spacer of SiO2 (seen in Fig. 8).

The reflection and transmission coefficients of TEZ and TMZ wave for oblique incidence with
θ = 30◦ are shown in Fig. 9 and Fig. 10 by using the SBC-FDTD method. Fig. 9 presents the reflection
and transmission coefficients of the TEZ before and after the graphene is introduced. Fig. 10 shows the
same results but for TMZ . We still present the computed results which can be found as a black line in
Fig. 9 and Fig. 10 for the case where the Graphene is added in the middle of 1D PC. The photonic band
gap is about 4–6 THz. Compared with the graphene on the surface of 1D PC, we can obtain that the
reflection and transmission coefficients are not improved when the graphene is set in the middle of the
spacer and 1D PC. On the contrary, the reflection coefficient increases about 0.4 at 7.9 THz, and the
reflection coefficient decreases about 0.3 at 6.8 THz. Compared with the 1D PC without graphene, the
photonic band gap has little change, and the reflection and transmission coefficients are not improved,
too. In Fig. 10, for TMZ wave, the results are the same as TEZ wave. So, the structure in Fig. 8 cannot
improve the optical absorption in THz.

3.3. Graphene in the Bottom of One-Dimensional Graphene Photonic Crystal

Now we consider the case where the graphene is located at the bottom of a spatially periodic array
structure of Si/SiO2. In this structure, we add a spacer of SiO2 on the surface of 1D PC (seen in
Fig. 11).
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Figure 10. Reflection and transmission coefficients by TMZ . (a) Reflection coefficients, (b)
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The reflection and transmission coefficients of this structure by TEZ and TMz waves for oblique
incidence are calculated by the SBC-FDTD method and plotted in Fig. 12 and Fig. 13, respectively.
The simulated results show that the photonic band gap is the widest, and the reflection coefficient of
the third structure in Fig. 11 is the highest (up to 1.0) among the three structures (Figures 5, 8, 11).
The transmission coefficient is less than the other two, and the number of sidelobes of the reflection
coefficient increases, but the width and center frequency of the photonic band gap have no change,
suggesting that the absorption enhancement cannot be realized by this model, and the characteristics of
photonic forbidden band are difficult to be changed. Compared with the results in Fig. 12 and Fig. 13,
we can find that the reflection coefficient is the smallest, and the transmission coefficient is the largest
when the graphene is located on the surface of 1D PC. So the model of graphene on the surface of GPC
is the most ideal.
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Figure 13. Reflection and transmission coefficients by TMZ . (a) Reflection coefficients, (b)
transmission coefficients.

4. CONCLUSION

In this paper, a 1D SBC-FDTD method is implemented successfully for oblique incidence. The FDTD
iterative formulas of the graphene are deduced in the oblique incidence situations for both TEz and
TMz waves. The reflection and transmission coefficients of electromagnetic wave by the graphene sheet
are calculated in the oblique incidence with θ = 30◦. The computed results and analytic solutions
are in good agreement. Finally, we study the electromagnetic characteristics of 1D PC with graphene
in the oblique incidence situation. By changing the position of graphene in 1D PC, we compute the
reflection and transmission coefficients of the 1D PC with graphene in the oblique incidence situation by
SBC-FDTD method. The numerical results show that the GPC structure can enhance the optical wave
absorption when graphene is located on the surface of 1D PC. These results will provide a theoretical
foundation to produce the actual one-dimensional graphene photonic crystal.
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