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Extremely Sub-Wavelength Negative Index Metamaterial

Xu Zhang, Elvis Usi, Suhail K. Khan, Mehdi Sadatgol, and Durdu 0. Giiney

Abstract—We present an extremely sub-wavelength negative index metamaterial structure operating
at radio frequency. The unit cell of the metamaterial consists of planar spiral and meandering wire
structures separated by dielectric substrate. The ratio of the free space wavelength to unit cell size
in the propagation direction is record breaking 1733 around the resonance frequency. The proposed
metamaterial also possesses the most extreme refractive index of —109 that has been recorded to date.
Underlying magnetic and electric response originate from the spiral and meandering wire, respectively.
We show that the meandering wire is the key element to improve the transparency of the negative index
metamaterial.

1. INTRODUCTION

Metamaterials were first coined in the late 1990s [1,2]. Any material composed of usually periodic
subwavelength structures to achieve a desired electromagnetic response that cannot be found in nature
can be referred to as a metamaterial. Metamaterials offer a plethora of applications, such as flat
lens [3], perfect lens [4], hyperlens [5-8], transformation optics [9-11], perfect absorbers [12, 13], optical
analogue simulators [14, 15], compact antennas [16, 17], solar photovoltaics [18], and metaspacers [19],
among others. Particularly, negative refractive index or double negative metamaterials [20—-25] have been
emerged as one of the most interesting classes of metamaterials due to the possibility of along-awaited
diffraction unlimited imaging [4].

Despite a wide variety of applications, an important challenge faced today about metamaterials,
especially at lower radio frequencies, is that the dimensions of a single unit cell element can become
impractically large. Given the wavelengths at such low frequencies and typical sizes of the metamaterial
elements on the order of ~ \g/10 to ~ X\y/100, where )¢ is the free space wavelength, the individual
elements can be as large as hundreds of meters [26]. However, for real-world applications it is essential to
miniaturize these metamaterial elements, which would require extremely sub-wavelength metamaterial
designs.

Extremely sub-wavelength metamaterials are also relevant to applications such as controlling
spontaneous emission [27-29] and quantum information processing [30-32, 33-40]. The light-matter
interactions between free-space electromagnetic modes and quantum emitters are generally weak due
to the small interaction cross-section of the latter. However, this can be directly challenged by using
extremely sub-wavelength metamaterials, which can significantly enhance light-matter interactions by
confining light and enhancing local fields in the metamaterial resonators.

Furthermore, it was predicted that the accuracy of the widely used effective parameter
retrieval procedure [41-43] would be improved for extremely sub-wavelength metamaterials. The
retrieved effective parameters are obtained by inverting transmission and reflection coefficients under
homogeneous effective medium (HEM) approximation. Since the HEM approximation disregards the
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spatial dispersion, it usually results in non-physical negative imaginary parts in the retrieved constitutive
parameters [43-49]. However, the influence of the spatial dispersion on the extremely sub-wavelength
metamaterials diminishes and the accuracy of the HEM approximation improves.

Until now, the extremely sub-wavelength magnetic metamaterial has been designed with the unit
cell size of about 2000 times smaller than the resonant wavelength [26]. A deeply sub-wavelength electric
metamaterial has also been shown operating at GHz frequencies with the ratio of free space wavelength
to unit cell size (i.e., referred to as A\g/a ratio, where a is the unit cell size in the propagation direction) of
about 70 [50]. Deeply sub-wavelength negative index metamaterials have been previously designed based
on a lumped element with the unit cell size of only ~ \g/75 at 400 MHz [51]. Available manufactured
lumped circuit elements offer only limited and coarse values. Desired operating frequency still depends
on geometric unit cell design. Losses associated with lumped elements and the difficulties with the
modelling are other challenges. These are discussed in detail in [51]. Here, we propose an extremely
sub-wavelength negative index metamaterial structure with \g/a ratio reaching above 1700 and the
refractive index reaching around —109, surpassing the previously recorded most extreme refractive
index of only 38.6 [52]. It is difficult to achieve extremely subwavelength negative index metamaterial
due to the lack of extremely subwavelength metamaterial electric resonators. Here, we alleviate this
problem by using an important strategy to reduce the effective plasma frequency of the metamaterial.
This enables the metamaterial better impedance matched to free space. Such a strategy has not been
applied to metamaterials before to achieve extremely subwavelength operation and an extreme refractive
index.

The paper is organized as follows: In Section 2, we show the design of the structure along with
the parameters. In Section 3, we present the effective parameters and explain the physical mechanisms
behind the working principle. First, we calculate the retrieved effective parameters in Section 3.1.
Then, we explain the magnetic response in Section 3.2. In Section 3.3, we describe how we achieve the
required complementary electric response for negative index of refraction. Section 3.3 is divided into two
parts. In Section 3.3.1, we discuss the drawback of commonly used straight continuous wire approach
for the electric response. In Section 3.3.2, we describe meandering wire design and its advantage for
the required electric response. Previously, we used meandering wires to design negative index [21] and
hyperbolic metamaterials [53] for direct laser writing processes [54-56].

2. PHYSICAL GEOMETRY

The unit cell of the sub-wavelength negative index metamaterial structure consists of three layers. The
front side and the back side of a dielectric slab are a planar spiral and a planar meandering wire,
respectively (see Fig. 1). The square spiral design has 60 turns, line width w; = 200 pm, line spacing
g = 20 um, center spacing s = 2mm, and the thickness of the spiral is 35 um. The meandering wire
design has 128 periods, line width wy = 50 um, meandering length [ = 29 mm, h = 120 pm, and the
thickness of the wire is 35 um. The dielectric slab is 203 um thick and is modeled with a permittivity
of € = 2.60 + 0.047. The square spiral and the meandering wire are made of copper with a conductivity
of o0 = 5.8 x 10" S/m. The dimension of the unit cell size is 30 mm x 30mm x 20 mm. We used finite
integration method based CST Microwave Studio software package to perform the simulation. The
s-parameters corresponding to the complex reflection and transmission coefficients were calculated by
using a frequency domain solver. Then the effective medium parameters of the metamaterial structure
were retrieved by using the s-parameters [41]. Perfect electric conductor and perfect magnetic conductor
boundary conditions were used in the simulations for the xz-plane and the xy-plane, respectively. We
verified using periodic boundary conditions that the electromagnetic field cannot distinguish the lack of
mirror symmetry in this specific structure [21]. We defined the incident electric field (E) along the y-axis
to excite the parallel electric current oscillations in the meandering wire. Magnetic field (H) was along
the z-axis to excite the magnetic resonant mode of the square spiral, and the propagation direction
(k) was along the z-axis. We selected the tetrahedral meshes with an adaptive meshing method to
accurately represent the model to be simulated.
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Figure 1. Schematic of the (a) spiral and (b) meandering wire structure with the geometric parameters
indicated. (c) Side view of a small section of the structure showing material layers.

3. EFFECTIVE PARAMETERS AND PHYSICAL MECHANISMS

In this section, we show the results for the retrieved effective parameters of the metamaterial structure
and explain the origins of magnetic and electric response of the proposed extremely subwavelength
negative index metamaterial.

3.1. Effective Parameters

Figure 2(a) shows the resultant transmittance (T), reflectance (R), and absorbance (A). The spiral
in the extremely subwavelength negative index metamaterial has 60 turns. In Fig. 2(b), we plot the
retrieved effective refractive index, n = n’ + in”. The negative refractive index bandwidth is 1.7 MHz
(ranging from 5.6 MHz to 7.3 MHz). At 5.8 MHz, the real part of the refractive index reaches a record
low of —108.6. Retrieved effective permittivity, ¢ = &’ + ic”, and permeability, u = p’ + iu”, are shown
in Figs. 2(c) and (d), respectively. Notice that around 5.7 MHz, there is a magnetic resonance with
a Lorentzian-like lineshape [57,58]. The transmittance around resonance frequency is about 5%, the
corresponding refractive index is —92, and the Ay /a ratio is 1733. In the negative refractive index band,
the transmittance is ranging from 4.5% to 7%, and the A\g/a ratio is ranging between 1370 and 1782.
The maximum figure of merit (FOM, defined as —n'/n”) is about 3 and more than 1 at n’ = —109.
These values are comparable with the low-loss (i.e., low absorption loss) metamaterials [20]. We should
note that relatively poor impedance match here is a natural consequence of a large negative refractive
index.

Figure 3 shows that both the impedance matching and the FOM can be further optimized by
trading A\g/a ratio and refractive index with improved transmittance resulting in an increase in the
transmittance from 5% to 15% and a maximum FOM of about 4. The calculated absorption loss is
about 1dB/cm, which is on the same order as [51]. The final structure retains the record values of \g/a
ratio of about 1000 and n’ = —56.

1 s R T mmA 200
R 100;
0.5 0
-100
5 6 _ 7 8 5 6 7 8 M4 5 6 7 8 4 5 6 7 8
Frequency(MHz) Frequency(MHz) Frequency(MHz) Frequency(MHz)
(a) (b) (c) (d)

Figure 2. (a) Transmittance (T), reflectance (R), and absorbance (A) spectra. (b) Retrieved effective
refractive index. (c) Effective permittivity, and (d) effective permeability. The spiral has 60 turns.
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Figure 3. (a) Transmittance (T), reflectance (R), and absorbance (A) spectra. (b) Retrieved effective
refractive index. (c) Effective permittivity, and (d) effective permeability. The number of turns in the
spiral is reduced to 40 turns to blue-shift the operating frequency of the negative index metamaterial.
This enables the metamaterial relatively better impedance matched to free space.

3.2. Magnetic Response

The magnetic response arises from the planar square spiral. The spiral can be considered as an LC
resonator with the resonance frequency wy = 1/v/ LC, where L is the inductance due to the winding
wires and C'is the capacitance resulting from adjacent metallic windings [26]. Extremely sub-wavelength
negative index metamaterials require sufficiently small magnetic resonance frequency. Therefore, L
and C should be sufficiently large. By winding the significant length of wire into a small area, L
is substantially increased. Additionally, decreasing the distance between the adjacent wires makes C
increased. As shown in Fig. 2(d), the magnetic resonance frequency can be reduced down to around
5.7 MHz, while the unit cell size along the propagation direction is only 30 mm. This underlies the
obtained large Ag/a ratio.

Magnetic field and current density distributions near the magnetic resonance frequency for the
structure considered in Fig. 2 are shown in Fig. 4. Fig. 4(a) shows the z component of magnetic
field. The induced magnetic field is in the opposite direction with the incident magnetic field. In the
central part of the spiral, the induced magnetic field is large enough to cancel the incident magnetic
field. Therefore, the direction of the total magnetic field is dominated by the induced magnetic field.
However, at the outer edge, the induced magnetic field cannot cancel the incident magnetic field, thus
revealing the diamagnetic response [59, 60] of the metamaterial. A circular current flow can be observed
in Figs. 4(b) and (c¢). The magnitude of the current density is shown in Fig. 4(d). It can be seen in
Fig. 4(e) that the current density first increases with the distance from the center of the spiral and then
decreases toward the edge. The direction of the induced magnetic field is perpendicular to the current
flow. This verifies that the magnetic response originates from the spiral structure.

3.3. Electric Response

In the following we explain how we achieved the required electric response to obtain a measurable
transmittance in the negative index band at an extremely subwavelength regime. We first point out the
deficiency of commonly used straight continuous wire approach and then transform the straight wire
into meandering wire for more favorable electric response.

3.8.1. Straight Continuous Wire

Initially, we used straight continuous wire on the backside of the dielectric substrate to obtain Drude-
like negative permittivity. The wire length, width, and thickness were 30 mm, 200 um, and 35 pm,
respectively. We kept the geometric parameters for the spiral and the dielectric slab the same as in
Fig. 2. However, the transmittance was almost zero in the resonance frequency range as shown in Fig. 5.
Low transmittance is due to the impedance mismatch. Around the resonance frequency, the impedance
of the structure is z = 0.02 — 70.02, while the impedance of the background is 1. Thus, to improve the
transmittance, the impedance of the structure should be as close as possible to 1. At this frequency,
the effective permittivity is € = —9111.7 — i5655.8, and the effective permeability is p = —4.7 + ¢6.7.
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Figure 4. (a) Magnetic field at 5.7 MHz in the structure considered  Figure 5. Transmittance
in Fig. 2. Colors show the z-component of magnetic field H,. (b) (T), reflectance (R), and ab-
Corresponding current density distribution. Colors show the z-  sorbance (A) spectra for the
component of current density J,. (c) The same as (b) except that  metamaterial with straight
colors show the y-component of current density J,. The complete  continuous wire on the back
loop current is indicated by black arrows overlaying the current  side of the substrate.

density plots in (b) and (c). (d) The magnitude of the current density

and (e) its distribution along a line extending from the center of the

spiral to the edge.

Negative imaginary part in € is due to the deficiency of the HEM approximation at this wavelength
(i.e., the structure is still not sufficiently subwavelength) [43-49].

It is clear that, ideally, we need to bring the complex permittivity to the same order as the complex
permeability for the impedance match. This can be achieved if the operating frequency is close to the
diluted plasma frequency. Therefore, we need to red-shift the plasma frequency as much as possible
toward the magnetic resonance frequency. With the straight wire on the back side, the plasma frequency
is equal to 943 MHz, while the magnetic resonance frequency is around 14 MHz. It is worth mentioning
that the resonance frequency is blue shifted in Fig. 5 compared to Fig. 2, this is due to decreased overlap
(or coupling), between the straight wire and the spiral.

3.8.2. Meandering Wire

Below we show that the plasma frequency can be significantly reduced if we transform the straight wire
into a meandering wire. This is the reason why we adopted the meandering wire above to improve
the transmittance of otherwise opaque metamaterial. Westart with presenting the results for induced
electric current density and then explain in detail how the meandering wire approach gives more desirable
electric response.

The parameters of the meandering wire are shown in Fig. 1. In Fig. 2(a), we can clearly see that
the transmittance in the case of the meandering wire improves in comparison with the case for the
straight wire. The impedance around the magnetic resonance frequency is z = 0.06 — i0.04. Although
the impedance is only slightly improved, the transmittance reaches from almost zero to about 5%.

Because the induced non-resonant electric current on the meandering wire is much smaller than the
induced resonant current on the spiral, it is difficult to clearly illustrate the non-resonant current. To
address this problem, we first simulated the structure without spiral and obtained the electric current
density shown in Fig. 6. Then, we compared the retrieved permittivity results with and without spiral
and verified that the two plots are almost the same. This suggests that the current density distribution
shown in Fig. 6 should also represent that of the negative index metamaterial structure discussed in
Fig. 2.
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Figure 6. (a) Current density distribution on the meandering wire  Figure 7. Graphical compari-
at 5.7MHz. Colors show the xz-component of the current density  son of numerical and analytical
Jz. (b) The same as (a) except that colors show the y-component  results in Table 1 for w),/wy.
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(a) and (b) indicate the non-resonant current which flows along the

meandering wire. (c) The magnitude of the current density.

==numerical
===analytical

5 10 15
parameters set number (Nn)

Note that the induced non-resonant electric current density follows the trajectory of the meandering
wire. As detailed below this is the essence of the reduced plasma frequency, hence improved
transmittance.

The plasma frequency can be expressed as:

2
ap= (| L (1)
€M eff

where p.g is the effective electron density, mg the effective mass of electrons, e the elementary charge,
e = 1.602 x 1071C. gq is the electric permittivity for vacuum, ep= 8.854x 10712 F /m. We first calculate
pes and meg for both straight and meandering wires [61]. We define the width of the wires as ws,
the thickness as t, and the unit cell dimensions as a X a x c¢. For the straight wire, p.g = pwst/ac,
where p is the electron density in the wire. m.y = e?N L, where N is the total electron number per
unit length, pN = wat. Ls is the self-inductance per unit length, Ly = (uo/27)In(a/ws). For the
meandering wire, both the effective electron density and mass change. Since meandering wire contains
horizontal parts, the effective electron density becomes piz = pegy(1 + 2lm/a), where m is the number
of periods of the meandering wire and [ is the length of the horizontal parts (see Fig. 1). On the
other hand,we obtain the electron number per unit length and the self-inductance per unit length as
N'= N(1+2lm/a), L', = Ls(1+2lm/a), respectively. Then, the effective mass of the electrons becomes

m’eﬁ =meg (1 + 2lm/ a)?. Finally, we can relate the plasma frequency of these two wires by:

1

p:\/j (2)

Below we compare the CST simulation results with the analytical result. To obtain the optimal design
for the meandering wire structure, we began with a small number of periods and [ value, then gradually
increased the number of periods and [. Table 1 shows 17 sets of parameters enumerated by N,. Each
set corresponds to one particular plasma frequency w;). The numerical results for w;) Jwp in Table 1
were obtained from the CST simulations, while the analytical results were obtained from Eq. (2). Both
results are plotted in Fig. 7. The red solid line is the simulation result and black dashed line is the
analytical result. We find an excellent agreement between both results. Thus, Eq. (2) and Fig. 7 show
clearly that the plasma frequency can be significantly reduced by replacing the straight wire with the
meandering wire. For the particular designs studied here, the plasma frequency reduces from 943 MHz
to below 53 MHz. Increasing especially the number of periods and the length of horizontal parts plays
an important role in the reduced plasma frequency by increasing the effective mass of the electrons.
The transmittance can be increased by further optimization of the structure.

£ &
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Table 1. Numerical and analytical results for wz’, Jwp using different meandering wire parameters; N,
is used to enumerate the parameter sets, m is the number of periods and [ is the length of horizontal
parts in nm.

M. m If2 numerical analytical N, m If2 numerical analytical
1 1 0.4 0.97 0.9869 10 16 F 0.454 04602
z i | z 0.95 0.29303 11 16 10 0.1317 0.1E58
3 2 0.4 0.93 0.9714 12 3 2 03639 03442
4 2 2 0.B53 0.B776 13 3z 1o 0.102 o117
5 4 0.4 0.ETE 0.9084 14 Bd 1o 0.076 0.1051
& 4 z 0,716 0.7319 15 G4 14 0.056 0.OF75
T a8 0.4 0.775 0.B237 16 128 14 00457 00611
B 3 2 0.554 0.5912 17 128 14.5 0312 00561
9 B 5 0.373 0.4206

The geometrical parameters presented in Table 1 are the most effective geometrical parameters to
reduce the plasma frequency as can be seen from Eq. (2). In Fig. 8 we show how these geometrical
parameters affect the effective constitutive parameters, the attainable most extreme refractive index, and
the corresponding FOM. Because the plasma frequency does not smoothly decrease with the geometrical
parameters in Table 1 (see also Fig. 7), the plots in Fig. 8 also do not follow a smooth pattern. However,
overall trend is that as the plasma frequency decreases €’ shifts upward, p/ becomes more negative, n’
becomes less negative, and the FOM improves. Note that it is possible to obtain n’ below —300 at the
expense of lower FOM and higher impedance mismatch.

0 -2 -100
1
A —~
S I O
= & 5
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0.9
parameters set number (N) parameters set number (N, 0)
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Figure 8. (a) Effective permittivity and permeability using the meandering wire parameters in
Table 1. (b) The attainable most extreme refractive index and the corresponding FOM. The geometrical
parameters for the spiral are the same as in Fig. 2.

4. CONCLUSION

In summary, we propose an extremely sub-wavelength negative index metamaterial structure operating
at radio frequencies. Our design is within the limits of standard photolithography. The spiral in the
metamaterial contributes to magnetic response and the meandering wire supports electric response.
Meandering wire plays important role in improving the transparency of the metamaterial by reducing
the diluted plasma frequency. The \g/a ratio is 1733 around the resonance frequency. Such an extremely
large \g/a ratio for a negative index metamaterial has never been previously reported. Furthermore, the
refractive index for the proposed metamaterial reaches down to —109. Regardless of the sign, this is the
most extreme refractive index that has been reported to date. Extreme refractive index can be useful
in transformation optics, high resolution imaging, enhanced light-matter interaction, miniaturization,
and slow light applications. Our theoretical results are highly reliable due to the improved accuracy of
the HEM approximation at extremely subwavelength dimensions.
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