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Array Aperture Extension Algorithm for 2-D DOA Estimation
with L-Shaped Array

Xi Nie* and Ping Wei

Abstract—In this paper, an array aperture extension algorithm is developed for two-dimensional (2-D)
direction-of-arrival (DOA) estimation with L-shaped array. We enlarge the dimension of the covariance
matrix by using the rotational invariance in conjunction with the property that the signal covariance
matrix is real diagonal matrix. Estimation of DOAs is performed by processing this larger dimensional
matrix. The simulation results indicate that our method can improve the DOA estimation accuracy.

1. INTRODUCTION

Estimation of two-dimensional (2-D) direction of arrival (DOA) of multiple incident signals using sensor
array techniques has attracted considerable attention in many applications including radar, sonar,
wireless communication, and seismic sensing [1], and lots of high-resolution algorithms were proposed
in literatures [2-6] in the past decade. Most of the above-mentioned approaches directly deal with the
covariance matrix of the received signals to estimate the DOAs of the signal sources. In this paper,
we introduce a method to enlarge the dimension of the covariance matrix with L-shaped array. Our
method extends the dimension of the covariance matrix by employing the rotational invariance and the
property that the covariance matrix of the signal sources is real diagonal matrix. Then, the signal DOAs
are found by processing the larger dimensional matrix. Computer simulations show that the proposed
approach can obtain good DOA estimation performance.

Notations: The superscript *, T, H, and T denote the conjugate, the transpose, the conjugate
transpose, and Moore-Penrose inverse respectively. E{-}, J, and MJi : j, :| stand for the statistical
expectation, an exchange matrix with ones on its antidiagonal and zeros elsewhere, and a matrix
consisting of the ith to jth rows of matrix M respectively.

2. DATA MODEL

Consider K narrowband far-field plane signals {s;(t)} | from distinct directions impinging on an L-
shaped array composed of two uniform linear arrays (ULAs) along z and z axes respectively. Each ULA
consists of N isotropic sensors, and the inter-sensor spacing d along x and z axes is half-wavelength
A/2. Let ap and S, k=1, 2, ..., K, be the azimuth and elevation angles of the kth source. Note that
the azimuth angle oy is taken between the signal arrival direction and z axis, and the elevation angle
Ok is taken between signal arrival direction and z axis, as shown in Figure 1.

The array manifold matrices can be given as

A(a) =[a(a1),a(ag),...,a(akx)] (1)
A(B) = [a(Br),a(B2), ..., a(BK)] (2)
where a(ag) = [1,&, .., &8 T, G = 5% a(By) = [Lng, -,y )T, = €77 e8Pk,
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Noz s (1), k=1,2,...K

Figure 1. L-shaped array configuration for 2-D DOA estimation.

The observed vectors x(t) and z(t) can be written as

x(t) = A(a)s(t) + ng(t) (3)
z(t) = A(B)s(t) + n(t) (4)
where x(t) = [21(t), 22(t), ...,z (®)]T, 2(t) = [21(t), 22(t), ..., 2n(D)]T, s(t) = [s1(¢), 52(L), ..., sk ()]",
n,(t) = [ng1(t), nea(t), ..., nen ()T, n(t) = [n.1(t), naa(t), ... ,n.n ()] s(t) is a K x 1 source vector,

and n,(t) and n,(t) are additive noise in the x and z axes subarrays, respectively. Assume that the
sources are uncorrelated with each other, and the noise is a white Gaussian random processes with
zero-mean and variance o2, and is statistically independent of signal samples.

3. PROPOSED ALGORITHM

From the above assumption, we calculate the covariance matrix of the observations as
R,. = E{x()z" (1)} = A(«)E {s(t)s" (1)} A" (8) + B {n,(t)nl (1)} = A(@)RAY(B)  (5)

where the diagonal matrix Rs = diag{p1,p2,...,px} is the signal covariance matrix, and positive real
number p; stands for the power of the kth signal source. Note that n,(¢) and n,(¢) are spatially
independent of each other, i.e., E{n,(t)n(t)} = 0.

z

3.1. Covariance Matrix for Signal Subspace Identification

Performing the singular value decomposition (SVD) of R,

where ¥ = diag(dy,ds,...,dx) with d > ds > ... > dg > 0, dy,da,...,dx stand for the K largest
singular values of R,,, U and V stand for the left and right singular vectors of R,, corresponding to
K largest singular values, respectively.

It is well known that the K columns of U and A(«) span the same range space. Therefore, there
exists an invertible matrix Wy such that

Divide U into two (N —1) x K matrices U; and Uy such that Uy = U[1: N—1, :], Us = U[2: N, :].
Accordingly, U; and Us can be represented as

U1 = Al(a)Wl (8)

U2 = AQ(Oé)Wl (9)
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where Aj(a) = A(a)[l: N —1, ], Ay(a) = A()[2: N, 1].
According to the rotational invariance, we have

AQ(Oé) = A1 (Oé)Da

where D,, is a diagonal matrix with D, = diag(&;, &2, ...,¢K).
Combining (7), (8), (9) with (10), we get

U<U§U1>N — A(Q)W, (W;lA;(a)Al(a)Wl)N — AQ)D;VWi = At ()W

N-1)

where Anewl(a) = anewl(al)aanewl(QQ)a cee 7anew1(04K)]a anewl(ak) = [§EN7 gk_( P 75];1]T'

Substituting (7[) into (6), we obtain
R,AT(B) =W, ZV,
We define the first matrix R as
Ry, 2 U<U£U1>NEVH.
According to (11) and (12), Ry2 can be rewritten as
Ri2 = Apeur () RsAT ().
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(10)

(11)

(14)

Likewise, the K columns of V and A(f) span the same range space. There exists an invertible

matrix Wy satisfied the following equality
V = A(B)Wa.

Divide V into two (IV—1) x K matrices V1 and Vg such that Vi = V[1: N—1,:], Vo = V[2: N, .

Accordingly, V1 and V5 can be represented as
Vi=A(B)Wy
Vi = Ay (B)W3
where A1(6) = A(B)[1: N —1,:], A2(B) = A(B)[2: N, 1].
By means of the rotational invariance, we obtain

As(B) = A1(8)Dg

where Dy is also a diagonal matrix with Dg = diag(n1,72,...,17K)-
Combining (15), (16), (17) with (18), we have

V(VIVL)" = AW (W, ALAA ()W) = ABID; Y Wa = A ()W

—(N-1) fl]T'

where Anewl(ﬂ) = [anewl(ﬂl)aanewl(ﬂQ)u cee aanewl(ﬁK)]a anewl(ak) = |:77];N7 My yeeoa Mg
Substituting (15) into (6), we get

A(a)R, = USWH,

We define the second matrix Ry as
N\ H
Ro; 2 US (V (V£V1) ) .
From (19) and (20), Ra; can be rewritten as

Roi = A(0)R,AZL (5).

newl
Next, we define the third matrix Ri1 as

H *
Rip éJ(UU{UQE(VVIVQ) ) J.

(22)

(23)
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According to (6), (7), (8), (9), (10), (15), (16), (17) and (18), Ry can be expressed as

Riy = J(A(0)DaWiS(A(B)DsW2)") T = Apeu () RIALL,, (). (24)
Since R is real diagonal matrix, the equality Ry = R holds. Thus, Rj; can be represented as
R = Anewl(a)RsAgewl(ﬂ) (25)
Combining Rq1, Ri2, Ro1 with R, we construct a new matrix R.,eqy
_ |Ru1 R
Row = 1t 1] (26)
According to (5), (14), (22) and (25), Ryew can be expressed as
H
Anewl(a) Anewl(ﬁ) H
Ryew = R = Anew RsAnew 27
[ A(a) ] [ A(3) (a) () (27)
where Anew(a) = [anew(al)u anew(a2)7 cee 7anew(aK)]u anewl(ak) = [é-lgNa élz(Nil)a cee 75];17 L, 5]%7 ceey
N—1 _ —(N-1 Z
6,15; )]T’ Anew(ﬁ) = [anew(ﬁl)aanew(52)a---7anew(5K)]a anew(ﬁk) = [nkNank( )7"'7nk171777]};7---7

N-1
77( NT

It is evident that A e, () and A,y (3) correspond to an array manifold matrix of a ULA with
2N array elements and R, corresponds to a covariance matrix of a cross-array with 2N + 2N array
elements, which indicates that the number of array elements increases from N + N to 2N + 2N.

3.2. Estimation of the Azimuth o and the Elevation 3
Performing the SVD of Ry
Ryew = Anew(a)RsAH (ﬁ) = U/E/V/H (28)

new

where ¥/ = diag(dy,da,...,dr) with dy > dy > ... > dg > 0, dq,da,...,dg stand for the K largest
singular values of R,,c,,, U’ and V' stand for the left and right singular vectors of R, corresponding
to the K largest singular values, respectively.

Next, we define three matrices ¥, U and V as £ £ ¥'V/2, U £ U'S and V £ V'E. Accordingly,
(28) could be rewritten as

Anew(@)R,AZ (3) =TUVH, (29)

new
We have known that U and A, («) span the same range space, and V and A,.,(3) span the
same range space. Hence, the following two equalities hold
Anew (Oé) - UPl (30)
A () =VPy (31)
where P and Py are two invertible matrices.

Then, we can utilize the conventional ESPRIT procedure [7] to estimate the azimuth oy and the
elevation fi. Divide U into two (2N — 1) x K matrices U; and Uy such that U; = UJ[l : 2N — 1,:],
Uy =U[2: 2N, 1.

Performing the eigenvalue decomposition (EVD) of UJ{UQ, the eigenvectors Py’ of UJ{UQ must
satisfy the following equality

P,/ =P,C, (32)

where C; is a permutation matrix composed of a single nonzero constant along every row or column and

zeros elsewhere. The eigenvalues A, of UIUQ must be equal to e/™5% k=12, ..., K. Accordingly,
the azimuth oy, k= 1,2,..., K, could be obtained by solving the following nonlinear equation

o = cos ! [M]kzlﬂ,...,l{. (33)
T
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Similarly, performing the EVD of VJ{VQ, where Vi = VI[1 : 2N — 1,:], Vo = V[2 : 2N, :|. The
eigenvectors Py’ of VIVQ must satisfy the following equality

Py = P,C, (34)

where C; is also a permutation matrix. The eigenvalues Ag, of VJ{VQ must be equal to e/7 85k
k=1,2,...,K. The elevation O, k =1,2,..., K, could be obtained by solving the following nonlinear
equation

arg(As, )
m

ﬂk:cos_l[ ] k=1,2,..., K. (35)

3.3. Pair Matching
Combining (29), (30) with (31), we have [§]
PipP, =R (36)

Since Ry is a diagonal matrix, R; ! is also a diagonal matrix.
We define a matrix P as

P 2 Pi'p,’. (37)
According to (32), (34) and (36), P can be represented as
P = CI'PiipP,C, = CHIR!C,. (38)

Since C; and Cj are two permutation matrix and R ! is a diagonal matrix, P is also a permutation

matrix. (38) implies that if the eigenvectors of UJ{UQ and VIVQ are unit vectors, only one element
value is close to 1 for every row or column in P. We can pair 2-D angles of the signals by utilizing this
property. Let the eigenvectors of UJ{UQ and VJ{VQ be unit vectors, if p; ; is close to 1, the i¢th azimuth
and jth elevation angles come from a couple of incident angles, where p; ; denotes the element value of
the ith row jth column in P.

4. COMPUTATIONAL COMPLEXITY

In this section, we analyse the computational complexity of the proposed method. From the derivation
of the presented method, we can see that the computational complexity of our method mainly
focuses on two SVD. One is to perform the SVD of a N x N matrix, and the computational cost
is 24N3 + 48N3 +54N3 = 126 N flops [10]. The other is to perform the SVD of a 2N x 2N matrix, and
the computational burden is 24(2N)3 + 48(2N)3 + 54(2N)? = 1008 N3. Since our method need to deal
with a larger dimensional matrix, the computational cost of our method increases somewhat. However,
our method can enhance the DOA estimation accuracy, and the simulation would verify this conclusion
in the next section.

5. SIMULATION RESULTS

In this section, we illustrate the performance of our method by simulations. We compare our method
with CCM-ESPRIT in [2], JSVD in [3] and Cramer Rao bound (CRB) in [9]. An L-shaped array is
employed with 8 sensors for each ULA. The elements of each antenna array are separated by a half-
wavelength. For simplicity, we suppose that all signal sources are of equal power o2, and the input SNR
is defined as 10log;y(02/02). Define the root-mean-square-error (RMSE) of the DOA estimates from N
Monte Carlo trials as

RMSE = , | <1 ZN: i ((@,ﬁ”’ o)+ (B - 5k)2> (39)

n=1k=1
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where @ggn) and ﬂA,(Cn) are the estimates of ay and (i for the nth Monte Carlo trial respectively, and K

is the source number.
In the first simulation, we examine the estimation performance of three methods in terms of SNR.

Three signal directions are set to [aq, ae,as] = [100°,90°,80°], and [, B2, O3] = [70°,80°,90°]. The
snapshot number is fixed at 500. The SNR varies from 0dB to 15 dB.

In the second simulation, we research the RMSE of three methods with respect to the snapshot
number. The incident directions of three sources are set to [aq, a9, as] = [120°,110°,100°] and
(81, B2, B3] = [100°,110°,90°]. The SNR is fixed at 5 dB. The snapshot number ranges from 200 to 2000.

From Figure 2 and Figure 3, it can be observed that our method is superior to CCM-ESPRIT and
JSVD in different SNR and the snapshot number. It is because that our method utilizes the information
R, = R} to estimate the DOAs of signal sources, while CCM-ESPRIT and JSVD do not utilize this
information.

In the third simulation, we investigate the estimation accuracy of the azimuth angles of three
methods for different SNR. Three signal directions are set to [ag,a2,a3] = [60°,70°,80°], and
[B1, B2, B3] = [110°,120°,130°]. The snapshot number is fixed at 500. The SNR varies from 0dB

to 15dB.
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In the fourth simulation, we test the estimation accuracy of the elevation angles of three methods
for different SNR. The simulation condition is the same as the third one.

From Figure 4 and Figure 5, we can see that the DOA estimation accuracy of azimuth angles and
azimuth angles is improved respectively by using our array aperture extension algorithm. The reason
for this is that our method exploits more information to detect the DOAs of the signal sources.

6. CONCLUSION

This paper proposes an array aperture extension algorithm for 2-D DOA estimation with L-shaped array.
Our method exploits rotational invariance, as well as the property that the signal covariance matrix is
real diagonal matrix to construct a larger dimensional covariance matrix corresponding to a cross-shaped
array with more array sensors. It is equal to enlarging the array aperture. Thus, our method achieves
higher DOA estimation accuracy. Simulation results confirm the validity of the proposed method.
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