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Abstract—A waveguide standard is introduced for validation purposes on the measurement accuracy
of electric and magnetic properties of materials at microwave frequencies. The standard acts as a
surrogate material with both electric and magnetic properties and is useful for verifying systems designed
to characterize engineered materials using the Nicolson-Ross-Weir technique. A genetic algorithm is
used to optimize the all-metallic structure to produce a surrogate with both relative permittivity and
permeability within a target range across S-band. A mode-matching approach allows the user to predict
the material properties with high accuracy, and thus compensate for differences in geometry due to loose
fabrication tolerances or limited availability of component parts. The mode-matching method also
allows the user to design standards that may be used within other measurement bands. An example
standard is characterized experimentally, the errors due to uncertainties in measured dimensions and
to experimental repeatability are explored, and the usefulness of the standard as a verification tool is
validated.

1. INTRODUCTION

The use of engineered materials in the design of radio frequency (RF) systems requires an accurate
knowledge of material constitutive parameters. Some recently synthesized materials include graphene
nanoribbons or metallic inclusions for use in miniaturization of electronic components [1,2], ferrite
loaded polymers to increase EMI shielding [3], cellular materials such as honeycomb structures to
decrease radar cross-section [4], and anisotropic materials used to enhance antenna operation [5]. Since
the properties of these materials are often hard to accurately predict (due to modeling uncertainties
and variability in the manufacturing process), they are usually measured in a laboratory.

Rectangular waveguide applicators are commonly used to extract the electromagnetic properties
of materials. Benefits over alternative methods, such as free-space systems, include the availability
of analytical expressions to describe sample interrogation, high signal strength, and the simplicity of
manufacturing rectangular samples [6-9]. The S-parameters measured with a material sample placed in
the cross-sectional plane of a waveguide may be used to determine the complex values of the permittivity,
e = eg(€,. — je), and the permeability, p = po(pl. — jull), from closed-form expressions [13, 14].

The accuracy of a material characterization system is often established by measuring a standard
material with known properties. A desirable standard material is easy to machine, is stable thermally
and chemically, is readily available, and has values of constitutive parameters numerically close to those
of samples of interest with only minor variations within the measurement band. If the permittivity of
materials is of primary interest, a dielectric sample such as Rexolite'™ may be used to provide highly-
predictable parameters in the microwave spectrum with a value characteristic of many plastics [15].
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The recent introduction of engineered materials with magnetic as well as dielectric properties has
made it more difficult to find standard test materials whose constitutive parameters are known with
great accuracy and have appropriate values within the microwave spectrum. Fortunately, it is possible
to create a surrogate material sample that can act as the standard test material in the sense that its
use in a material measurement system will produce extracted constitutive parameters with predictable,
highly-accurate, and appropriate values. The surrogate need not resemble an actual material, and in
fact can be inhomogeneous and non-magnetic. The only requirement is that when inserted in place of a
test material, the surrogate provides proper S-parameters that may be used in the extraction process.
Although some previous work has been done to create waveguide standards using circuits, obstacles, or
components [16], these fabricated structures are only meant to validate the reflection and transmission
coefficients, not the extracted material parameters.

It is crucial that a material standard produce highly accurate, stable, and repeatable values of
extracted permittivity and permeability across the measurement band. It must be reproducible for
the majority of users, and thus should be of simple design and made from readily available materials.
The values of the extracted constitutive parameters should not be overly sensitive to the geometrical
dimensions of the standard, so that errors in fabrication or changes in the operating environment
(temperature, humidity, etc.) do not cause unpredictable or unacceptable results. Additionally,
the values of permittivity and permeability must be predictable to high accuracy using standard,
reproducible analytic techniques. For these reasons, the design adopted for the surrogate described
here uses two simple metallic waveguide windows, or apertures, separated by a spacer. Given just four
geometrical parameters, mode-matching techniques can be used to accurately compute the S-parameters
of the surrogate material, and from these the extracted constitutive parameters may be determined. A
description of the design process used to obtain an optimized geometry and a typical design for S-band
using standard WR-284 dimensions are given below. The measured results for an example verification
standard constructed from materials on hand are shown and discussed.

2. MATERIAL CHARACTERIZATION PROCEDURE

After a measurement setup has been calibrated appropriately [10-12], a verification standard provides
confidence in the measuring system by producing known results under appropriate operating conditions,
allowing the estimation of measurement accuracy. In the case of material characterization, the
verification standard is placed into the system and known values of p and e are extracted using a
specific algorithm. The standard described in this paper assumes the use of the classic “Nicolson-Ross-
Weir” (NRW) extraction algorithm that employs the measured reflection and transmission coefficients
for a waveguide section completely filled by the material [13,14]. Other algorithms are available that
use, for instance, only reflection measurements [17]; these would require a different standard. The
attraction of the NRW characterization method results from the availability of closed-form expressions
for p and e. This contrasts with methods requiring an iterative solver such as Newton’s method [18] or a
least squares approach [19]. The convenience of the NRW method, and its insensitivity to propagation
of measurement uncertainties, commonly makes it a first choice for material characterization. Since
NRW extraction can be used with rectangular waveguides, coaxial applicators, free-space methods, and
stripline measurements, the concept of the waveguide surrogate described here has wide applicability,
although the details of the structural design vary from system to system.

Figure 1 shows the experimental configuration used in the NRW method. A sample with unknown
properties is placed into a sample holder occupying the region 0 < z < d in a rectangular waveguide
system. Waveguide extensions are usually employed to guarantee only the dominant mode is present at
the measurement ports. The S-parameters S1; and S3; are measured using a vector network analyzer
(VNA) attached at these ports, and the S-parameters are then mathematically transformed to obtain
the S-parameters at the sample planes. These sample-plane S-parameters are used to determine the
sample propagation constant 8 and the interfacial reflection coefficient I'; which may in turn be used to
find € and p as follows. Define Vi = S51 + S11 and Vo = S51 — S11. The interfacial reflection coefficient

can be computed as
11—, 1- Ve’
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where the appropriate sign is chosen such that |I'| < 1. Then the 1-way propagation factor for a wave
traveling through the sample region can be written in terms of the computed I' as

i—-T
- _ 2
-1V, (2)
such that v = (In P—j2n7)/(—d). Here n is an integer; its appropriate value depends on the length of the
sample and is determined by requiring the resulting material parameters to obey physical constraints,

such as passivity and continuity with frequency. Finally, the permittivity and permeability may be
computed in closed form as

P =

14T ~ (7%1—F Lm%)
K= Ho =€ — —= |,

— = L 3
1-T35 g3 1+T  p kB ®)

where ky = w\/po€o, fo = VK3 — k2, and k. = m/a. Note that the time convention exp(jwt) is used.

When the NRW method is used to extract pu and e using arbitrary values of Si; and S, the
resulting material parameters may not have the physical properties expected of actual materials. Thus,
some care should be taken in designing the surrogate so that the measured S-parameters produce
physically meaningful values of x and €. Since the proposed surrogate is constructed of nonmagnetic good
conductors, it is worthwhile to examine the properties of u and e under lossless conditions (assuming
the conductor losses in the surrogate may be ignored). It is shown in the appendix that it is useful to
examine the quantity A = Re{S11}/|S11|>. If A2 > 1, then both € and p extracted using NRW are real,
and thus represent a lossless material [20]. If A% < 1 then P is real, and if P > 0 and n = 0, both
e and p are again real. However, if A < 1 and P < 0, € and p are complex, and it is possible that
either Im{e,} > 0 or Im{y, } > 0, or both. Since this condition implies gain, which is not possible with
a passive surrogate, it is important to avoid this case when constructing a surrogate.

AN N
———(

Figure 1. Waveguide material measurement Figure 2. Waveguide material measurement sys-
system showing presence of material sample. tem showing presence of the waveguide verifica-
tion standard. Adopted surrogate has Af = A",

yt = yl, and y§ = y5.

3. WAVEGUIDE VERIFICATION STANDARD DESIGN

It is important to develop a waveguide standard that is easily fabricated using materials readily available
to most users. For this reason the surrogate was chosen to be constructed from purely nonmagnetic
metallic parts, and in the following analysis is assumed to be perfectly conducting. After examining
many candidate geometries, a simple structure consisting of two identical rectangular apertures of
thickness A’ = A" separated by a spacer of thickness A® as shown in Fig. 2 was adopted. The simple
geometry of the adopted waveguide standard has several important advantages over more complex
structures. First, it may be easily machined from simple metal sheets. Second, an easily implemented
mode-matching technique may be used to analyze the structure quickly and with great accuracy, and
thus commercial solvers are not required to determine the material properties of the surrogate. By
controlling the accuracy of the analysis, the errors propagated to the extracted material parameters
from uncertainties in the dimensions of the fabricated parts and from the uncertainties of the measured
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S-parameters may be appropriately calculated. Third, if the standard is manufactured using materials
of thicknesses different than those described in the optimized design, or if the manufactured apertures
are somewhat offset from those of the optimized design, mode matching may be used to determine the
theoretical properties of the manufactured standard, and the standard may still be used to verify the
accuracy of a material measurement system.

The waveguide standard is placed into the measurement system in the same physical position as an
unknown material; see Fig. 2. The length of the surrogate sample is z3 = d and thus the S-parameter
planes are taken at z = 0 and z = d as in the case of an actual sample. The NRW method assumes
that the material sample is isotropic and homogeneous, and thus the measured S-parameters obey
S11 = S92 and Si2 = S21. Although it is not necessary that the waveguide standard be homogeneous,
it is helpful if the S-parameters of the surrogate obey the same relationships as do those of an actual
material. Thus, the waveguide standard should be symmetric in the longitudinal (z) direction. This
allows the standard to be interrogated from either direction with identical results, and if the standard
is constructed from lossless (or perfectly conducting) materials, it also allows the permittivity and
permeability of the surrogate extracted using the NRW method to be purely real (corresponding to a
lossless material), as discussed in the appendix. Unfortunately, if the surrogate is inhomogeneous along
z, the real parts of the extracted permittivity and permeability will be frequency dependent, and thus
the extracted parameters do not obey the Kronig-Kramers relations [22]. However, an inhomogeneous
surrogate is still valuable as a verification standard since its material parameters can be tailored to a
desired range and, if lossless, provide a quick check of the credibility of the measurements.

Materials with large but equal values of permittivity and permeability are desired for the
construction of microwave antennas with enhanced radiation properties. Researchers are currently
examining ways to synthesize such materials with the goal to achieve low-loss materials with relative
permittivity and permeability in the 3-10 range at microwave frequencies [23]. Thus, the adopted design
was tuned using a genetic algorithm (GA) with the goal to produce a surrogate material with both a
permittivity and a permeability as near to six as possible across S-band, as found using NRW. The
extracted parameters were also required to vary smoothly with frequency. The GA varied the vertical
window positions (positions y{ = y} and y§ = y5 in Fig. 1), horizontal window positions, and the
thicknesses of the apertures and waveguide spacer, and used the commercial solver HFSS to compute
S11 and S21. The optimizer was configured for a combined 2-point and 3-point crossover with an evolving
single bit mutation. Half of the new population was created by performing a two point crossover and
the other half by performing a three point crossover. In both cases, the crossover points were selected
randomly. An initial population of 100 different binary strings was selected randomly and the geometry
of the waveguide standard was created in Matlab and exported to HFSS for simulation. See [24] for a
detailed description of the GA algorithm.

The waveguide used is standard S-band WR-284 with dimensions ¢ = 2.84inch by b = 1.34 inch
(72.136 x 34.036 mm) and a designated operational band of 2.6 to 3.95 GHz. The thicknesses of
each aperture and spacer used during the GA optimization were limited to the values of United
States standard brass stock (multiples of 1/16 inch, or 1.5875 mm), to simplify the fabrication process.
To produce a symmetric verification standard, the apertures were assigned identical openings. The

Table 1. Dimensions of the optimized waveguide standard, and measured dimensions of the fabricated
standard.

Dimension | Optimized Value (mm) ‘ Fabricated Value (mm) ‘ Difference (%)

A* 3.175 3.62 & 0.03 14.0
A7 3.175 3.57 £0.04 12.4
A? 12.700 12.35 £ 0.07 -2.8
Yl 5.064 5.18 +0.06 2.3
b 23.860 23.91 £0.11 0.2
yh 5.064 5.28 + 0.07 4.3
yh 23.860 23.49 4+ 0.11 -1.6
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dimensions of the standard found by the GA are given in Table 1. The material parameters extracted
using the NRW method from the HFSS simulated S-parameters of the optimized design are shown
in Fig. 3. As expected, the imaginary part of the extracted parameters are zero (to computational
accuracy) and the real parts are dependent on frequency. Note that the optimizer has produced a trade
off between frequency variation, and values near to six.

Precise values for the material parameters produced by the optimized waveguide standard may be
found by applying the mode-matching technique (see the following section for details.) To produce the
mode-matching results, the number of terms, IV, was chosen to guarantee an accuracy of 5 digits in each
of the extracted material parameters. This gives accuracy commensurate to what can be measured with
the Agilent E5071C VNA used in subsequent experiments. In all cases, convergence was obtained with
at most N = 275 modes. The resulting extracted material values are listed in Table 2 and are plotted
in Fig. 3. Only the real parts of ¢, and pu, are shown in Table 2, since the imaginary parts are less
than 107°. These tabulated values can be used to verify the operational accuracy of waveguide material
parameters measurement systems in S-band. Similar standards may be devised for other waveguide
bands using the mode-matching method.

Table 2. Real parts of relative material parameters for the optimized waveguide verification standard
with dimensions shown in Table 1.

Frequency (GHz) ‘ €r ‘ Ly
2.60 6.0356 | 7.8526
2.80 6.2509 | 6.8508
3.00 6.2403 | 6.2399
3.20 6.0908 | 5.8523
3.40 5.8457 | 5.6194
3.60 5.5254 | 5.5157
3.80 5.1342 | 5.5449
3.95 4.7889 | 5.6754

It is clear from Fig. 3 that the material parameters extracted from the S-parameters computed using
mode matching are quite close to those extracted using HFSS simulations. However, it is important to
note that computing S-parameters with the same accuracy using HFSS takes approximately 60 times
longer than for mode matching on a 3.5 GHz Intel quad core processor with 24 GB of RAM. Thus, the
faster mode-matching approach makes it possible to carry out computationally-intensive Monte Carlo
error analysis used to evaluate the sensitivity of the fabricated standard to geometry uncertainties.
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4. COMPUTATION OF S-PARAMETERS OF WAVEGUIDE STANDARD USING
MODE MATCHING

The mode matching approach is described in several References [25-27], and the specific details for the
waveguide standard are given in [20]. Thus, only a brief outline is given here. Consider the geometry
of the adopted waveguide standard shown in Fig. 1. Perfectly conducting apertures are positioned
at z = 0 and z = 2, with thickness A’ and A", respectively. Although the adopted standard is
longitudinally symmetric, the thicknesses of the apertures are allowed to be different so that the effects
of manufacturing errors may be evaluated. The width of the apertures are the same as the width of
the empty waveguide, a, while the vertical openings are describe by the height positions y{ and y% for
the left aperture, and y] and y; for the right aperture. The waveguide extensions are assumed to be
of sufficient length such that, even though a full spectrum of higher order modes is produced at the
apertures, only a TEjg mode is received at the measurement ports.

Assume a TEjg mode is incident from the transmitting extension z < 0. Interaction of this field
with the aperture at z = 0 generates an infinite spectrum of modes in each of the waveguide sections.
However, because of the symmetry of the incident field, only the TE;, and TM;, modes are excited
with nonzero amplitude [28]. The transverse fields in each waveguide section may thus be written
as a modal series, with terms representing both forward and reverse traveling waves. An identical
number of modes, IV, is used in each region. The modal amplitudes are determined by applying the
boundary conditions on the transverse fields Et and I:_it at the interfaces between the full waveguide and
the aperture regions. This produces a system of functional equations that may be transformed into a
system of linear equations by applying appropriate testing operators. The result is a system of linear
equations that may be written in terms of an 8 N x 8N partitioned matrix. Note that all of the integrals
may be computed in closed form, and that many matrix entries are repeated or zero. This allows the
matrix to be filled rapidly and leads to the overall efficiency of the mode-matching approach compared
to more generic numerical electromagnetic techniques such as finite elements. Explicit expressions for
the matrix entries are given in [20].

Once the modal coefficients are found by solving the matrix equation, the sample-plane S-
parameters of the verification standard are given by

Sy = L (4)

Sy = 1L (5)

where af is the amplitude of the incident TE;p mode in the transmitting section (z < 0), aj is the
amplitude of the reflected TE;y mode in the transmitting section, and ffr is the amplitude of the
forward-traveling TE;p mode in the receiving section (z > z3).

It is interesting to note that the S-parameters of two-port networks consisting of waveguide irises
can be mathematically modeled with good accuracy using a rational multinomial. This allows for rapid
evaluation during network optimization by using Cauchy interpolation. Although this approach was
not implemented, it is potentially useful for rapid optimization of waveguide standard designs. The
interested reader is directed to [21].

5. EXPERIMENTAL RESULTS

A sample waveguide verification standard was fabricated and measured at Michigan State University
using materials on hand. The individual pieces, shown in Fig. 4, were constructed from brass using
wire electrical discharge machining. The thicknesses of both the spacer and the apertures are slightly
different than those specified for Table 1 due to available stock. The vertical positions of the aperture
openings were influenced by the precision of the machining process.
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5.1. Theoretical Material Parameters for the Fabricated Standard

The thicknesses and aperture positions of the constructed inserts were measured using precision calipers
with a manufacturer-specified precision of £0.02 mm. Measurements were made at 15 positions on the
inserts and the mean and standard deviation computed. The mean is taken as an estimation of the
expected dimension, while the standard deviation is taken to be the uncertainty over the estimation.
The results are shown in Table 1, along with the specified values for the optimized standard. Note that
since the fabricated standard is not perfectly symmetric along z it is anticipated that measured values
of p and e will have small imaginary parts.

Although the dimensions of the fabricated standard differ somewhat from those of the optimized
standard used to establish Table 2, the fabricated standard is still useful, since the resulting values of
w1 and € extracted from measurements of the fabricated standard are only slightly different than those
for the optimized standard. (See Figs. 8 and 9 for the measured results.) Also, due to the availability
of the mode-matching method, the dimensions of the fabricated standard may be used to establish the
expected values of i and ¢, and these parameters used for verification of the measurement system. The
mode matching method was used to compute the theoretical S-parameters for the fabricated geometry
with the mean dimensions shown in Table 1. These S-parameters were then used to compute the
values of p and e associated with the fabricated standard. Fig. 5 compares the real parts of these
parameters with those found using the optimized design, while the imaginary parts are compared in
Fig. 6. (Recall that the optimized design is longitudinally symmetric and thus produces zero imaginary
parts.) While the difference in geometry does produce a shift in the material parameters, this shift is
not excessive and the values still retain their desired properties of being near 6 while varying slowly
across the measurement band.
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Figure 5. Real parts of relative permittivity and Figure 6. Imaginary parts of relative permittiv-
permeability for optimized geometry (solid line) ity and permeability for optimized geometry (solid
and fabricated geometry (dotted line). line) and fabricated geometry (dotted line).

5.2. Measured Material Parameters for the Fabricated Standard

Measurements of the S-parameters of the verification standard were made using an Agilent E5071C
VNA. The verification standard was sandwiched between two 6inch (152.4 mm) long sections of WR-
284 commercial S-band waveguide, to act as extensions, with coaxial transitions attached at the ends.
The VNA was calibrated at the ends of the waveguide extensions using the Through-Reflect-Line
(TRL) method. Alignment pins were used for the different assemblies to ensure high repeatability
of the measurements. Fig. 7 shows a diagram of the experimental setup, indicating the positions of
the calibration planes. The positions of the S-parameter measurement planes are identical to those of
the calibration planes. All measurements were made with VNA settings of —5dBm source power, a
measurement averaging factor of 64, and an IF bandwidth of 70 kHz. Finally, the material parameters
were extracted using the measured values of Si; and S21, assuming the average values of the insert
dimensions shown in Table 1.
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Figure 7. Experimental setup used to measure the S-parameters of the fabricated waveguide standard.
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The measurement repeatability error was assessed by measuring the verification standard 10
separate times, with the VNA calibrated at the start of each set of measurements. Thus, the
uncertainties of the setup including the VNA uncertainty are taken into account. The real parts of the
material parameters extracted from the 10 measurements are shown in Fig. 8, while the imaginary parts
are shown in Fig. 9. The center solid line in these figures represents the mean of the extracted values
while the upper and lower solid lines define the 95% confidence intervals (£ two standard deviations).
The dotted lines show the theoretical material parameters from Figs. 5 and 6, found using the measured
dimensions of the waveguide standard. Although the theoretical values for the imaginary parts lie
within the 95% confidence intervals, the real parts lie just slightly outside these intervals, at least
at some frequencies. This is shown more clearly in the insets, which zoom in on a chosen narrow
region of the measurement band. There are several possible reasons for this, including calibration error,
misalignment of the waveguide sections, imperfect electrical connections, variability in the thickness of
the inserts, errors in the machining of the apertures, etc.. One error that can be modeled is produced
by the uncertainty in the measured values of several of the geometric parameters. These include the
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thicknesses of the aperture plates and spacer, and the sizes and vertical positions of the aperture
openings. Unfortunately, the mode-matching approach does not allow the modeling of possible rotation
of the apertures or spatial variations in thickness or opening size.

A Monte Carlo analysis was undertaken to determine the effects of geometry uncertainty on the
extracted material parameters. Dimensions were generated randomly using a Gaussian distribution
with a mean value set equal to the average of the measured values shown in Table 1, and a standard
deviation equal to the standard deviation of the measured values shown in the table. The material
parameters were extracted and the process repeated 500 times. The average values and the standard
deviations of the extracted material parameters were calculated and are shown in Figs. 10 and 11. In
these figures the measured data and their 95% confidence interval (solid triplet of lines) is shown along
with the average Monte Carlo data and their 95% confidence interval (dashed triplet of lines). (Note
that a more detailed analysis, with the sensitivity to each dimensional parameter examined separately,
is considered in [20].) Clearly the measured data (including the 95% confidence interval) lie within the
uncertainty interval of the Monte Carlo data for both real and imaginary parts of p and €, and the
usefulness of the waveguide standard design procedure is demonstrated.

6. CONCLUSION

A waveguide standard is introduced to provide a surrogate material useful for verifying material
characterization systems in the microwave spectrum. A surrogate is needed since no convenient materials
are available that have slowly-varying, predictable and accurately reproducible magnetic characteristics
at microwave frequencies. The standard is constructed from all metal parts, allowing for easy fabrication,
and is straightforward to design using a mode-matching method for analysis. Specific dimensions are
provided for an S-band standard to give relative permittivity and permeability near six when using the
Nicolson-Ross-Weir method. The example standard is optimized using a genetic algorithm such that
the extracted material properties are not highly sensitive to changes in the geometrical parameters, and
so by reduce the need for tight manufacturing tolerances.

An example standard is measured, and the errors introduced by uncertainty in the dimensions
of the machined parts are characterized. By showing that the measurement precision defined by
the repeatability of the experiments is consistent with the error due to propagation of geometrical
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uncertainties, the usefulness of the standard for verifying the proper operation of a waveguide material
measurement system is demonstrated. Surrogate materials of similar geometries should be useful for
verifying the performance of other types of material measurements systems that employ the Nicolson-
Ross-Weir method, such as coaxial and stripline applicators. Design of these standards is left for future
study.
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APPENDIX A.

Consider an isotropic, lossless, symmetric 2-port network with S-parameters Sq1, S12, S21 and Sos. The
goal of this appendix is to establish the conditions under which values of y and e extracted from the
S-parameters using the NRW equations will be real. The reader is referred to [20] for additional details.

The S-parameters of a lossless 2-port network satisfy the unitary condition [S]7[S*] = [U]. Writing
out the matrix product gives the four equations

1911 4+ [Sa1|* = 1, (A1)
511879 + 5215859 = 0, (A2)
512871 + 52255, = 0, (A3)
|S12]? + [ S22 = 1. (A4)
If the network is reciprocal, S12 = So21 and (A2) and (A3) both become
511551 + 521559 = 0. (A5)

If the network is also symmetric, such that Si; = S99, then the allowed values of the S-parameters are
subject to the two restrictions

1Sul? +[S2|* = 1, (A6)
S21-S11r + 52155115 = 0. (A7)

Here S11, and Sy1; are the real and imaginary parts of Si1, respectively, and similarly for Ss;.
The conditions (A6) and (A7) reveal the following relationship between Sj; and Sa;:

) 1— 151112
Sar = +£jQS1, Q—\/ﬁ- (A8)

Substituting into Vi = S5 + 511 and Vo = Sy — 511 gives

which satisfy |V1| = |Va| = 1. Write
1—
Fr=A++vVA2-1, szivl‘ié. (A10)
1— V2

Substituting for V7 and V3 yields A = S11,./|S11]? regardless of the sign chosen in (13); thus, A is real.
Evaluating I" then leads to two possible cases:

Case 1: A% > 1.

In this case I' is real. Substituting I" and V} into (2) then shows, with some effort, that |P| = 1.
Using this in v = (In P — j2n7w)/(—d) it is seen immediately that 7 is imaginary. Finally, from (3) it is
found that both y and € are real.

Case 2: A2 < 1.
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In this case I' = A + jB, where B = v/1 — A2. This yields |I'| = 1, which would represent total
reflection in an actual material measurement scenario. Thus, this condition should be avoided when
designing a material surrogate. Regardless, substituting for I' it is found that

14+7T 14+ A
1-T _ij“—l—A (A11)

and is thus imaginary. With some effort it can also be shown that
p_ Re{V] - T'}
Re{l - TV}
and is thus real. So, if P is positive and n = 0 is chosen in v = (In P — j2n7)/(—d), v will be real and

again u and e will be real. However, if P is negative, 7 will in general be complex and p and € will in
general be complex.

(A12)
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