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Abstract—In this paper, we theoretically study the phase treatment of reflected waves in one-
dimensional Fibonacci photonic quasicrystals composed of nano-scale fullerene and semiconductor
layers. The dependence of the phase shift of reflected waves for TE mode and TM mode on the
wavelength and incident angle is calculated by using the theoretical model based on the transfer matrix
method in the infrared wavelength region. In the band gaps of supposed structures, it is found that the
phase shift of reflected wave changes more slowly than within the transmission band gaps. Furthermore,
the phase shift decreases with the incident angle increasing for TE mode, and increases with the incident
angle increasing for TM mode. Also, for the supposed structures it is found that there is a band gap
which is insensitive to the order of the Fibonacci sequence. These structures open a promising way
to fabricate subwavelength tunable phase compensators, very compact wave plates and phase-sensitive
interferometry for TE and TM waves.

1. INTRODUCTION

The experimental discovery of quasicrystals [1] has given rise to a sudden breakthrough in the area
of solid state physics. The structure of quasicrystals exhibits long-range order or correlations between
distant parts, but at the same time there is no underlying periodicity, in the sense that a shifted copy
of the crystal never matches exactly the original one. In fact, quasicrystals represent an intermediate
stage between random media and periodic crystals, effectively combining both localization properties
as a result of short-range disorder and the presence of band gaps due to long-range correlations [2].
The concept of quasiperiodicity was readily transferred to photonic crystals and proved to be of
great value for many practical purposes [3, 4]. Photonic quasicrystals are deterministically generated
dielectric structures with a non-periodic modulation of the refractive index. In the one-dimensional
(1D) case, they can be formed by stacking together dielectric layers of several different types according
to the substitutional sequence under investigation (Cantor, Fibonacci, Rudin-Shapiro, Thue-Morse,
etc.) [6]. The Fibonacci sequence is of particular importance, since it leads to the existence of two
incommensurable periods in the spatial spectrum of the structure. Such behavior is typical of sequences
with a so-called pure point spectrum, which makes the Fibonacci sequence truly quasiperiodic, as a
consequence of the appearance of Bragg-like peaks in the spatial spectrum [5]. This property has
been demonstrated to be very valuable for nonlinear optical applications, such as third harmonic
generation [7]. In fact, the latter is a two-stage process, and for each stage different phase matching
conditions should be met. The Fibonacci sequence allows to fulfill both of them simultaneously and on
the same crystal [8]. Studies of some other aspects of wave propagation in the Fibonacci quasicrystals
carried out in Refs. [9–13] have considerably improved our understanding of wave transport in the
Fibonacci quasiperiodic structures.

Fullerenes are a form of carbon molecule that is neither graphite nor diamond. They consist of a
spherical, ellipsoid, or cylindrical arrangement of dozens of carbon atoms. Fullerenes occur only in small
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amounts naturally, but several techniques for producing them in greater volumes have been suggested
in lab. For the past decade, the chemical and physical properties of fullerenes have been a hot topic
in the field of research and development, and are likely to continue to be for a long [14–17]. Recently,
fullerenes-60 (C60) have attracted much scientific attention due to their novel optical and electrical
properties and potential applications such as alkali metal-doped fullerenes become superconductor,
while doped thin films act as a conductor [18–20]. The structural modification of C60 fullerenes is very
easy which causes the simplicity of the technological treatment. The electronic and optical properties
of C60 fullerenes films can be engineered by modifying the geometry and the degree of conjugation
of carbon superstructure. This property of C60 fullerenes can be utilized for the fabrication photonic
crystal structures using the fullerenes films. High-quality C60 thin films have been grown on various
semiconductor and metal substrates, such as Te [21], Ge [22], GaAs [23], Ag [24] and so on. C60 thin
films have almost zero absorption in the wavelength range > 530 nm and near IR region [25]. Also, in
this region its dielectric constant has very small dependence on the frequency and can be ignored. Thus
being a metallic counter part as well as almost frequency independent dielectric constant and easier
fabrication technique it is useful in designing the PC structure [25–29].

In this paper, the feasibility of using C60 fullerene/tellurium (Te), C60 fullerene/germanium (Ge)
and C60 fullerene/gallium arsenide (GaAs) nano-scale multilayer films as 1D Fibonacci superlattice
structures are theoretically investigated. For TE and TM modes, we study the photonic transmission
and phase treatment of EM waves in the supposed structure. The analysis has been done by using
theoretical model based on the transfer matrix method (TMM) in the near infrared wavelength region.
In the band gaps of structure, it is found that the phase shift of reflected wave changes more slowly
than within the transmission band gaps. Furthermore, the phase shift of reflected wave decreases with
the incident angle increasing for TE mode, and increases with the incident angle increasing for TM
mode. The organization of this paper is as follows: In Section 2, we present the mathematical model
describing 1D multilayer structure. The results and discussion are presented in Section 3. Finally, we
conclude the paper with Section 4.

2. MODEL AND NUMERICAL METHODS

Quasiperiodic structures, which can be idealized as the experimental realization of a 1D quasicrystal,
are composed from the superposition of two (or more) building blocks that are arranged as 1D Fibonacci
superlattice structure. The Fibonacci sequence is the oldest example of a quasiperiodic chain. It was
developed by Leonardo de Pisa (whose nickname was Fibonacci, which means son of Bonacci) in 1202
as a result of his investigation on the growth of a population of rabbits. Fibonacci multilayer photonic
structure can be grown by juxtaposing two building blocks A and B, in such a way that the nth-stage
of the superlattice SN is given iteratively by the rule SN = {SN−1, SN−2} for N ≥ 2 with S0 = {B}
and S1 = {A}. The number of layers is given by FN , where FN is the Fibonacci number obtained from
recursive relation FN = FN−1 + FN−2, with F0 = F1 = 1, and the ratio between the number of building
blocks A and the number of building blocks B in the sequence is equal to the golden mean number
τ = (1 +

√
5)/2 [30, 31]. This multilayered photonic structure could be also grown by the inflation rule:

A −→ AB, B −→ A. Here, A and B layers are considered as the isotropic positive-index materials.
We have chosen medium A as fullerene film whose refraction index is nA = 2.1, while medium B is
considered to be Te (with nB = 4.6), Ge (with nB = 4.2) and GaAs (with nB = 3.6).

Fullerene (C60) in the form thin film structure is a suitable candidate for the designing the PC
structure because alkali-metal doped thin film of fullerene acts as conductor and have almost zero
absorption in the wavelength range > 530 nm and near IR region [25]. Also, in this region its dielectric
constant has very small dependence on the frequency and can be ignored. Thus being a metallic counter
part as well as almost frequency independent dielectric constant and easier fabrication technique it is
useful in designing the PC structure [26–29]. The proposed structure gives 100% reflection within a
wide range of wavelength in the near IR region and in a narrow portion of visible region of the EM
spectrum.

In this paper, we take a certain level of the Fibonacci sequence as a 1D superlattice to calculate
the photonic transmission and phase treatment of reflected waves. The analysis has been done by using
theoretical model based on the transfer matrix method (TMM). For this purpose, we assume that a
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Figure 1. Schematic drawing of the one-dimensional quasiperiodic Fibonacci structure, which is
embedded in air. The thicknesses of A and B are supposed to be dA and dB , respectively.

plane wave be incident from air with angle θ onto a fractal multilayer structure, as shown in Fig. 1. For
TE polarization, the electric field E is assumed in the x direction (the layers are in the x-y plane), and
the z direction is normal to the interface of each layer. In general, the electric and magnetic fields at
any two positions z and z + Δz in the same layer can be related via a transfer matrix [32]

Mj(Δz, ω) =

(
cos(kj

zΔz) i
qj

sin(kj
zΔz)

iqj sin(kj
zΔz) cos(kj

zΔz)

)
, (1)

where kj
z = (ω/c)√εj

√
μj

√
1 − sin2 θ/εjμj is the component of the wave vector along the z axis,

c indicates the speed of light in vacuum, qj = √
εj/

√
μj

√
1 − sin2 θ/εjμj for TE polarization, and

j = A, B and C1,2,.... The transmission coefficient t(ω, θ) can be expressed as

t(ω, θ) =
2 cos θ

(m11 + m22) cos θ + i(m12 cos2 θ − m21)
, (2)

Here mij (i, j = 1, 2) are the matrix elements of XN (ω) =
∏N

j=1 Mj(dj , ω) which represents the total
transfer matrix connecting the fields at the incidence and exit ends. The treatment for TM wave is
similar to that for TE wave.

3. RESULTS AND DISCUSSION

The Fibonacci superlattice discussed in this work, which is embedded in air, is depicted in Fig. 1. The
building blocks A and B (organized according to the Fibonacci sequence) are assumed to be fullerene
and Te (Ge or GaAs), respectively. In other words, we consider the three different arrangements as
fullerene-Te, fullerene-Ge and fullerene-GaAs to fabricate our supposed Fibonacci structure. Here, all
materials are taken to be absorption less and isotropic. In numerical computations, the refractive index
and thickness of A layers are set to be nA = 2.1 and dA = 65 nm, respectively. For B type layers
with thickness dB = 40 nm, the refractive index of Te, Ge and GaAs materials are taken to be 4.6,
4.2 and 3.6, respectively. Now, by using the transfer matrix method described in the previous section,
we investigate the transmission spectra and phase treatment of EM waves in the above mentioned
arrangements. For the Fibonacci generation number N = 9 (S9), the transmission spectrum and phase
treatment of reflected waves in the presented fullerene-Te, fullerene-Ge and fullerene-GaAs Fibonacci
superlattices are calculated based on the theoretical model described in the previous section. For the
9th level of the Fibonacci sequence, the number of A-type slabs (NA) and B-type slabs (NB) are 34 and
21, respectively.

In Figs. 2–4, we show transmittance spectra of 1D fullerene-Te (see Fig. 2), fullerene-Ge (see Fig. 3),
fullerene-GaAs (see Fig. 4) Fibonacci multilayer structures for both TE (see Figs. 2(a)–4(a)) and TM
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(see Figs. 2(b)–4(b)) polarizations versus wavelength at different incident angles as 0◦ (solid line), 30◦
(dashed line) and 60◦ (dotted line). It is clear from these figures that in the transmission spectra of all
arrangements there is a band gap for both TE and TM waves in the near infrared wavelength region
nearly 680 to 950 nm for fullerene-Te arrangement, 670 to 850 nm for fullerene-Ge arrangement and 650
to 750 nm for fullerene-GaAs arrangement. As shown in Fig. 2, for both TE and TM polarizations
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Figure 2. The transmissions spectra of S9 fullerene-Te Fibonacci quasiperiodic structure for (a) TE
and (b) TM waves at different incident angles as 0 (solid line), 30 (dashed line) and 60 (dotted line).
Structure parameters are dA = 65 nm, dB = 40 nm, nA = 2.1 mm and nB = 4.6.
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Figure 3. The transmissions spectra of S9 fullerene-Ge Fibonacci quasiperiodic structure for (a) TE
and (b) TM waves at different incident angles as 0 (solid line), 30 (dashed line) and 60 (dotted line).
The physical parameters are the same as those of Fig. 2.
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Figure 4. The transmissions spectra of S9 fullerene-GaAs Fibonacci quasiperiodic structure for (a) TE
and (b) TM waves at different incident angles as 0 (solid line), 30 (dashed line) and 60 (dotted line).
The physical parameters are the same as those of Fig. 2.
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as the incident angle increases the higher and lower edges of the gap shift to higher frequencies. An
extensive review that emphasizes the physical phenomenon’s, which generate these results, can be found
in [31].

By considering the same physical parameters as those of Fig. 2, in the fullerene-Te arrangement the
photonic spectra of the three other successive generations are investigated at different incident angles
and for both TE (see Fig. 5) and TM (see Fig. 6) waves. For this purpose, the three Fibonacci order
as S10 (solid line), S11 (dashed line) and S12 (dotted line) are considered. It is clearly shown in Figs. 5
and 6 that for both TE and TM polarizations by increasing order of the Fibonacci structure, the
transmittance band remains invariant and the edges of the transmittance band become much sharper.
In fact, the transmittance band can occur in all higher-order Fibonacci structures, i.e., it is insensitive
to the order of the Fibonacci sequence. For simplicity, others are not given in this paper. The same
results are obtained for the fullerene-Ge and fullerene-GaAs arrangements.

The essential aim of this work is the investigation of the properties of phase shifts upon reflection (or
transmission) from 1D Fibonacci multilayer structure containing nano-fullerene thin films. So, we study
the phase shift φ of TE and TM waves in the stop band of supposed structure by the transfer matrix
method. The phase shift of EM wave within the band gap of 1D PC comes from the total effect of the
reflections and refractions on each interface according to Fresnels law. We calculate the dependence of
the phase shift φ of reflected waves of TE and TM modes on the wavelength and incident angle in the S9
structure. The physical parameters are the same as those of Fig. 2. The results are shown in Figs. 7–9.
In these figures, the three incident angles such as 0◦ (solid line), 45◦ (dashed line) and 89◦ (dotted line)
are supposed. From Figs. 7–9, we conclude that for both TE (see solid lines in Figs. 7–9) and TM (see
dashed lines in Figs. 7–9) polarizations as the incident angle and wavelength increase, the phase shift
of TE wave (φTE) in the stop band decrease (shift downward), while that of TM wave (φTM ) in the
stop band increase (shift upward). In the stop band at incident angle 89◦ (dotted line) the curve of φTE

versus wavelength becomes bottom-flat, i.e., φ = −π/2, but for TM wave we have top-flat case, i.e.,
φ = π/2. So, the phase shift treatment of TM and TE modes is just opposite phase in the whole gap.
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Figure 5. The transmission spectra for TE wave in the fullerene-Te arrangement the three Fibonacci
order as S10 (solid line), S11 (dashed line) and S12 (dotted line) at different incident angles (a) 0, (b) 30
and (c) 60. The physical parameters are the same as those of Fig. 2.
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Figure 6. The transmission spectra for TM wave in the fullerene-Te arrangement for the three Fibonacci
order as S10 (solid line), S11 (dashed line) and S12 (dotted line) at different incident angles as (a) 0,
(b) 30 and (c) 60. The physical parameters are the same as those of Fig. 2.
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Figure 7. The reflection phase shift for TE and TM waves in the fullerene-Te arrangement versus
wavelength at different incident angles as as (a) 0, (b) 30 and (c) 89. The physical parameters are the
same as those of Fig. 2.
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Figure 8. The reflection phase shift for TE and TM waves in the fullerene-Ge arrangement versus
wavelength at different incident angles as as (a) 0, (b) 30 and (c) 89. The physical parameters are the
same as those of Fig. 2.
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Figure 9. The reflection phase shift for TE and TM waves in the fullerene-GaAs arrangement versus
wavelength at different incident angles as as (a) 0, (b) 30 and (c) 89. The physical parameters are the
same as those of Fig. 2.



32 Rahimi

This property is very useful in phase compensators, because it provides two light waves with opposite
phase in much wide frequency range. Moreover, it is clearly seen that in the stop band, the phase shift
changes smoothly as the frequency changes, while in the pass band, the phase shift changes sharply.
We also calculate the difference between the phase shift of TE and that of TM reflected wave versus
wavelength at different incident angles (see dotted lines in Figs. 7–9). In these figures, it is clearly seen
that at normal incidence the phase difference Δφ between TE and TM waves is equal zero in the both
stop and pass bands, i.e., in this structure a linear polarized incident wave will not undergo any phase
delay. At oblique incident angles, when θ is varied from 0◦ to 89◦, the corresponding Δφ = φTE − φTM

of two polarizations gradually increases until it reaches to π (or −π) (see Figs. 7(c)–9(c)). Meanwhile,
at both the edges of the gap the reflection phase difference keeps zero in spite of the change of incident
angle. It is worthy of noting that the thickness of each layer of structure is less than the wavelength
of the incident wave. The thickness of the whole supposed structure is about 3λ. Therefore, based on
these studies, our supposed structure provides a convenient way to design very compact wave plates,
phase retarders, phase-sensitive interferometry, phase compensators with broad spectral band width
and phase modulators.

In Figs. 10–12, which are interesting figures, for all arrangements we obtain a stop band which
is common and identical for all of the incident angles and polarizations. We can call this stop band
as semi-omnidirectional band gap. For this purpose, in Figs. 10, 11 and 12 we plot the difference
between the phase shift of TE and that of TM reflected wave as a function of the incident angle in
the stop band for the lower edge wavelength (see Figs. 10(a), 11(a) and 12(a)), central wavelength
(see Figs. 10(b), 11(b) and 12(b)) and the higher edge wavelength (see Figs. 10(c), 11(c) and 12(c)).
The lower band edge, central and the higher band edge wavelengths of fullerene-Te arrangement are
λ = 674 nm, λ = 764 nm and λ = 854 nm, respectively, while those in the fullerene-Ge arrangement are
λ = 674 nm, λ = 764 nm and λ = 854 nm, respectively. Also, in the fullerene-GaAs arrangement, they
are λ = 655 nm, λ = 705 nm and λ = 755 nm, respectively. In the Figs. 10–12 solid, dashed and dotted

0 30 60 89
-3

-2

-1

0

1

2

 

 

φ

θ (degree)

φ
TE

φ
TM

Δφ (φ
TE

- φ
TM

)

(a)

λ=686 nm

0 30 60 89
-3

-2

-1

0

1

 

 

φ

θ (degree)

φ
TE

φ
TM

Δφ (φ
TE

- φ
TM

)

(b)

λ=804 nm

0 30 60 89
-1.6

-1.2

-0.8

-0.4

0

θ (degree)

φ

 

 

φ
TE

φ
TM

Δφ (φ
TE

- φ
TM

)

(c)

λ=922 nm
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arrangement as a function of the incident angle in the stop band at the lower edge wavelength,
(a) λ = 686 nm, central wavelength, (b) λ = 804 nm and the higher edge wavelength, (c) λ = 922 nm.
The physical parameters are the same as those of Fig. 2.
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lines are related to the φTE, φTM and Δφ = φTE −φTM , respectively. From our calculation, it is found
that Δφ changes more slowly within the stop band as the wavelength and incident angle change. Δφ
values for example in the Fig. 10, at the lower band edge and for the incident angles 30◦ and 60◦ are
−0.2 and −1, respectively, while those at the higher stop band edge are −0.08 and −0.28, respectively.
So, for a wavelength within the stop band we can adjust the value of Δφ by changing the incident angle.
Also, for the incident angles near 0◦ the difference of the phase shift of TE and TM waves is nearly 0,
i.e, insensitive to the incident angle.

4. CONCLUSIONS

In summary, the properties of the phase shift of wave reflected from one-dimensional photonic
crystals containing nano-scale fullerene and Te (Ge or GaAs) thin films as fullerene-Te, fullerene-Ge
and fullerene-GaAs arrangements have been investigated by transfer matrix method. For the three
arrangements, it is found that there is a band gap which is insensitive to the order of the Fibonacci
sequence. Also, as the incident angle increases, the reflection phase shift of TE wave decreases, while
that of TM wave increases. The phase shifts of both polarized waves in the stop band vary smoothly
while in the pass band change sharply as the wavelength and incident angle change. Moreover, we
obtained a stop band in the wavelength range from 686 to 922 nm which is common and identical for
all of the incident angles and polarizations. We called this stop band as semi-omnidirectional band gap.
Based on our results, the supposed structure provides a convenient way to design very compact wave
plates, phase retarders, phase-sensitive interferometry, phase compensators with broad spectral band
width and phase modulators.
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