
Progress In Electromagnetics Research, Vol. 149, 109–118, 2014
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Abstract—A general procedure to evaluate the electromagnetic fields generated by moving seawater
through the geomagnetic field is proposed. It contains two essential steps: modeling of velocity vector
of seawater according to its dynamic mechanism, and solution of Maxwell equations under a stratified
ocean configuration. Two kinds of motions are considered in this work, wind-driven waves and wakes
due to a moving body. The ocean is taken to be infinitely deep at the moment. Both the velocity vector
and magnetic field are expressed as superposition of sinusoidal waves. Simulation results show that the
magnetic fields produced by moderate wind waves or a typical size body moving at moderate speed are
on the order of a few hundred pico-Tesla near the sea level. The spectrum characteristics of the two
kind magnetic anomalies are distinct.

1. INTRODUCTION

It is known that moving seawater through the geomagnetic field can generate electromagnetic field as
predicted by Faraday in 1832 and verified by Wollaston in 1851 [1]. Many studies have been conducted
since, largely concentrated on wind waves or swells [2–6]. Ocean currents, internal oceanic waves and
tsunami were also reported producing magnetic fields [7–9]. How to use the observable magnetic fields
to investigate oceanic hydrodynamics is an open topic. It would subject to two conditions, one is
high sensitivity magnetometer and the other is theoretical model that relates the sensed magnetic
fields to the physics quantities under examinations. Nowadays, atomic magnetometer possesses a
sensitivity of a few pico-Tesla (pT), and the superconducting quantum interference device (SQUID)
has reached a sensitivity of a few femto-Tesla (fT). These sensitivities should be sufficient for many
oceanic investigations. However, there lacks adequate study on bridging the characteristics of measured
magnetic fields to specific hydrodynamic factors such as wind vector, ship’s size and speed.

The principle that moving seawater could generate magnetic field consists in seawater cutting the
geomagnetic field, which would produce weak electric currents within the medium. These induced
electric currents could generate an observable magnetic field as far as tens of kilometers away from the
seacoast [10]. As a result, to evaluate the magnetic field, a two-step procedure should be followed. The
first step is to resolve the velocity vector by resorting to fluid mechanics and find the electric currents in
the seawater. The second step is to solve the Maxwell equations under an appropriate oceanic geologic
configuration.

For wind-driven waves, in order to simplify the resolution of velocity vector, many researchers
took the motion of sweater as a monochromatic sinusoidal wave. Weaver [2] gave the solution of the
magnetic field induced by a harmonic surface wave, and proved that the magnitude of magnetic field is
proportional to the amplitude and period of the wave. Sanford [3] showed that the conductivity weighted
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vertically averaged velocity is important in the generation of both local and large-scale electric currents
in shallow sea case. Podney [5] proved that the electromagnetic field generated by a progressive ocean
wave in a stratified ocean could be regarded as a sum of a transverse electric type field, a transverse
magnetic type field, and an electrostatic type field, which indicates that the vertical component of
seawater velocity is important.

For motion of seawater caused by moving bodies, Tuck et al. [13, 14] has made substantial
contributions to the modelling of wakes, especially for ships moving on free-surface. Zou and Arye [16]
studied the detection method of wake-induced magnetic fields based on using airborne magnetic
transduces. Yaakobi and Zilman [17, 18] and Madurasinghe and Tuck [19] considered detection issues
of magnetic fields originated from wakes of vessels moving on ocean surface or submerged in a depth.

In the following, Section 2 outlines the modeling of seawater velocity vector for wind waves and
ship wakes. Section 3 presents solution of Maxwell equations for evaluation of magnetic fields induced
by moving seawater. Section 4 provides simulation results and discussions. A brief summary is given in
Section 5.

2. MODELLING OF VELOCITY VECTOR OF SEAWATER

As the first step, we need to resolve the velocity vector of seawater, so that the weak electric currents
in the conductive seawater can be acquired. The wind-driven ocean surface is considered as a two
dimensional aperiodic rough surface as shown in Figure 1 under polar coordinate system. The wakes
of a ship moving over a free surface is known to form a Kelvin track, which has a half angle of 19.5
degree and consists of a shear wave and a diffused wave, as shown in Figure 2. The seawater is taken
to be incompressible and non-viscous, so that the velocity vector V satisfies ∇ · V = 0 and can be
characterized by a potential function ϕ as V = −∇ϕ; thus

∇2ϕ = 0 (1)

2.1. Velocity Vector of Wind Waves

The solution of (1) can be expressed as a Fourier integral:

ϕ(x, y, z, t) =
1

(2π)2
Re

∞∫

−∞

∞∫

−∞
ψ(kx, ky)e−kzej(ωt−kxx−kyy)dkxdky (2)

in which k =
√

k2
x + k2

y, and for an infinitely deep sea ω =
√

kg with g = 9.81m/s2 being the gravitation
acceleration. ψ(kx, ky) is a spectrum function to be determined soon. The Fourier integral of (2) can

Figure 1. Configuration for modeling of seawater
velocity vector and induced magnetic fields caused
by wind waves.

Figure 2. The Kelvin track of a moving body in
wake coordinate system.
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be evaluated approximately in polar coordinate system by

ϕ(x, y, z, t) ≈ 1
LN

Re
M−1∑

m=0

N−1∑

n=0

ψ(km, θn)kme−kmzejωmt−jkm(x cos θn+y sin θn) (3)

where km = 2πm/L, θn = 2nπ/N , and L is the radius of a circular region, which is divided as M sectors.
The size of L should be determined by the minimum angular frequency that we want to resolve. Letting
ωmin =

√
kming =

√
(2π/L)g, we get L = 2πg/ω2

min.
On the other hand, the elevation of a wind-driven ocean surface can be constructed by a Fourier

series as [10]:

z(x, y, t) ≈ 1
LN

Re
M−1∑

m=0

N−1∑

n=0

Z(km, θn)kmejωmt−jkm(x cos θn+y sin θn) (4)

where Z(km, θn) can be related to the oceanic surface power spectrum W (km, θn) through

Z(km, θn) = 2πγmn

√
LNW (km, θn) (5)

in which γmn is a two dimensional complex random number with both its real and imaginary parts
satisfying the normal Gaussian distribution. In this work, the Pierson-Moskowitz (PM) spectrum [11, 12]
is employed, which reads

W (k, θ) = W (k)G(θ) (6)

W (k) =
8.1× 10−3

4k3
exp

(
− 0.74g2

k2U4
19.5

)
(7)

G(θ) =
8
3π

cos4(θ − α) (8)

where θ indicates the propagation direction of water wave, α the angle of wind direction, and U19.5 the
wind speed at 19.5 m above the mean sea surface. The z-component of the seawater velocity at the
mean sea surface may be estimated by

Vz(x, y, t) =
∂

∂t
z(x, y, t) =

[
− ∂

∂z
ϕ(x, y, z, t)

]

z=0

(9)

Substituting (3) and (4) into above, we get

ψ(km, θn) = j
ωm

km
Z(km, θn) = j2πγmn

√
LN

W (km, θn)
km

g (10)

Taking this back to (3) and using V = −∇ϕ, we obtain

V(x, y, z, t)=
1

LN
Re

M∑

m=1

N∑

n=1

ψ(km, θn) (j cos θnx̂+j sin θnŷ+ẑ) k2
me−kmzejωmt−jkm(x cos θn+y sin θn) (11)

2.2. Velocity Vector of Ship Wakes

Modeling of seawater velocity vector due to a moving body is usually based on the Kelvin track as shown
in Figure 2. The shear wave propagates in the sailing direction while the diffused wave propagates
transverse to the shear wave. Assume that the ship moves opposite to the x-axis at a speed U . The
wave height of the wake in the ship’s coordinate system can be written as [13–15]:

ξ(X, Y ) = Re

π/2∫

−π/2

Ω(θ)e−jk(X cos θ+Y sin θ)dθ, X > 0 (12)
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where k = k0 sec2 θ, k0 = g/U2, and θ is measured from the X-axis to the wave propagation direction.
According to ship body theory, the free spectral Ω(θ) is written as:

Ω (θ) =
2k sec θ

π

∫∫
∂Y (X,Z)

∂X
e−kZe−jkX cos θdXdZ (13)

where Y (X, Z) is the half width of the body at (X, Z). In order to simplify the calculation, we assume
that the shape of body is a parabolic, and Y (X, Z) is given by

Y (X, Z) = b

[
1− (X − l)2

l2

]
, 0 ≤ X ≤ 2l; 0 ≤ Z ≤ D (14)

in which b is the half width of the waterline of the body, l the half length of the body, and D the
submerged depth. By using (14), (13) becomes

Ω (θ) = − 8b

π(k0l)2
(j cos θ)e−jkl cos θ

(
1− e−kD

)[
(kl cos θ) cos (kl cos θ)− sin (kl cos θ)

]
(15)

To eliminate the restriction of X > 0 in (12), we make use of
∞∫

−∞
Φ(λ)e−jλXdλ =

{
1, X > 0
0, X ≤ 0 (16)

Φ(λ) =
1
2π

∞∫

0

ejλXdλ =
1
2
δ(λ) +

1
2π

1
jλ

(17)

and then rewrite (12) as

ξ (X, Y ) = Re

π/2∫

−π/2

∞∫

−∞
Φ(λ)Ω(θ)e−j(λ+k cos θ)X−j(k sin θ)Y dλdθ (18)

The wake height in the ground coordinate system can be obtained by letting X = x − Ut and Y = y,
i.e., z(x, y, t) = ξ(x−Ut, y). The solution of (1) for the seawater waked by the ship may be written as:

ϕ (x, y, z, t) = Re

π/2∫

−π/2

∞∫

−∞
ψ (λ, θ) e−qze−j(λ+k cos θ)(x−Ut)−j(k sin θ)ydλdθ, z > 0 (19)

q =
√

(λ + k cos θ)2 + (k sin θ)2 (20)

The z-component of velocity vector at the mean level z = 0 may be estimated in the same way as (9),
so that the function ψ(λ, θ) is determined to be:

ψ(λ, θ) =
jω

q
Φ(λ)Ω(θ), ω = (λ + k cos θ)U (21)

Finally, the velocity vector of the wake, according to V = −∇ϕ, is written as

V(x, y, z, t) = Re

π/2∫

−π/2

∞∫

−∞

ψ (λ, θ)

[
j(λ + k cos θ)x̂ + j(k sin θ)ŷ + qẑ

]
e−qze−j(λ+k cos θ)(x−Ut)−j(k sin θ)ydλdθ (22)

A typical picture of the wake due to a ship model moving on free surface or in wind waves is shown in
Figure 3. The ship’s speed is U = 6 m/s, while the speed and direction of the wind is U19.5 = 6m/s and
α = 45◦. The size of the ship is 2l = 100 m, b = 8.33m, and D = 6.67m.
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(a) (b)

Figure 3. The Kelvin track of a ship model moving at U = 6 m/s: (a) on free surface, and (b) in wind
waves with wind speed and direction U19.5 = 6m/s and α = 45◦.

3. MAGNETIC FIELDS INDUCED BY DYNAMIC SEAWATER

The electromagnetic field generated by the moving seawater satisfies the Maxwell equations{∇×E = −µ∂H
∂t

∇×H = J + σE + ε∂E
∂t

(23)

where the permeability µ is taken to be µ = µ0 = 4π × 10−7 in both the air and seawater, and ε is
ε = ε0 = 10−9/36π in the air and ε = ε1 = ε0εr with εr = 78 in the seawater. The volume electric
current density is approximated by J = σ[V × (F + µH)] ≈ σ(V × F) with F being the ambient
geomagnetic field. After eliminating the electric field E and using ∇ ·H = 0, the magnetic field H can
be shown to satisfy

∇2H− σµ
∂H
∂t

− µε
∂2H
∂t2

=
{

0, z < 0 (in the air)
−σ(F · ∇)V, z > 0 (in the seawater) (24)

3.1. Magnetic Fields Generated by Wind Waves

Because the velocity vector V is expressed as (11), the solution of (24) may be written in similar form
as

H(x, y, z, t) =
1

LN
Re

M−1∑

m=0

N−1∑

n=0

[x̂hx,m,n(z) + ŷhy,m,n(z) + ẑhz,m,n(z)] ejωmt−jkm(x cos θn+y sin θn) (25)

By substituting (25) into (24), it can be shown that each component of the induced magnetic field
satisfies: 




(
∂2

∂z2 − β2
0m

)
Ψu,m,n = 0, for z < 0

(
∂2

∂z2 − β2
1m

)
Ψu,m,n = Γu,m,ne−kmz, for z > 0

(26)

where Ψu,m,n represents either hx,m,n or hy,m,n, or hz,m,n; β2
0m = k2

m − ω2
mµε0, β2

1m = k2
m + jωmσµ −

ω2
mµε1; and Γx,m,n = jΓz,m,n cos θn, Γy,m,n = jΓz,m,n sin θn, and

Γz,m,n = σ(j cos θnFx + j sin θnFy + Fz)k3
mψ(km, θn) (27)

The solution of (26) can be expressed as




Ψu,m,n(z) =
Γu,m,n

k2
m − β2

1m

Pu·m·neβ0mz, for z < 0

Ψu,m,n(z) =
Γu,m,n

k2
m − β2

1m

(
Qu·m·ne−β1mz + e−kmz

)
, for z > 0

(28)
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The electric fields induced by the moving seawater can be obtained by applying (25) to the second
equation of (23). The six constants Pu,m,n and Qu,m,n (u = x, y, z) are determined by: (i) the divergence
of magnetic field must be zero, which contributes two equations; (ii) the tangential magnetic field must
be continuous across the air-sea interface, which contributes two equations; and (iii) the tangential
electric field must be continuous across the air-sea interface, which contributes two equations. The six
equations are:



km cos2 θnPx,m,n+km sin2 θnPy,m,n+β0mPz,m,n =0
km cos2 θnQx,m,n+km sin2 θnQy,m,n−β1mQz,m,n =0
Px,m,n =Qx,m,n+1
Py,m,n =Qy,m,n+1
σ+jωmε1

jωmε0
sin θn(β0mPy,m,n+kmPz,m,n)=sin θn(β0mQy,m,n+kmQz,m,n+km+β0m)+j(jay+az sin θn)

σ+jωmε1

jωmε0
cos θn(β0mPx,m,n+kmPz,m,n)=cos θn(β0mQx,m,n+kmQz,m,n+km+β0m)+j(jax+az cos θn)

(29)
where

ax,y,z = −jσψ(km, θn)k2
m

k2
m − β2

1m

Γz,m,n
Fx,y,z (30)

Analytical solution of (29) for the six undetermined constants is very complex, but it can be solved
numerically when other quantities are provided.

3.2. Magnetic Fields Generated by Wakes of a Moving Ship

In the same way, the magnetic field H can be written as

H(x, y, z, t)=Re

π/2∫

−π/2

∞∫

−∞
[hx(λ, θ; z)x̂+hy(λ, θ; z)ŷ+hz(λ, θ; z)ẑ] e−j(λ+k cos θ)(x−Ut)−j(k sin θ)ydλdθ (31)

Each component of the induced magnetic field satisfies:



(
∂2

∂z2 − β2
0

)
Ψu = 0, z < 0

(
∂2

∂z2 − β2
1

)
Ψu = Υue−qz, z > 0

(32)

where Ψu(λ, θ; z) represents either hx or hy, or hz; β2
0 = q2 − ω2µ0ε0, β2

1 = q2 + jωµ0σ − ω2µ0ε1;
Υx = jΥz(η + k cos θ)/q, Υy = jΥz(k sin θ)/q, and

Υz = σ [j(λ + k cos θ)Fx + j(k sin θ)Fy + qFz] ψ (λ, θ) (33)
The solution of (32) can be written as




Ψu(z) = Υu

k2
n−β2

1
Pueβ0z, for z < 0

Ψu(z) = Υu

k2
n−β2

1

(
Que−β1z + e−qz

)
, for z > 0

(34)

The six constants Pu and Qu (u = x, y, z) are determined in the same way as before, and the resulting
equation set is




−j(λ + k cos θ)Px − j(k sin θ)Py + β0Pz = 0
−j(λ + k cos θ)Qx − j(k sin θ)Qy − β1Qz = 0
qPx = qQx + j(λ + k cos θ)
qPy = qQy + j(k sin θ)
σ+jωε1

jωε0
[β0Py + j(k sin θ)Pz] = j(k sin θ)Qz − β1Qy − cy + j(k sin θ)cz/q

σ+jωε1

jωε0
[β0Px + j(λ + k cos θ)Pz] = j(λ + k cos θ)Qz − β1Qx − cx + j(λ + k cos θ)cz/q

(35)
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with cx,y,z = −jσψ(λ, θ)q q2−β2
1

γz
Fx,y,z. Again, this equation set is solved numerically when other

quantities are provided.

4. NUMERICAL EXPERIMENTS

First, we calculate the magnetic field induced by wind waves. Suppose that the frequency range we
want to observe is 0.02∼1Hz. The size of the surface would be set to be L = 2πg/ω2

min ≈ 3900m, and
the M and N in (25) are taken to be M = kmax/kmin = 2500 and N ≈ M = 2500. The geomagnetic
field is taken to be F = 5 × 104 nT, with dip angle I = π/4 and the angle from the magnetic north
to the x-axis is η = π/18. The conductivity and relative permittivity of the seawater are taken to be
σ = 3.3 S/m and εr = 78, respectively.

A scalar magnetometer senses the disturbance or magnetic anomaly of the induced magnetic fields
to the ambient geomagnetic field, which is calculated by

B(x, y, z, t) = µ0H(x, y, z, t) · F̂ (36)

where F̂ = x̂ cos I cos η − ŷ cos I sin η + ẑ sin I is the unit direction vector of the geomagnetic field. For
this example, the speed and direction of wind is assumed to be U19.5 = 6 m/s and α = 0 (in x-axis
direction). Figure 4 shows the magnetic anomaly distributions at the instant t = 0 along the three
axis directions raised by wind waves, as well as the wave number spectrum along the x-axis and y-axis
directions. It is seen that the magnetic anomalies in the x-axis direction (downwind) and in the y-axis
direction (crosswind) are propagative and have a slight difference that may be characterized by some
statistical quantity. However, the magnetic anomaly along the z-axis attenuates at exponent rates. The
attenuation in the air is faster than in the seawater. This indicates that the magnetic anomaly induced

(a) (b)

(c) (d)

Figure 4. Magnetic anomaly induced by wind waves. The wind speed and direction is U19.5 = 6 m/s
and α = 0 (in x-axis direction). (a) The magnetic anomaly along x-axis at 1 m above the mean sea
surface, (b) the magnetic anomaly along y-axis at 1 m above the mean sea surface, (c) the attenuation
property of the magnetic anomaly along z-axis, and (d) the wave number spectral along the x-axis and
y-axis directions.



116 Zhu and Xia

by wind waves is a surface phenomenon, which may be measurable at a place on land tens of kilometers
away from the seacoast, but hardly detectable a few hundred meters above the sea surface.

Next, we calculate the magnetic field induced by wakes of a ship model sailing at U = 10m/s on
free sea surface. The ship model is given in (14) with sizes 2l = 100 m, b = 8.33m, and D = 6.67m.
The magnetic anomaly induced by the wakes calculated at the instant t = 0 are shown in Figure 5. It
is seen that the magnetic anomaly in the x-axis direction looks like a damping sinusoidal wave. The
magnetic anomaly in the y-axis direction exhibits two maximums near the two crest lines of the Kelvin
track. Like the case of wind waves, the magnetic anomaly in the z-axis attenuates at exponent rates.
To reveal the relation of magnetic anomaly to the ship speed, we repeat the calculations by setting
U = 6 m/s and U = 16 m/s. The results are plotted in Figure 6 and Figure 7. It can be seen that the

(a) (b)

(c) (d)

Figure 5. Magnetic anomaly induced by the wake of a ship model moving at U = 10 m/s. (a) The
magnetic anomaly along x-axis at 1 m above the mean sea surface, (b) the magnetic anomalies at 1 m
above the mean sea level along three lines: x = 0 m; x = 100m; x = 500 m, (c) the attenuation property
of the magnetic anomaly along z-axis, and (d) the wave number spectral along the x-axis and y-axis
directions.

(a) (b)

Figure 6. Magnetic anomaly induced by the wake of a ship model moving at U = 6m/s. (a) The
magnetic anomaly along x-axis at 1m above the mean sea surface, and (b) the wave number spectral
along the x-axis.
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(a) (b)

Figure 7. Magnetic anomaly induced by the wake of a ship model moving at U = 16 m/s. (a) The
magnetic anomaly along x-axis at 1m above the mean sea surface, and (b) the wave number spectral
along the x-axis.

Figure 8. The frequency spectrum characteristics of magnetic anomalies induced by wake of a ship
model moving at different speeds in wind waves. The sensor is stationary (v = 0) at x = 0 and z = −1m
(1m above the sea surface).

magnitude of the magnetic anomaly increase radically as the speed increases. The period also increase
with the speed, or the central wave number decrease rapidly with the ship speed.

Finally, we assume that a scalar magnetometer moves at a speed v in x direction above the sea
surface to acquire the time domain magnetic anomalies. The recorded data would look like Figure 5(a)
with the x-axis replaced by t-axis with t = x/(U + v). Of course, one may consider a general
scenario that the sensor moves in any direction and both the speeds of ship and sensor, as well as
the speed and direction of the wind, are changing. By Fourier transforming the time domain data,
we obtain the frequency spectrum characteristics as shown in Figure 8, which are the redraws of
Figure 5(d), Figure 6(b) and Figure 7(b), with the κ-axis replaced by f -axis, using the transform
κx = κ(U + v)t = 2πft that gives f = κ(U + v)/2π. It shows that magnetic anomaly induced by the
wake acts as a narrowband signal while that by the wind waves behaves as a wideband noise.

5. SUMMARY

Moving conductive seawater can produce a distribution of weak electric currents in the medium by
cutting the ambient geomagnetic fields. These electric currents will generate magnetic anomalies to
the geomagnetic field that may be sensed by a high sensitivity magnetometer. The velocity field of
wind waves can be found by using the ocean surface power spectrum. The velocity field of ship wakes
can be resolved by resorting to ship wave spectrum. The induced magnetic fields may be expressed
as a superposition of damping sinusoidal waves. The magnitude of induced magnetic fields near the
sea surface produced by a typical vessel moving at moderate speed under moderate sea state is on the
order of a few hundred pico-Tesla. The magnetic anomalies are essentially surface phenomena, which
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are evanescent or attenuates seriously in vertical direction. The magnetic anomaly frequency spectral
of wind waves and ship wakes can be significantly different. The former behaves as a wideband noise,
while the latter may act as a narrowband damping sinusoidal signal.
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