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Simple Relations between a Uniaxial Medium
and an Isotropic Medium

Saffet G. Sen”

Abstract—In this article, in a simple way, simple relations are derived between the electric field
components of an electrically uniaxial medium and those of an isotropic medium. The permittivity of
the isotropic medium is the same as the permittivity of the uniaxial medium that is common to the axes
transverse to the optic axis. Using the spectral representation, the vector wave equation for the electric
field intensity vector of the uniaxial medium is solved for the x directed, y directed and z directed point
sources. For the x directed and y directed point sources, the electric field components transverse to the
optic axis are written in terms of the corresponding components of the isotropic medium plus some other
terms. Part of these terms are closed forms expressions, and the rest are Sommerfeld type integrals.
Elements of each group are related to each other by coordinate transformations. The electric field
components parallel to the optic axis are shown to be obtained from the isotropic medium components
using coordinate transformations. The relations between the uniaxial medium and isotropic medium
field components are verified by comparing the results of a previous study in the literature to the results
obtained using the relations in this study. Good agreement is achieved between these results.

1. INTRODUCTION

Anisotropic materials are materials whose electromagnetic properties depend on the direction. An
electrically uniaxial material is a special case of anisotropic materials. An electrically uniaxial material
has a permittivity along its distinguished or optic axis which is different from the common permittivity
in the directions of the other two axes.

Anisotropic materials have a wide application range in technology. Microwave integrated circuits,
resonators, microstrip antennas are some of the application areas. A great amount of literature on
anisotropic materials exists. Some of the studies on the propagation of electromagnetic waves in
homogeneous uniaxial media are given in [1-4]. In [1], using some coordinate variable transformations
in Maxwell’s equations, equivalence is established between TM , electromagnetic waves in electrically
uniaxial media and TM , waves in isotropic media. A similar equivalence is built for TFE, electromagnetic
waves. In [2], electrically uniaxial medium is studied in a separate chapter. The relations between the
electrically uniaxial medium fields and isotropic medium fields are described by using scalar potential
functions. The scalar potentials for the electrically uniaxial medium are expressed in terms of scalar
potentials for the isotropic medium. In [3], the dyadic Green’s functions for an electrically uniaxial
medium are determined in closed forms using the 3-dimensional Fourier transform. In [4], the dyadic
Green’s functions are derived for a general uniaxial medium, i.e., a medium which is magnetically and
electrically uniaxial medium, by solving a dyadic differential equation. Apart from these articles, the
free-space Green functions for several types of anisotropic media are studied in the references [8-28].
The basics of uniaxial media are given in the books in [2,3,5-7].

In this article, the Green’s functions for the components of the electric field for an electrically
uniaxial medium are found for three kinds of point sources, an x directed point source, a y directed
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point source and a z directed point source. They are related to the Green’s functions of the isotropic
medium with a permittivity the same as the permittivity of the uniaxial medium that is common to the
axes transverse to the optic axis. The solution is made using the spectral representation method given
in [5]. Each of the Green’s functions contains a term which is a scaled version of the corresponding
isotropic medium Green’s function. For the components transverse to the optic axis, there is another
term which is a Sommerfeld type integral, and the rest of the terms are in closed form. Sommerfeld
integral type terms are convertible to each other by using coordinate scalings. The same conversion is
possible for the closed form terms.

In Section 2, spectral domain wave equations are derived for the electric field components of the
uniaxial medium. In Section 3, these spectral domain equations are solved for three basic point source
configurations. In Section 4, the relations obtained are verified by comparing their results to those
obtained from the closed form expressions given in [4]. Good agreement is obtained except for the field
points with zenith angle 6 close to 0.

2. SPECTRAL DOMAIN WAVE EQUATIONS

For the electrically uniaxial medium with its distinguished axis in the 2 direction, first two of the
Maxwell’s equations can be written in the following form assuming the time harmonic dependence of

e It
V x E = jwpH (
VxH=J-juwe E (2)
In these equations, E is the electric field intensity vector, H the magnetic field intensity vector, and J
T € is

the electric current density vector. The scalar p is the permeability of the medium, and the tensor
the permittivity tensor of the medium given by

€ = TTe + Yye + ZZe. (3)
w is the angular frequency and j the imaginary unit. Taking the curl of both sides of Equation (1) and
using the Gauss law given by

- /o 1=
V- (e : E) l 7, (4)
the following wave equation is obtained for E:
. e [ (e — V - J
V2E +w?ué- E+VV. [2(6 G)E} :_jqu+v<Zw > (5)
€ €

The spectral representation or 3-dimensional inverse Fourier transform of a scalar F is defined as
follows [5]:

F(z,y,z2 F (kg oy, k) €57 dR (6)

where F is the spectral domain form of F and
k= &ky + Gy + 2k, F=dx+ gy + 22, dk = dkydk,dk, (7)
If the spectral expansion is applied to Equation (5), then the following three equations are obtained:

- . — - k2N = koky s kikn
(—k‘2 + w2,ue) E;L« + (6 6) (_kmkz) Ez = <_jwﬂ - ) J — ny - . Jz (8)
€ jwe jwe jwe
_ — N K2\ . kk kyk, ~
— k2 2 I3 (e, —€) ko k) B = | —jup— —2 ) J, — yJ _ Byl 5 9
( —i—w,ue) y t . (—kyk) Jwp Jwe | VT Twe e 9)
- ” — - B2\ - kyks -~ kyks -
(<2 4+ w?ue) B+ =79 (2) B, = <—jwu = _Z> Sy S (10)
€ jwe jwe jwe

where
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3. BASIC POINT SOURCE CONFIGURATIONS

In this section, the spectral domain wave equations are to be solved for basic point source configurations.
They are the & directed, g directed and Z directed point source configurations.

3.1. & Directed Point Source

The & directed point source is given as follows:

J =216 ()6 (y) 6 (2) (12)
where
Il=1A-m (13)
The spectral domain representation for this source is
J.=1, J,=0, J,=0 (14)

If the spectral domain equations are solved for this point source, then the following expressions are
obtained for spectral E' components:

B = jop _ Jep
T (ke = b)) (e = k) (ke — k) (Be — Key)
k2 ok k2
(kz - kz1) (kz B kZ2) (kz - kza) (kz B k24) (kz B kZ:),) (kz B k24)
" kzky " Kk, 1
Ylune (kz - kz1) (kz - kzz) (kz - kzg) (kz - k24) (kz - kz?») (kz - kz‘l)
kyk,
~ Jwe
Eza:um- - 17
(kz - kZ3) (kz - kZ4) ( )
where
ko = \Jw2pe — k2 — k2, kuy = —yJw2pe — k2 — k2 (18)
€ 2 2
ky, = \/wQ,ue - gk:Q — ;kg, k., = \/wQ,ue - gk: - gk (19)

The k. integration in the spectral representation is performed by the residue integration indicated in [5]
to obtain the following integrals:

Exxum = I - CC$2 - 1’1’5 + I$I4 + ICCI5 (20)
ejkzl| |e]kt Tt N . e]k’?”
Lo = ( // T dke=jen Arr (21)
e]kzgl |e]kt L N
Iy, = ( // —dky (22)
0 k —|— k
Ipzy = 87r2 // D TRy ke 2] ke Tt Ak, (23)

Loz, = //OO i +k U eikesl#l iR T g, (24)
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oo JWp +
Tows = // jwez ejkz*’l 2 ke Tt dloy
Eywun,i - Iyl’l + Iydfz + Iym
kyky
2
) wi Oo ueﬂﬂzll |8Jkt ”dk
vImeer? ) k:Z1
oo k + k:
Ty, = / / 22 Y gikeg Fl IR T g,

ks k:
Tyas = m / / eﬂ’“Zs‘Z|efkt Tt dky

EZZ’um: = Izazl = 87[' e // k 33k23| |6Jkt rtdk
z

In the above integrals, the following definitions are used:

ki = &ky + Gky, 7= 2z + Gy, dk; = dkgdk,

Sen

(31)

Each of the integral groups contains some integrals which are not totally independent of each other.

Using the variable transformations given by

| € | €

the following relations can be derived:

€
Lz, (2,y,2) = Lis, < :m/ Zy,z>
Ly, (2,y,2) = Lia, < =,/ y,z>
€ €
Iy:vz ($7yaz) = - i Iyxl <\/ i% \/ i% Z)
6 € €

(32)

(33)
(34)

(35)

In addition to these symmetry relations, some integrals are related with the spectral field components
for the isotropic medium with permittivity e. If the spectral domain scalar wave equations are solved
for the isotropic medium, then the following integrals are obtained for the electric field components:

o Jwpt + Jue b i
= e] lee.] t'rtdk
87r2 // bz,
Eym = // k ky szl‘z| Jkt "“tdk
w0 8mlwe

z
EZ-TZSD = ’ ]k21‘z|e]kt Ttdk
8m2we

Utilizing the variable transformation in (32), the followmg relations can be written:

Ipas = ?Z T iso (\/ \/ 3/7 )
6 € €

Lyzy = ?Z Eyz., (\/ ?Za% \/ ?ZZ% Z)

szuni, = M 6?ZE,ZZ'Z'SO <~l %x7 “ %yﬂ Z>

(36)
(37)

(38)

(39)
(40)

(41)
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Sommerfeld integral forms are to be derived by applying a series of variable transformations followed
by the application of an integral identity for Bessel functions of the first kind as indicated in [5]. The
variable transformations and related expressions are as follows:

ky =k,cos (o), ky=k,sin(a) (42)
ki -7 = kppcos (o — @), dkydk, = k,dk,do (43)
z=pcos(¢), y=psin(p) (44)

The identity for the Bessel functions of the first kind is given by
. 1 [ N
I (k‘p,O) eInd — 27r/0 ejkppcos(a ¢)+ina—jing do (45)

In the Sommerfeld integrals, the integration path denoted by P is the Sommerfeld integration path, and
the branch of the square root relation used for the calculations of k,, is the I'm{k;, } = 0 branch [5].

Jwp ed*r Twicos (2¢) / kp (1) sy |21
Lowy = L HyV (kyp) €71l dlg 4
5 oy . -+ { 167 b k?zl 2 ( pp)e 1 1] ( 6)
wpsin (2¢) ky 1 ey |2
Tye, = [_1671 P kjleé )(kpp) ekl ‘dkp (47)

Hence, x component of the uniaxial medium electric field can be related to that of the isotropic medium
electric field as follows:
Exa:um- = Ixacl - I:ca:g - Ing + Ixa:4 + Ia:a:5 (48)
where
ejkr
Ixxl (I‘,y,Z) :J'WHZLW, (49)

Leay (2,9,2) = (£) L, <\f \f (50)

jker
queJ N [wucos 2¢) ] / ITP HY (k,pp) /=1l (51)

ICC(E3 - .

€ [ € [ €
Imc4 (I‘, Y, Z) i xaj3 < y7
6
Lyas (2,9, 2) = ?Z Esz,,, <\/Exa \/Eyv Z> (53)

As to y component of the uniaxial medium electric field, the following equations are valid:
Eymum = Iyzl + Iyrz + Iy$3 (54)

where

Tyay :[ “JMSIE(%))}/ ko H( )(k p) jkzllz\dkp (55)

Iy, (2,y,2) = 62 Ie, <\f [y) (56)
Iy, (2,9, 2) = % Eye.., <\/jx \/jyz> (57)

3.2. ¢ Directed Point Source
The g directed point source is given as follows:

J =115 (x) 8 (y) 6 (2) (58)
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where

II=1A-m (59)
The spectral domain representation for this source is
J.=0, J,=1, J,=0 (60)
If the spectral domaiIL equations are solved for this point source, then the following expressions are
obtained for spectral £ components:

. kyky ” koky 1
s (kz - km) (kz - kz2) (kz - kZ3) (kz - km) (kz - sz) (kz - km)
—— Jwp _ Jwp
Yt (ky —kaoy) (ky = kzy) (ke — kzy) (K2 — kzy)
ok ok k2
]w“k2+k2 . ]w“k2+k2 L e, (62
(k2 — kzl) (ke = kzy) (ke — k) (ke — kzy) (ke — k) (k2 — Ky
kyk,
n Jwez
Y (kz - kzs) (kz - kz4)
If k. integration in the spectral representation is performed, the following expressions are obtained:
By = Lays + Lays + Ly, (64)
kyky
wi [ KK k1 Eer
Lo = g2 // I (65)
> k2 +k kg |2] Gike T
Iy, = 87r2 = H IRmlelg dky (66)
Loy = 87T2w6z // ejkzg)lZle]kt ki (67)
By == Lyyy = Iyy, — Iyys + Ly, + Lyys (68)
e]k21| Iejkt Tt . ejkT
Iyy1 = 871‘2 // dkt = JwWH Amr (69)
e]k23| Ie]kt LA N
Iy, = / / e, (70)
oo k2 + k:
Iyyg = // e]kz1| \ejkt Ttdk (71)
o k + ]{:2 z T
Iyy4 = 87-[-2 // e]k23| ‘e]kt tdk (72)
0o Jwp + ]we " P
Lyys = 32 // 2 ekl ke Tt g, (73)

By = Loy = 87T2w€z // k efhall et "k, (74)
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Similar to the case for the & directed source, the following relations can be written:

Loy, (0,9, 2) = — (%) Loy, (ﬁx \/§y, z> (75)
Ly, (z,y,2) = (%) Iy, (\/§m, \/§y, z) (76)
Iy, (z,y,2) = (%) Iy, <\/§m, \/§y, z) (77)

If the spectral domain equations are solved for the isotropic medium with permittivity e for the y
directed point source, then the following integrals can be derived:

1 kyky
Eyy,,, = // “2Y ik |2 |€jkt Ttdk (78)
o 8r2we J ) o ki
k?
: o Jwp+ —— ) -
YYiso 8j // ]w ejkzl‘zlejkt.rtdkt (79)
7T

ik k
By = 87r — / / kyetka ket g, (80)

Comparing the isotropic medium solutions with the uniaxial medium solutions yields the following

equations:
6
Ixy3 = ? Exymo y? (81)
Ly = i Eyyiso (\/ ixﬂ \/ & vZ) (82)
Ez
EZyuni = Zyu.o y7 (83)

After the Sommerfeld integral representations of mtegrals zyr and Iy, are derived, the following
equations can be written:

N

wpsin (2¢) ky e |z
Loy, = [_ or | o HY (kyp) €1 dk, (84)
_jwp edkr wp cos (2¢) / kp (1) ik 2]
Lyws =757 [ 167 T, T2 (Rpp) ey (85)

Hence, z and y components of the electric field for the uniaxial medium can be written as follows:
By = Loy + Loy, + Loy, (86)

where

Izyl _ I: W,USiH (2¢):| / :70 é)(k p) e‘jkzl‘z|dk (87)

Loy, (x,y,z):— iz Loy, <\/7 \/ay, ) (88)
Loy, (2,9, 2) = Ei By <\/7 \/711, ) (89)

Eyypn = Iyy1 — Ly, — Lyys + Iyy, + Iyy, (90)
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where
' ejkr
Iyyl ('Ia Y, Z) = ]wM4WT (91)
6 €
L @.322) = () Iy (\/ Ne ) (92)
Jw/wj’”" pucos / o () sy |21
I _ 5o 7O (k) 1k, 03
=Tt [ O [ () (93)

€ € €
Iyy4 (,I, Y, Z) = (f) Iyys < ixv iya Z) (94)
Iyy5 (xv Y, Z) = (2) Eyyisa < eix? eiy’ Z) (95)

3.3. 2 Directed Point Source

The Z directed point source is given as follows:

J = 2115 () 6 (y) 0 (2) (96)
where
Il=1A-m (97)
The spectral domain representation for this source is
J.=0, J,=0, J, =1 (98)
The spectral domain field components can be written as follows:
€ kpk,
~ €, Jwe
Emum B (kz - k23) (kz - k24) (99)
€ kyk.
= €, jwe
By = e =) (b — o) (100)
e (. k:z
) < <]wu =+ ]uue>
Buey = (101)

(kz - kz?,) (kz - kz4)
After performing the &, integration in the spectral representation, the following two-dimensional integral
forms can be obtained for the electric field components:

1 o |Z| ]kz |Z‘ jEyFt 7
Exzuni = 871'2(4)6 7]@;36 3 € dkt (102)
z
E,. = k eikzalel gike T g, (103)
YZuni 87T2wez €

The counterparts of these expressions in the 1sotr0plc medlum are

1 ] R T
Exzisfngw 71{966 s ZedM T Ay (105)
Eyzio = 3 // eﬂkzl'”e”“ T dley (106)
71' we

E... = / / Wine — K, edk1 12l iR g, (107)
iso 87T2we




Progress In Electromagnetics Research B, Vol. 60, 2014 87

If these two groups of expressions are compared to each other, then the following relations can be

derived:
Bz (2,92 \/ . ([ \/ Y, 2 > (108)
Eyzum x y? \/ Eyzmo <\/7 “ y7 > (109)
€, [€,
EZZu,m: (33, Y, Z) = Ezziso (\/7'%'7 —-Y, Z) (110)
€ €

In addition, the Sommerfeld integral forms for electric field components can be found as follows:

Bz = ‘78008 / |Z|l-c2 (kpp) eﬂkzs\zldk (111)
TWE,
jsin(¢) [ |z TSR
Bt = e Jp s oot (hop) &l (112)
€ k3 1 1
E..,L.= <_87Tw62) /Pk:pHé )(k:pp) ik |dkp (113)
z Z1

4. RESULTS

In this section, the validity of the formulas derived for the electric field components in an electrically
uniaxial medium are to be shown using numerical results. The reference to be used is the article by
Weiglhofer [4]. The sources are assumed at the origin of the coordinate system.

For x directed point source, the electric field is obtained in [4] as follows:

Funs = () {9 [ oo 0] + e )} = { [ S (09— g (09] P25 02

Jwe x2 + Y
~ 9 —
+ (54— 2.CCy - yxy Tege (T) — "'m3dm (T) (114)
2 +y? ) jwype(z? +y?)
100 ‘ T T o
., R « Article Lo R & 3| -Article
3 A : A « Weiglhofer| -100 . N . N ~Weiglhofer
-200F - . . P [
g 3 : 3 : E -150
2 anf 2 200}
W ul
-250
& 00} E
-300
-500 [ e ‘ ‘ et B 350 L, e ‘ ‘ e ]
0 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350
(Degrees) (Degrees)
015
uf
= 0.10 -
8
fin}
S
0.05r
000}, ‘
0 50 100 150 200 250 300 350
(Degrees)

Figure 1. x directed point source, E, versus ¢ for ¢,, =2, R = 1m.
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For y directed point source, the electric field is obtained in [4] as follows:

=
Eum’ =

(
i

1

oy
—ZTxy + Q:C2 Tede (F) — Tmdm (’F)
Ery )o@+ )

}

> {ﬁ [age (F)] + @w%e%ge (F)} — jop { [%ge (7) = gm (F)}

For z directed point source, the electric field is obtained in [4] as follows:

Re(E} (V/m)

200F

100f

-100 F

-200 F

0

boum () {7 2]+ )

Sen

~ ~ -Article - ”
«Weiglhofer 100 F
1 £ s0f .
S .
~ 0
>
uj
1 T 50
-100 ¢
0 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350
(Degrees) (Degrees)
00858914 F . . . . . . —
0.0858914 4
=
w
= 00858914 | 1
5
i
< 0.0858914 - ]
00858914 [—
0 50 100 150 200 250 300 350
(Degrees)

Figure 2. z directed point source, E, versus ¢ for €., =2, R =1m.
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Figure 3. z directed point source, E, versus ¢ for ¢,, =2, R = 1m.
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In the above expressions, the following definitions are valid:

Te

€z

2

€

y2

€

22

€z

Tm = /22 + 92 + 22

eJw\/ere
Arr,
ejw, /ILETm,
A7r,
r=2r+ gy + 22

)

300 : .
«Article «Article
Weiglhofer 200 vy ~Weiglhofer
__200f .. -,
£ o, = 100
S 100) s
~X -, -~ 0 N e
w 0 . s W R
z T -100}°
-100| = -
-200[
-200| . 1
0 20 40 60 80 0 20 40 60 80
(Degrees) (Degrees)
700"
60]
501
Iy
L o)
5 a0f
w
S o0f
10f
07 L L L
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Figure 4. z directed point source, E, versus 6 for ¢,, =2, R = 5m.
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Figure 5. x directed point source, I, versus 6 for ¢,, =2, R = 5m.
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The results are obtained for = directed point source and z directed point source. No calculations are
made for y directed point source since they are similar to the x directed point source results. For
example, x component of the electrical field for y directed point source is the same as y component of
the electric field for x directed point source. The operation frequency is 1 GHz. The Sommerfeld type
integrals are calculated by the steepest descent method (SDM).

The permittivity tensor of the medium is

E=co (28 1499 1+ 22 2) (122)

The distance coordinate of the field point in spherical coordinate system is chosen R = 1m for results
which are versus varying azimuth angle ¢ of the field point. The zenith angle 6 is equal to 60° for these

. «Article - * ‘. - Article
50t L. . ] -weiglhofer 501 +Weiglhofer
E E
S S "
Fu} 0 = = -~ ors
. i
g - .o E
50 . -50
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~
w
£ 15x10-12f,
e
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5.x10-131
0 20 40 60 80
(Degrees)

Figure 6. x directed point source, E, versus 6 for ¢,, =2, R = 5m.
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Figure 7. z directed point source, £, versus 6 for ¢,, =2, R = 1m.
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Figure 8. z directed point source, F, versus 0 for ¢,, =2, R = 1m.
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Figure 9. z directed point source, E, versus 6 for ¢,, =2, R = 1m.
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results, which are displayed in Fig. 1 to Fig. 3. If the results obtained with respect to the azimuth angle
¢ are examined, it can be observed that they have got high accuracy for R = 1 m. The accuracy of the

results increases as €,, is increased, or the radial distance is increased.

For the results which are given versus the zenith angle 6 of the field point, R is chosen 5m. The
reason of choosing minimum R as 5m is that the results have low accuracy for 6 closed to 0 when the
field points are close to the source. The azimuth angle ¢ is 5° for these results. The results which are
versus the zenith angle 6 are given in Fig. 4 to Fig. 9. The results obtained with respect to the varying
zenith angle 6 indicate that the SDM does not perform well for 8 close to 0. The accuracy of the results
increases as €,, is increased, or the radial distance is increased. There is no accuracy problem for z
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components of the electric field for z directed and y directed point sources. The same case is valid
for the electric field components produced by the z directed point source. The reason is that they are
related to the isotropic field components by simple coordinate transformations.

5. CONCLUSION

In this article, the electric field components of an electrically uniaxial medium are related to those of
an isotropic medium with a permittivity the same as the permittivity of the uniaxial medium that is
common to the axes transverse to the optic axis using a simple method, i.e., the spectral representation
method. The obtained relations are also simple. They contain terms which are convertible to each other
by simple coordinate transformations. For the zenith angle 6 not close to 0, the relations are verified
with high accuracy using the SDM method for Sommerfeld integral type terms.
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