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A Complete Analytical Analysis and Modeling of Few Mode
Non-Uniform Fiber Bragg Grating Assisted
Sensing Waveguide Devices

Sanjeev K. Raghuwanshi®* and Debi P. Panda

Abstract—In this paper, we develop and present a complete analytical method to analyze the spectral
response of a non-uniform multimode fiber Bragg grating assisted devices supporting a few modes. We
present the analytical solution while taking into account the two forward and two backward propagating
even or odd normal modes of the grating using the matrix method of multimode coupled grating
assisted coupler, for sensing application. Earlier, these types of numerical technique based analysis
were presented by other researchers, but no one seems to present a complete analytical solution for the
given case. The present analytical analysis can simulate a single mode to multimode coupled sensing
waveguide devices based on non-uniform grating assisted operation in a coupled structure. The potential
applications of our findings will be mostly in sensing devices.

1. INTRODUCTION

Nowadays, Fiber Bragg Grating (FBG) sensors have great advantages over other types of sensors in
the field of structural health monitoring. The FBG sensors are immune to EMI (Electromagnetic
Interference), high voltage and current, and harsh environments as stated in [1]. A Bragg grating has
great advantages and a wide range of applications in optical communication and sensing systems as
stated in [2-6]. The grating-assisted coupler also has different applications as stated in [7—10]. The
FBG fabrication was possible due to the discovery of photosensitivity property of optical fibers. The
mechanism of FBG is the reflection at the Bragg wavelength and coupling of power from the forward-
propagating mode to the backward-propagating mode. This coupling phenomenon is very important
in the case of optical fiber sensors or any other types of devices [11,12]. The widely established
approach for the simulation of waveguide devices and grating assisted coupled waveguide devices is
the coupled mode theory (CMT), which combines a deep insight into the problem together with a much
greater computational simplicity than other numerical methods such as Finite Difference (FD), Finite
Element (FE), and Beam Propagation Methods (BPM). There are a number of different coupled mode
formulations which have been developed from the early 1980s until today [13-21]. There are two main
representative formulations, the orthogonal CMT and rigorous non-orthogonal CMT. The first one is
a simple approach, which can model devices with weakly coupled waveguides. The later can model a
variety of problems such as strongly coupled waveguides involving grating assisted couplers. A more
rigorous coupled mode approach uses exact composite modes such as normal modes of the waveguide
structure. This approach is more accurate and can be applied equally to taper waveguide structure too.
These methods have been applied previously to the modeling of strongly coupled waveguide structures
with a very good agreement with the experimental results [22-24]. For the modeling and simulation of
the grating assisted devices, we use the local normal mode analysis in this paper as discussed before.
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It has been proved as a very effective method for strongly coupled case [25-28]. In our formulation,
the coupling in a two-mode Bragg grating structures is analyzed. Our CMT deals with the coupling
between two forward- and backward-propagating normal modes. This technique can be extended to
more number of modes, by taking the self-coupling and cross-coupling phenomena into consideration.
The present analysis is extremely useful for analyzing the performance parameters of active coupled
sensing devices. In Section 2, the coupled mode equations will be derived by a well-known perturbation
theory, followed by a complete analytical model for the analysis of Bragg grating assisted devices in
Section 3. Finally, the results are simulated for a few mode cases in Section 4.

2. ANALYSIS OF NON-UNIFORM BRAGG GRATING USING PERTURBATION
TECHNIQUE

In this section, we develop and present the perturbation theory for the calculation of spectral response
of a non-uniform Bragg grating. Here we consider two (even and odd) forward and two backward
propagating normal modes of the grating for the special case of uniform grating as shown in Fig. 1.
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Figure 1. Model of FBG with two propagating modes along z.

In the grating region, F;(z) (i = 1, 2) are the amplitudes of the two forward-propagating normal
modes and G;(z) (i = 1, 2) the amplitudes of the two backward-propagating normal modes.
The electric field in the grating can be expressed as:

Ey=[{F1 (2) e 4 Gy (2) 92} W, (w,9)+{ B (2) €992 1.G (2) €027} W, (w,9)] €90 (1)

where Wg - are the normal modes of the refractive index-averaged waveguide, because of the grating
perturbation, which correspond to the propagation constant 84 (i = 1, 2). The normal modes in the
above equation are normalized according to the following equation:

* 2w o
Vg, (x,y) Vg, (x,y) dedy = W% (for 4,7 =1,2) (2)
—00 gt
Here for i = j, 0 = 1 & for i # j, 65 = 0 and
2

V3Us, + [wProzoer (2,y) - 8] g, =0 3)

Here V7 = V? — ;—; = 8%22 + g—;g. The wave equation for the electric field component is given by:
V2E, + w?uoeo [er (z,y) + Aey(2,y,2)] E; =0 (4)

where g, is the relative permittivity and Aeg, the perturbation of the dielectric permittivity because
of the grating presence, which is periodic in the z-direction with zero average over a period. This
perturbation can be expanded in Fourier series:

Ay (z,y,2) = Z Aep(z,y)eIm2R? (5)
m##0

where A is the period of the perturbation. Here only the fundamental harmonic (m = 1) is retained.
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From Eq. (1),
K, » . PVgs, » , Vg, s
02 = (Fl (Z) € By + GI(Z)€]ﬂ91Z> ﬁe‘]w + (FQ (Z) e 7Bg27 + GQ(Z)@‘]ﬁgzz) 7296‘7‘0 (6)
9’E . . Vg | . , PWg , .
2 = (Fi(2) P07 4 Gi(2)ed7) S0t it 1 (B (2) 957 4 Gp(a) ™) “ g2 et (1)
dy oy Oy
0%E, 0*Fy oF, _. , 0’°Gy oGy
_ ~if : 1,38 2 [ o if 1 : 1B
022 {82:2 eI = 2B me I = B e 4 el 4 25— el
; A 0’k . oF, , 092Gy
2 t 2 — . 2 — 2 - 2 B
_ﬁglglejﬁgvs] Wy, e + [6226 JBg2z _ 2§ 642 . e IBq22 — B2 Fae iBg2z 3 eIBg22
Gy , .
+2jﬁ927a; elfor® — ﬁggGQGﬂﬁz] Vg6 (8)

In the above equation, using Slowly Varying Envelope Approximation, the double derivatives of F; and
G; (for i,j = 1, 2) is neglected. After this approximation, using the above three equations in Eq. (4)
and taking Eq. (3) into consideration, we get:

. 0Gy ., OF _; . 0Gy . OFy _.
(2j/391 821 eiBaz _ 23@7187;6 Jﬁg12> Vs, + (2‘769282;26]%% _ 2359287;6 Jﬁg2Z> U,
+w?poeoAe, (z,y, 2) [(Fle*jﬂglz + Glejﬁglz) Vg, + (Fge*jﬁﬂz + G2ejﬁg22) \Ixﬁﬂ} =0 (9)

Multiplying Vg, in Eq. (9), and integrating w.r.t. x, y:

Qjﬁgl |:88Gzl ejﬁglz — 88;6_]BQIZ:| // \Ilﬁgl\:[]ﬁgldﬂjdy

= — w2020 [(Fle—jﬁglz + Glejﬂglz) // Vs, Aey (2,y,2) Vg, dzdy

+ (Fgefjﬂgzz + Ggej,@gzz) // Vg, Aer (2,9, 2) \I/ggldxdy] (10)
Now using Egs. (2) & (5), in the above equation,

—aanl eIPars _ %eﬂﬂglz} = jkn (Fle_j(ﬁgﬁr?%)z + G1ej(591_2%)z) + jka1 <er_j(ﬁ92+2%)z + Gzej(’ﬁﬂ_%w)z) (11)

Similarly, multiplying Wggo in Eq. (9), and integrating w.r.t. z, y:

. oo
27Bg2 [8(;2 elo2z 88;6_3/8922} // Wg,, Vg, drdy

= _WQ,U'OfEO |:<F1€]ﬂg12 4 Glejﬁgﬂ) // \IfﬁglAEr (z,y,2) \IfﬂQdedy

+ (F2€—jﬁgzz + G2ej6922) // Vs ,Ae; (2,9, 2) ‘I!ggzdxdy] (12)
Now using Eqgs. (2) & (5), in the above equation,

%e]ﬂ"zz — %e_jﬁ‘ﬂz} = jki2 (Fle_j(ﬂgl-‘_%ﬂ)z + Glej(ﬁgl_%ﬂ)z> + jka2 (FQe_j(ﬁgﬁ_QTﬂ)z + Gzej(ﬁﬁ_z%)z> (13)
By multiplying e/%1% ¢79601% in Eq. (11), and e/%92% ¢=7802% in Eq. (13), and substituting Eqs. (1)
& (5) in Eq. (4), with some assumptions, we obtain the following set of differential equations:

dFy

o = G (2) €287 — jhaGo(z)e (B TA%R (13a)
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ary _ — k192G (2) @ BBIFABIZ _ L) Qo (2)eI 2P 13b
dz

dGh - —J2AB1z | g —3(AB1+ABs)z

— = 1141 12472

7 k11 F1 (2) €775 1 jETo Fy(z)e 7\ oP1male (13c¢)
dGo . (AL HABY)z | sk —j2ABaz

— = jkIy,F1 221472

7 Jk1oF1 (2) e \BPATEPE L kS, By (2)e 72272 (13d)

where AS; are the phase detuning from the Bragg condition:

ABy =By — Kp = Bgi — /A (14)
And k;; are the coupling coefficients [16]:
ki = w:o// A5+1\I/%dxdy (15a)
ko = ko1 = WTEO / / Ae 101 Uodady (15b)
koy = w450// Ac 1 V3dxdy (15c¢)

The system of differential equations can be rewritten from Egs. (13a)—(13d) as:

£ (5)-0 (1)

where S(z) is the following complex 4 x 4 matrix

0 0 — k116728012 —jl1gel (AB1HAB)z
S(2) = 0 0 —jkyged(AP1+AS)z —jkggel?AP22 (17)
= jkfleijA,Blz jkﬁeﬂ'(ﬁﬁﬁﬁﬂz)z 0 0
keI ABITAB)z  px =206,z 0 0

And F & G are vectors with components [Fi(z), Fa(z)] and [G1(z), G2(2)], respectively. i.e.,
Fi(z) Gi(z)
F =5 =
(2) <F2(2)> and G (z) (Gg(z)
The solution of this system of equations which we are interested in is the matrix P(0, L) such that:
F(L)\ _ F(0)\ _ (Prr Pra\ (F(0)
(G(L)) =P0.L) (G ) = \Par Poc) \GO) (18)
where Py are 2 x 2 matrices [21]. The solution matrix can be found by numerical integration of the

differential equation system (Eq. (16)), between 0 and L for four different initial conditions such that
each initial vector has one component equal to 1, and the others are zero (using Appendix A).

3. ANALYTICAL SOLUTION FOR THE COUPLED EQUATIONS

In the previous section, the coupled mode equations are derived by perturbation techniques. It is
apparent from the nature of coupled equations that an analytical solution does not seem feasible.
However, we would like to mention that the solution for single mode (even and odd) has been well
established, but not found for many modes which have explicit applications in grating based sensing
devices. Our main contribution in this paper is to present the above all four coupled equations in
analytical form for the case of non-uniform fiber Bragg gratings. Let’s proceed to the analytical solution
which can be written in the form (using Appendix B as in [17])

P(0,L) = exp(S1L) exp(S2L) (19)
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and S, Sy are 4 X 4 complex matrices, independent of z (using Appendix B):

NG, 0 0 0
I R 7N 0
=10 o7 as o .
0 0 0 —jABy
—JABy OAB —j71211 —jZm
0 —JABy —jkia —Jkoo
Sy = S5(0) — 51 = ok % . 21
2 <) ! Jk14 Jkis JAB, 0 ( )

k12 ka2 0 JjAB,
actually, Eq. (19) is of the form:
P(Lq, Ly) = exp(S1AL) exp(S2AL), AL =Ly — L, (22)

But here we have taken P(0, L), that means AL = L — 0. So the length varies from 0 to L. With the
help of Appendix A, let p;(A) be given by:

p1(A) = det{S1 — A} (23)
and pa(A) = det{Sy — \I} (24)
Then from Eq. (23),
(GAB - \) 0 0 0
p1(\) = det 8 G Mg - (— Agl ) 8 (25)
0 0 0 (=5 2B — )
By evaluating the determinant defined above, the eigenvalues are given by:
p1A) = A+ N2[(AB)? + (AB)%] + [(AB)*(AB2)?] (26)
Therefore, the polynomial coefficients are:
Co = [(AB)*(AB2)?] (27a)
Ci =0 (27b)
Cy = [(AB1)? + (AB2)?] (27¢)
Cs =0 (27d)
Cy =1 (27e)
Now exp(S1L) can be written as:
exp($1L) = fu(2)] + f2(2)S1 + f3(2)ST + fa(2) S} (28)
where, . ,
LU B I ST S )
Here the above equation will be:
4
Z£+ng£+cof:0
= (D*4+CyD*+Cy)f =0
= D?>=—(AB)* or — (AB)?
= D ==2jApB or +jAS (30)
Then:
f(2) = a1 cos(AB1z) + azsin(AS1z) + as cos(AP2z) + agsin(AFaz) (31)

Using Appendix A, the conditions for fi(z) are:
a1 +az=1, ax(AB)+as(AB) =0, —ai1(AB)? —az(AB)* =0, —ax(AB)* —as(AB)* =0



28 Raghuwanshi and Panda

Solving these equations we get:

az = a4 =0 (32a)
= (BB 5%h
T (BB - (A8 )
o (A8 .
L (BB - (A8 20
Hence,
f1(2) = a1 cos(AP1z) + az cos(AFaz) (33)

Conditions for f(z) are:

a1 +az3 =0, a(AB)+as(AB) =1, —a1(AB1)* —a3(AB)* =0, —az(AB1)? —as(AB2)* =0

Solving these sets of equations we get:

ap = a3 =0 (34a)
2
as = — (Aﬂz) (34b)
(88)) [(88))” = (A8,)°]
ay = (Aﬁl)2 (34C)

(861 (A82) = (A6,)°]
Hence,
fa(2) = agsin(Ap12) + ag sin(Af2z) (35)

Conditions for f3(z) are:

a1 +az3 =0, ax(AB)+ai(AB) =0, —a1(AB1)* —a3(AB)* =1, —as(AB1)? —as(AB2)* =0

The solutions of these sets of equations are:

az = ag =0 (36a)
1

a5 (A5 00

a = -1 (36¢)

(AB)? = (ABy)?

Hence,
f3(z) = a1 cos(AB1z) + az cos(ABaz) (37)
Similarly, conditions for f4(z) are:
a1 +az =0, ax(AB)+as(AB) =0, —ai(AB)? —az(AB)? =0, —ax(AB)*—as(AB)* =1

The solutions for these sets of equations are:

a; = ag = 0 (38&)
-1
as = (38b)
) [88) - (a8
ay = 1 (38c¢)

(88,2 (88,) — (88,)°]
Hence,
fa(z) = agsin(ApB1z) + ag sin(Afaz) (39)
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Let
fi(z) = A1, fa(z) = B1, f3(2) =C1, fa(z) =Dy

Then from Eq. (28) we can get the solution of exp(SiL) as

Ty 0 0 0
0 Ty 0 0

PL) = 0 1y o
0 0 0 Tu

where

Again from Eq. (24),

(—jABy = A) 0 —Jjk1 —jki2
0 (=jABy = A)  —jki2 —Jjkoo
A) =det ok o ,
P2() Ik Jkis JAB — A 0
VLY, Jk39 0 JABy —

By evaluating the determinant defined above, the eigenvalues are given by:
p2(N) = CaAt + 33 + CoA2 4+ CLA + Oy

where

Co = [(A51)2 (ABy)? = 2 k1ol ABLABy — [ka2l? (AB1)? — [k11]* (ABy)” + [kt | [Koa

—k11kooklokly — ki2k12kT1 k3 + |k12!4}

Ci =0
Co = (AB)” + (ABy) = 2|kial* — [ka2|” — |kn|?
C3 =0
Cy =1

Now exp(S2L) can be written as:

exp(S2L) = f1(2)] + f2(2)S2 + f3(2)S3 + fa(2) S5

where,

d4 f f d2f df

C4 —i—Cg +CQ +C1 +Cof—0

Here the above equation can be written as:

d'f d>f

I d2+00f=O = (D*4+CD*+Cy)f=0 = D=KLMN

+ Cy

where:

K_\/_02+\/CQ2_4CO I \/—CQ+\/022—4CO_ e
- 2 T 2 T

M_\/—C’Q—\/Cg—ZLCO N__\/—C’Q—\/CQQ—ZLC’O__M

2 ’ 2

29

(40)

(42)

(46)

(46a)

(46b)
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Then,
f(z) = a1 exp(Kz) + agexp(Lz) + azexp(Mz) + a4 exp(Nz) (47)

Using Appendix A, the conditions for fi(z) are given by set of following equations

a1 +as+az3+ag=1, Kay+ Las+ Mas+ Nayg =0,

K?%a; + L?ag + M?a3 + N?%ay = 0, and K3ay + L3ay + M3as + N3ay, =0
Again by simplifying

= a1t+artaz+ag=1,K(ay —az)+ M(azg —aq) =0,
K%*(ay + as) + M*(a3 +a4) =0, and K3(a; —az) + M3(az —a4) =0
The solutions for the above set of equations are:
—M?

= = = 4
TV CI T R (18a)
K?
= = = 4
TV CI Vel (48b)
Hence,
fi(2) = a1 exp(Kz) + azexp(Lz) + ag exp(Mz) + a4 exp(Nz) (49)

Conditions for f(z) are:
ay +ag + a3+ aq :0,K(a1 —a2)+M(a3—a4) =1,
K%(ay + as) + M?(a3 +a4) =0, and K3(a; —ag) + M3(az —a4) =0

Then the solutions for the above set of equations are:

—M3
“TAR KM -] T (300)
K2
SARDYI I Ve I (500)
Hence,
f2(2) = a1 exp(Kz) + ag exp(Lz) + agexp(Mz) + a4 exp(Nz) (51)

Conditions for f3(z) are:
ap+az+as+ays =0, K(ag—az)+ M(az—ayg) =0
Kz(al +az) + MQ(ag +ay4) =1, K3(a1 —ag) + M3(a3 —ay4) =0

The solutions are:
-1

a; = m = az (52&)
1
BT oKy T ™ (52b)
Hence,
f3(2) = a1 exp(Kz) + agexp(Lz) + agexp(Mz) + a4 exp(Nz) (53)

Conditions for f4(z) are:
a1+ az + a3 + ag = 0, K(a1 — az) + M(az — as) =0,
K%*(a1 +as) + M*(az+a4) =0 and K3(ay —az) + M3(az —a4) = 1.
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The solutions for the above set of equations are:

-M
= =— 54
T oM KM (542)
1
— = _ 54b
T o —keMm) T ™ (54D)
Hence,
fa(2) = a1 exp(Kz) + agexp(Lz) + agexp(Mz) + a4 exp(Nz) (55)
Let

fi(z) = A2, fa(z) = Ba,  f3(2) = Ca,  fa(z) = D2
Then from Eq. (44) we can get the solution of exp(S2L) as:
exp(SoL) = Aol + BySy + CoS2 + Do S (56)
Now from Eq. (40) & (56), we can get the solution given in Eq. (16)

Ti1 O 0 0 'y T2 Tz Ty
0 Yo O 0 [op Top Tz T'oy
0 0 T3 0 '3y Tz I'zz I'sy
0 0 0 Ty Py T Tyz T'yg

where TH, TQQ, T33,T44 are given by Eqs. (40&)*(40(?1) and
11 = Ay —jBa(AB)+Cof [k [*+ k12> — (AB1)*]+D2 p(Aﬁl)?’H\kle(Aﬁz—QAﬁl)—jA51!k11|2 (57a)

P(0,L) = exp(S1L) exp(S2L) =

[12 = Co [k11klg+E12k3s]+ D2 [—jk12k3 A1 — jk11k1oABo] (57b)
T13=—jBak11+Dsa [jkin {(AB1)% — [ki1|* — 2|k12|*} — jk3okr12kr2] (57¢)
'y = —jBok12+Cs [k12 (AB2 — AB1)]+ D2 [(—jk‘w) {|]“'11‘2‘|‘|1€12|2 - (ABI)Q}
—jkao{k11klo+ki2k3} + A B2 {k12(AB2 — AB1)}] (57d)
Tor = Co [frok’y + kaoks] + D [ jkaskinAB1 — jk1okiy ABy] (57e)

Toz = Ao —j Ba(ABy) + Co koo [+ [Rr2? = (AB2)? [+Dal (A iz (A~ 24 82) ~j Akl (571)

Pas =~ Boka+ Callna (A1 — ABy)]+ Do (=jk1z) { Ibaal* + k1ol — (A5)° |

—jku1 {k12kT) +kaokis b+ AB {ki2 (AP — Aﬁz)}] (57g)
Doy = —jBokoo+Ds [jkoo {(AB2)? — [koa|? — 2|k12|*} — jki1Kk12k12] (57h)
a1 = jBokiy+Da [k {—(AB1) +[kn1 > +2[ki2[*} + ko kiakas] (571)
T30 = j Bokis+Cs [kis (A2 — AB)|+Da[ (kia) { [k [ +[k12f” — (AB1)%}

k5o {k12kT) +Eazkis} — JASs {K5(AB2 — A1)} ] (57))
Ty = Ao -+j Ba(AB) + Ca [t [+ [krzl? = (A5 [+D2 [ (AB1) *ilka (2881 — Ae) 45 A8 [ 2] (57K)
gy = Cy [k12k]| +kookly]+ D2 [jhookio AG1 +jk12kT1 ABo) (571)
Ty = jBakia+C2 [kis(AB — AB2)]+Da[ (k7o) {|kaal?+ [k12* — (AB2)*}

ki1 {kukiatki2kss} — GAB (ko (AB1 — AB2)} ] (57m)
Ty = jBokio+Da [jko{—(AB2)" +[kaa|* +2[k12|*} + ko kioki1] (57n)
Lag = Cy [k11 KTy +k12kd,]+ D2 [jk11k1a APa+ jk12k5y A B (570)
Taa = Ao-+j Ba(ABy) + Co | [koa 2 Hkr2 [~ (A 82) +D2 [ (AB2) 112 2(2A B2 — ABr) +j A Bl s 2] (57p)



32 Raghuwanshi and Panda

4. RESULTS OF SIMULATION

There are several types of numerical methods (Matrix method being the easiest one) for the analysis
of non-uniform grating. The Matrix method has certain limitations, despite which it is widely applied
to the analysis of single-mode co-directional and contra-directional coupling cases. However, we have
tried to develop an analytical method based on a few theorems for similar constraints, but considering
two-mode coupling effect which is a more realistic and practical model in various applications of grating
assisted devices based on sensors application. To be specific about its benefit, our mathematical model
gives an analytical solution for multimode grating assisted structure which has many applications in
sensing devices such as the taper assisted coupler, tunable Bragg grating filters, optical add-drop filters
to mention a few. After analytical formulation and finding each element of transfer matrix, we can
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Figure 2. Output Power at the ports (a) F1(L), (b) F2(L), (¢) G1(0), and (d) G2(0), respectively when
inputs are taken as F1(0) = F»(0) = G1(L) = G2(L) = 1 in the CMT formulation shown in this paper.
Expanded view of the output power at (e) G1(0), and (f) G2(0) is shown which is the output power due
to the effect of both self-coupling and cross-coupling. Reflectivity at (g) G1(0), and (h) G2(0).



Progress In Electromagnetics Research M, Vol. 36, 2014 33

calculate the effect of cross coupling of the modes for the present case, provided that we have known
coupling coefficients. For the above relation between the two forward- and backward-propagating modes,
we can consider that the grating is excited from both the right and left side as in [16], and the spectral
response is obtained as shown in Fig. 2. By some calculation as in [16], the relation will be as follows:

Fi(L) B B F1(0)
F2(L) _ ((PFF - PFG1 PGG . PGF)2X2 (PFG : 1PGG)2><2> FQ(O) (58)
g;ggg — (Pag - Par) gy (Pacr) 2 g;EIL’g

In the above simulation, n.y was taken as 1.455, the Bragg wavelength taken as 1550 nm, ki1 = ko =
0.0012um~!, and k12 = ko1 = 0.002pum~'. Using these parameter values, the output power was
calculated for the two-mode FBG assumed in this paper. The proper derivation of self and cross-
coupling coefficients can be obtained which will give perfect shape of the reflected and transmitted
power. From the simulation result, it is also apparent that the spectral response improves in terms of
the bandwidth reduction. As the response at the Bragg wavelength has a narrower bandwidth, it can
be used as a filter with better tuning capacity. The quality factor is also increased as it has an inverse
relation with the bandwidth. By varying the mode numbers, the response can be changed as per the
application.

5. CONCLUSION

An analytical modeling method for analyzing non-uniform Bragg grating assisted devices based on
coupled waveguide structures has been described. The presented analytical method is based on local
normal mode analysis and is a powerful tool, which can be applied to a wide variety of problems
and structures. It does not use weak coupling approximation as the traditional coupled mode theory
does, thus this method is directly applicable to even strongly coupled waveguides. Also the shape of
the structure is taken directly into consideration through two-mode formulation, which is important
when the device is parameterized by its branch shape. In fact, our results are valid for more than one
mode coupling cases. For these cases, there are many variables in coupled mode formulation. Hence
for so many coupled variables, it is very tedious to derive an exact analytical expression for coupling
coefficients and finally the power at each mode. Moreover, our analytical formulation can be converted
into single-mode grating assisted coupler case as we remove the parameters associated with the second
mode from the formulation process. Here in our analysis, the reflected and transmitted powers at the
outputs differ from the ones in the single-mode FBG case, because here the effects of both self-coupling
and cross-coupling coefficients are present.

APPENDIX A.

Theorem:

Let A be a constant n x n matrix with characteristic polynomial
p(A) =det(Al — A) = \" + Cn—l)\nil 4+ ...+ A+ co;

then
e = x ()] + zo(t) A + 23(1) A% + ... + 2, (1) A" L,

where x(t), 1 < k < n, are the solutions to the nth order scalar differential equation
2 e, 120D 4 e+ coxr = 0,

satisfying the following initial conditions:

I (O) =1 xg(()) =0 I3 (0) =0
2} (0) =0 z5(0) =1 z5(0) =0
2" (0) = 0 27D (0) = 0 2V (0) = |
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APPENDIX B.
Theorem:

If S(z) is a matrix such that:

d
%S (z2) = 515 (2) — S(2)51 (B1)
Then the fundamental matrix Y (z) for the system of equations
d
or= S(z)x
is given by:
T(2) = exp(812) exp(S7) (B2)
where
So = 5(0) —S;

The fundamental matrix is such that if 2(0) is the vector of initial conditions at z = 0, the system’s
solution vector at zy is:

x(zp) = T(zf)x(0) (B3)
Proof:
Given that differential equation is:
%$ =S(2)z

= In(x) = /S(z)dz +1InC (where C is a constant)

= a(z) = Cexp ( / S(z)dz) (B4)

Then
z(0)

e ([ Szl
_ z(0)
2(2) = - < /S(Z)dzzo> exp ( / S(z)dz) (B6)

From Egs. (B2), (B3) & (B6), we can conclude that:

exp ( / S(z)dz)
exp < / S|

In our case, S(z) is a 4 x 4 matrix. If we take an element to prove Eq. (B7), then it can be confirmed
about the theorem.

Let’s take an element from our S(z) matrix, i.e., Si3 = —jki1e/28512,

Putting it into Eq. (B7), we will get:

—jky eI?A012 Jjk11 .
= ik B
7200 j2Ap . TE (B8)

2(0) = C'exp </ S(z)dz|20> = =

Now Eq. (B4) will be:

— 5(0)z (B7)
z=0

>:exp(5(0)z) N / S(2)d / S(2)dz
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Proof:
LHS — —gkue® Gkn gk (1 - e?80%)
J2A0 J2A06 J2A05
] 1—-1-j52A — ...
= gk ( j2iﬁ1 prz ) (By Series expansion of e*)
Neglecting higher terms, we will get:
LHS = —jki12 = RHS (Proved)
That is why here P(0, L) is taken as [exp(S1L) exp(S2L)] which is equal to exp[S(0)z].
In our case, matrix S(z) also obeys the relation given in Eq. (B1)
Proof:
0 0 _jklAl(eJQAﬂlz | _jkmej(A?H‘A/Bz)Z
_ 0 0 —jhigel(BO1TAR)Z kg el 2B
S(z) = jkﬁefﬂAﬁlz jkfzefj(AﬁlJrABQ)z 0 0 (B9)
jsze—j(A51+Aﬁ2)Z Jhibye 20807 0 0
VNG 0 0
_ 0 JAB 0 0
Si=1 0 "o —jasm 0 (B10)
0 0 0 —jABy
j k12 (ABHAS,)
ABz 12
0 0 k1124817240 ej(AﬁﬁlAﬁQ)zZ
iz (A, +AG 255
45(2)/d 0 0 ZgAﬁliAﬂg)zQ) 20 Bokigoel 202 (LHS)
z)/dz =
_j kia (AB1+A0G,)
* 2AB1 2z 12 1 2
2801k e . e~ J(AB1+AB,)z 0 0
12 (AB1+AB,) P IN
Zias+Amy): 208k, 0 0
: k12 (Af)
AB,z 12
0 0 FnABIePS0 % s ARy
k12 (A -
: N N e
SSCI= N ke emane K (881
Apikise —i(ABy+AB,)z 0
ki (AS . iAoz
e—j(liﬂ(ﬁAzﬁ)z)z Afakiye™ 100 0
oap: k12 (A6
0 0 —k11 8B ej(A,B1+A,822)z
— k1o (A :
0 ’ A RN
S8 = 2as: k(M)
ABikiye 280 A v AG)- 0 0
—kj (AB ) * —7] z
i +AGy):  —ABakiye 2 0 0
0 0 k112A81 eI?8P1= k;?((AAﬁ?}I%f)g)
: o I e
Now S15(z) — S(2)S1 = N (RHS)
N e v il 0 0
k;Q (A/31+Aﬂ2) 2A62k§26*j2A322 0 0

o —I(AB1+AB)2
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From the above matrix we can prove Eq. (B1), as LHS & RHS are equal.
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