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A Robust Method of Calculating the Effective Length of a
Conductive Strip on an Ungrounded Dielectric Substrate

Manimaran Kanesan*, David V. Thiel, and Steve O’Keefe

Abstract—Dipole antennas on a substrate without a ground plane are common in wireless sensor
networks and RFID applications. This paper reviews a number of theoretical approaches to solving
for the effective permittivity when the substrate material is thin. The surface impedance and slab
waveguide propagation techniques are compared to a capacitive solution and an insulated wire antenna.
The insulated wire method gives most accurate results (< 3.5%) and was verified using numerical
modeling and experimental work. Measurements on a planar straight dipole on FR4 (fc = 1.50GHz)
compare favorably with the antenna modeled without the substrate and scaled using the insulated wire
technique at (fc = 1.49GHz). The method can be readily incorporate the effect of an RFID antenna
on a thin plastic film placed on a wide variety of lossy and lossless objects.

1. INTRODUCTION

Electrically small dipole antennas are commonly used in applications where size and cost are very
important. For example, should RFID tags be used to replace optical bar codes on products in the
supermarket, the number of antennas required to service this need would be greater than 1 billion
units each year world-wide. In reducing the cost, the material cost should be minimal [1] and printed
conductor technology can be used to minimize production costs. When a dipole length L is placed
on a substrate, its effective length is increased and the resonant frequency decreases. The increase in
effective length depends on the electromagnetic properties of the substrate (commonly very thin plastic
sheeting with an adhesive) and the material which supports the antenna substrate [2–5]. The change in
the effective length depends on the width w of the conducting strip, the permittivity εr of the substrate,
the thickness d of the substrate and also the support material. Figure 1 illustrates these parameters for
a printed dipole antenna.

While flexible dipole antennas are common, there is no simple method for calculating the effect of
the substrate and the material on which the antenna is placed. Some researchers used optimization [6],
a trial and error method [7], and computational methods [8]. These methods are very useful and
approximate solutions can be obtained. Nonetheless these methods are time consuming, computationally
difficult to solve, and required many computational iterations for each new antenna configuration. A
coplanar strip (CPS) technique involves the calculation of the capacitance [3] but the solution for lower
resonant frequencies on a thin substrate does not exist. If the gap s between the two halves of the dipole
is large, the capacitance approaches zero [2] and the results are inaccurate. As there is no conductive
ground plane, a microstrip solution is not applicable and other similar structures (e.g., suspended,
inverted, truncated and paired strips) are also not applicable.

The method of moments code NEC [9] can be used to calculate the resonant length of a wire
dipole on a lossy substrate [4] and a method of converting a wire dipole to a planar structure on a
dielectric substrate using the Hallen transformation [10] has been reported [2]. This paper describes
the formulation of a number of approaches and compares their results with three dimensional FEM
solutions and experimental results.
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Figure 1. Planar dipole antenna on a dielectric substrate.

2. THEORETICAL REVIEW

The electromagnetic performance of a thin dielectric slab can be modeled using plane wave solutions.
The electromagnetic performance of a conducting strip on a thin dielectric slab requires additional
complexity. Four different solutions were investigated (a) surface impedance of an infinite layered half
space (plane wave solution) [11], (b) dielectric slab waveguide propagation (trapped wave solution),
(c) an insulated wire propagation mode (surface wave solution) [12] and (d) the CPS technique (quasi-
static capacitance solution) described briefly [3]. The theories for (a), (b) and (c) have been used in
the solution of various problems, but they have not been previously applied to a printed antenna on an
insulating substrate. In all cases, the velocity of propagation of a TEM wave is modified by the presence
of the dielectric layer. The effective wavelength is scaled by the square root of the effective permittivity
which is the parameter used throughout this paper.

2.1. Surface Impedance Formulation

A plane wave normally incident on a layered material can be calculated using surface impedance
theory. Wait [13] showed that the surface impedance of multiple horizontal layers can be solved using
transmission line equations. Assume we have a layered medium in which an electromagnetic plane wave
in air (medium 1, intrinsic impedance η1) is incident on the horizontal plane (the dielectric substrate,
medium 2, intrinsic impedance η2) and the next layer in the structure is air (medium 3, intrinsic
impedance η3). This is shown in Figure 2.

For a loss-less dielectric, the surface impedance Zin can be written as

Zin = η2
η3 + jη2 tan(βd)
η2 + jη3 tan(βd)

(1)

where η1 = η3 = intrinsic impedance of free space. The phase constant in the dielectric, β is given by,

β =
2π
√

εr

λ
(2)

Figure 2. Plane wave normally incident on a thin dielectric substrate.
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and η2 is,

η2 =
√

µ

ε
=

√
µ0µr

ε0εr
=

η0√
εr

(3)

where ε0 and µ0 are free space permittivity and permeability, and εr and µr are the relative permittivity
and permeability, respectively. The substrate relative magnetic permeability is assumed to be µr = 1.

By writing,

Zin =
√

µ0

ε′ + ε′′
(4)

then β for surface impedance βSI can be written as [11]:
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(5)

From (5) ε′ and ε′′ are the real and imaginary parts of the effective permittivity of the substrate.
The effective relative permittivity from surface impedance solution √εeffSI for dielectric for different
thickness and permittivity can be found:

√
εeffSI =

Re(βSI )λ
2π

(6)

where √εeffSI is a real number.

2.2. Dielectric Slab Waveguide

An infinitely large, dielectric slab waveguide supports surface waves and the TM0 mode is the
fundamental propagation mode found in the dielectric slab of Figure 3 [14]. The EM wave is
predominantly confined to the slab waveguide and propagates through the slab in the z direction.

Figure 3. Geometry of a dielectric slab waveguide.

The relative effective permittivity for the slab waveguide √εeffSlab can be solved by calculating
the constants kc and h from the wave Equations (7) and (8) [14]. Here kc and h are wavenumbers
characterized in the homogenous dielectric and in air regions.

∂2ez(x, y)
∂x2

+ k2
cez(x, y) = 0 (7)

∂2ez(x, y)
∂x2

− h2ez(x, y) = 0 (8)

The cutoff wavenumber kc is given by [12],

kc =
√

εrk2
0 − β2

Slab (9)

where k0 is free space wave number,

h =
√

β2
Slab − k2

0 (10)
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Eliminating βslab from (9) and (10) gives,

k2
c + h2 = (εr − 1)k2

0 (11)

Equation (11) is a transcendental equation where ko and εr must be solved for propagation constants kc

and h by numerical techniques. Satisfying the boundary conditions (7) and (8), the nontrivial solution
gives (12). By multiplying both sides by d with correct kc and h from (11) we have,

kcd tan kcd = εrhd (12)

This leads the correct β for the slab waveguide, βslab . From (6) and (12) √εeffSlab can be found from
βslab for different dielectric thickness.

2.3. Insulated Wire

The presence of a thin insulated coating on a thin wire reduces fc due to the presence of surface wave.
An insulated wire is similar to a dielectric slab on top of a conducting plane. The TM solution is possible
with a thin material coating [15]. The insulated wire with radius wire a, radius dielectric coating b and
dielectric thickness b− a = d is illustrated in Figure 4.

Figure 4. Conducting wire (radius a) with a thin dielectric coating (thickness d).

The β for the insulated wire βwire is solvable from the transcendental Equation (13) involving Bessel
functions. The wavenumbers kc and h are similar to (9) and (10).

K1(hb)
hK0(hb)

=
εr

kc

J0(kca)Y1(kcb)− J1(kcb)Y0(kca)
J0(kcb)Y0(kca)− J0(kca)Y0(kcb)

(13)

where K0 and K1 are modified Bessel functions of second kind; J0 and J1 are Bessel functions of first
kind; Y0 and Y1 are Bessel functions of second kind. The √εeffWire then can be found from (6). The
solution for βWire was calculated using a = 0.05mm. This is a requirements compromise between an
infinitely thin wire and the discretization limits of the FEM voxel requirement.

2.4. Coplanar Strips

The technique used to obtain √εeff from [3] is based on a capacitance method using coplanar strips and
transformed to the center fed dipole structure shown in Figure 1. The CPS structure consists of two
planar conductors placed side by side and distanced by s on an ungrounded substrate of d. To obtain
the appropriate √εeff the capacitance of CPS structure is determined. The total effective capacitance
of the CPS due to the electric field above the structure, in the structure and below the structure leads
to the final effective capacitance of

Ceff = εow[2K1 + (εr − 1)K2] (14)

where K1 and K2 are obtained from (15) and (16),

K1 =
K(k1)
K ′(k1)

(15)

K2 =
K(k2)
K ′(k2)

(16)
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and K(k1) and K ′(k1) is complete elliptical integral of first kind and its complimentary and K(k2) and
K ′(k2) is complete elliptical integral of second kind and its complimentary. Using conformal mapping
transformation and relating k1 and k2 to center fed dipole structure then the following equation obtained

k1 =
L− s

L + s
(17)

k2 =
sinh

(
π(L−s)

4d

)

sinh
(

π(L+s)
4d

) (18)

Then εeff for the centre fed dipole antenna using CPS technique is determined from

εeffCPS = 1 +
(

εr − 1
2

)
K2

K1
(19)

The results for these different solutions, √εeffSI ,
√

εeffSlab ,
√

εeffWire for the fundamental mode and√
εeffCPS on a dielectric layer are bound by limits in (20),

1 <
√

εeff <
√

εr (20)

Thus √εeff will have values between free space to
√

εr when d = 0 to d = ∞ for CPS solution and for
the fundamental propagation modes. This will not be the case for higher order modes. For practical
reasons, most common planar antennas d will lie in the range between 0.1 mm to 0.5mm for plastic
substrates, and d = 1.6mm for the most common FR4 substrate. The √εeff for all four solutions are
plotted in Figure 5 together with FEM solution (discussed in Numerical Modeling section).
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Figure 5. √εeff plotted as for various calculation methods: FEM, surface impedance, dielectric slab
waveguide, insulated wire, and CPS.

3. NUMERICAL MODELING

The half-wavelength dipole wire antenna is designed and transformed to a planar antenna using Hallen’s
transformation from (21)

w = 4a (21)

A free space wire dipole with a = 0.25mm and L = 154.2 mm resonating at 905.5 MHz is transformed to
dipole strip antenna (DSA) in free space using Equation (21). The width of the dipole w = 1 mm with
L equivalent to wire dipole has a similar resonant frequency to wire dipole. This resonance is the centre
frequency for an RFID antenna operating in the frequency band: 860MHz to 960 MHz [1]. The DSA
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in free space attached to a substrate (Figure 1) has the dipole antenna on top of the dielectric (relative
permittivity εr) with source s spaced at 1 mm in the center and distinguished as dipole planar antenna
(DPA). The DPA with εr = 4.5 was simulated using a 3D electromagnetic finite element method, FEM,
for a range of thickness values 0mm < d < 3 mm. The effective permittivity εeff was calculated using:

fc =
c

2L
√

εeff
(22)

where c is the free space velocity of light and fc the fundamental resonant frequency. For FEM
calculations the effective relative permittivity is labeled as εeffFEM .

The change in the resonant frequency fc and the effective relative permittivity εeff (plotted as the
square root of the effective permittivity) are given in Figure 6. An increase in d reduces fc for a fixed
length L. An increase in εr, reduces fc and so √εeff increases. When d = 0, then √εeff = 1.

This paper reports a method to calculate the antenna fundamental resonant frequency fc on an
ungrounded substrate for thin substrates with various permittivity values.

4. MODEL COMPARISON

The calculated √
εeff are plotted in Figure 5 for εr = 4.5 and d = 0 to 3 mm. Figure 5 shows the

calculated solutions for √εeff all increase with increasing d as demonstrated by √
εeffFEM . For all

calculation methods √εeff = 1 when d = 0 showing good agreement to the FEM results √εeffFEM . Note
that a solution for d = 0 and 0.1mm does not exist for the CPS technique. It is clear, however, that the
surface impedance method and the slab waveguide method do not show good agreement with the FEM
results. This is thought to be because the antenna is strongly influenced by the quasi-static near fields
of the antenna, and these two methods are far field results which do not include quasi-static effects.

As all of the √εeff calculations are approximations, an exact match to the FEM results is not
possible.

The resonant frequency of the dipole fc for d = 0 to 3mm calculated using the four different solution
methods are plotted in Figure 7 together with the FEM results. The plot shows that both √εeffSI and√

εeffSlab has less significant change in fc, and √εeffSlab has little change compared to √εeffSI when d
increases. This results in a maximum difference of 216 MHz when d = 3 mm from the simulated fc

(approximately 32% error). The CPS and insulated wire technique are promising methods to use. CPS
has a 6% error with 43 MHz maximum difference from the simulated fc. The maximum insulated wire
difference is 18MHz with approximately 3.5% error and less than 1% error for d < 0.3mm.
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As the RFID main operation bands are 433 MHz, 860 MHz to 960 MHz, 2.45 GHz and 5.8 GHz, the
precision of the insulated wire technique was investigated across the frequency range 400MHz to 6 GHz
(Figures 8(a)–(d)) The DPA with w = 1mm and 2 mm is included in Figure 8. Although w has only a
small effect on fc, changing w by 100% only change fc by 5% [3].

Figure 8 shows the insulated wire method is the better solution across all of the frequency bands
considered. Although fc is similar at lower frequencies and the difference between these two solutions is
small, CPS does not support thin substrates. At higher fc < 3GHz the wire technique is more accurate
with < 5.5% error compared to approximately 11% error for CPS and at 6 GHz the wire technique
is < 8% error compared to CPS with approximately 15% error compared to the FEM modeling (and
discussed in [3]).
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Figure 8. The variation between the FEM fc (w = 1mm and 2mm) and calculated method using
the insulated wire antenna technique and CPS method for different frequency bands for: (a) 400MHz,
(b) 700 MHz, (c) 3GHz, and (d) 6 GHz.

5. EXPERIMENTAL MEASUREMENTS

The√εeffWire solution was investigated using a dipole in air with L = 93.8mm and w = 2 mm resonating
at fc = 1.5GHz. A straight dipole of this size was fabricated on FR4 (εr = 4.5, d = 1.6 mm) (Figure 9(a))
and scaled back to 1.5GHz using the insulated wire method (Figure 9(b)). The resonant frequency fc

of the DPA shifted to approximately 1.2 GHz on the FR4 in simulation and was measured at 1.23 GHz.
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(b)  DPA scaled 

(a)  DPA 

Figure 9. (a) A centre fed DPA (L = 93.8mm and w = 2mm) was fabricated on FR4 (εr = 4.5,
d = 1.6mm). The DPA resonates at 1.23 GHz. (b) The DPA was scaled using (23) (Lscale = 72.5mm)
and the new resonant was fc at 1.49 GHz.
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The solution of √εeffWire at 1.23 GHz shows the insulated wire solution exhibits good agreement to the
simulated and the measured fc. The insulated wire solution and measured dipole are both within the
−10 dB bandwidth of FEM simulation result of 13%.

The new antenna length was calculated without any optimization or trial and error method. To
obtain the desired fc similar to DSA, the DPA length L was scaled [2].

Lscale =
L√
εeff

(23)

The scaling factor reduces the L which increases fc. The scaling approximations can be determined by√
εeffWire . Figure 10 illustrates the simulations results of scaling factor for d = 0 to 3 mm where the DPA

L is scaled to the relative d using √εeffWire . The results show that the error is < 2%, approximately
1.525GHz for entire range of d. In addition √εeffWire is very similar to √εeffFEM . From Figure 11, the
simulation for DPAscaled antenna in Figure 9(b) resonates at 1.52GHz for insulated wire solution, and
the measured antenna is resonating at 1.49 GHz close to the desired frequency. The antenna fc is still
within −10 dB BW of the DSA, wire solution and measured DPAscaled .
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The design process for dipole antenna on a dielectric substrate is illustrated in Figure 12. This
technique is comparatively fast and relatively precise. The entire experimental design process took less
than five minutes to complete with accuracy of 98% using a computer with 4 GB RAM and Intel Core 5.

6. CONCLUSIONS

This paper presents a simple method of designing an ungrounded dipole antenna from an insulated
wire antenna using Hallen’s transformation. Four different techniques were analyzed to obtain the most
precise technique for obtaining a scaling factor. The surface impedance and dielectric slab solutions
had errors in the resonant frequency of approximately 32%. The insulated wire technique offered the
best solution for a wide bandwidth with error of < 5.5% for fc < 3GHz and < 8% for fc = 6 GHz. A
fabricated dipole antenna was scaled using the insulated wire solution. The design frequency lies within
2% of the measured result and was well within the −10 dB impedance bandwidth. The application
of this technique to more complicated antennas designs (e.g., meander line antennas) needs further
investigation.
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