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Abstract—In this paper, the integrated formulas for the electro-
magnetic field in the planar boundary between isotropic and one-
dimensionally anisotropic media due to a horizontal electric dipole
situated on the interface are treated in detail, and the calculable field
components are given in terms of series that involve confluent hyperge-
ometric functions, namely, the Fresnel and exponential integrals. The
expressions are more complex than the isotropic case, and the exact
expressions and simplified formulas can be easily reduced to the corre-
sponding isotropic case. The results are useful to study the propaga-
tion of the electromagnetic waves on the boundary of one-dimensionally
anisotropic earth or sediments.

1. INTRODUCTION

The electromagnetic (EM) fields from a vertical electric dipole or
a horizontal electric dipole near the interface between two different
media, such as earth and air or sea water and rock, have been
known in terms of general integrals for many years [1–15]. Following
Sommerfeld [1], the EM fields were expressed in terms of the derivatives
of Hertz potential for sufficiently large distance between the dipole
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source and the observation point. Many investigators, especially,
Baños [2], Wait [3], and King [4, 5], have re-visited these problems
aiming at the asymptotic evaluation on these integrals.

When studying the EM waves in stratified medium including the
earth, the earth is not an isotropic medium and can be approximated
by one-dimensionally anisotropic half space [4, 12], the properties of
the EM field radiated by dipoles in this case have been investigated
by several investigators, especially Li [13] and Pan [14]. Pan [14] had
investigated the EM fields when the horizontal dipole and observation
point are both located in the isotropic medium. In 2001, Margetis
and Wu [15] examined the Sommerfeld integrals for EM fields in the
planar boundary between air and a homogeneous, isotropic medium
due to a horizontal electric dipole lying along the interface, and some
integrals of the EM fields are exactly evaluated by series that involve
the exponential and Fresnel integrals.

In the present study, the integrated formulas for the EM field
in the planar boundary between isotropic and one-dimensionally
anisotropic media due to a horizontal electric dipole situated on the
interface are treated in detail, and the calculable field components
are given in terms of series that involve hypergeometric functions,
and the expressions are more complex than the isotropic case. The
results can be reduced to the corresponding isotropic case and are
useful to study the propagation of the electromagnetic waves upon the
boundary of one-dimensionally anisotropic earth or sediments. The
time dependence e−iωt is used throughout the whole text.

2. EXACT FIELD COMPONENTS OF HORIZONTAL
ELECTRIC DIPOLE

2.1. Integrated Representations for the Field Components of
a Horizontal Electric Dipole

The relevant geometry and Cartesian coordinate system are illustrated
in Fig. 1, where a unit horizontal electric dipole in the x̂ direction
is located at (0, 0, d). The upper half-space is Region 1 (z ≥ 0)
occupied with isotropic medium characterized by permittivity ε1 and
conductivity σ1, the rest half-space is one-dimensionally anisotropic
medium (z ≤ 0) with εx = εy = εT , εz = εL, and σx = σy =
σT , σz = σL, which leads to the following representation for the
complex permittivity [5, 14]

ε̃1 =

[
ε1 + iσ1/ω 0 0

0 ε1 + iσ1/ω 0
0 0 ε1 + iσ1/ω

]
(1)
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Figure 1. The geometry and Cartesian coordinate system for a
unit horizontal dipole between the sea water and one-dimensionally
anisotropic rock.

ε̃2 =

[
εT + iσT /ω 0 0

0 εT + iσT /ω 0
0 0 εL + iσL/ω

]
(2)

It is assumed that both Region 1 and Region 2 are nonmagnetic
so that µ1 = µ2 = µ0.

When both the dipole source and the observation point approach
boundary (d → 0+, z → 0+), the Fourier-Bessel representations for
the EM field in the cylindrical coordinates (ρ, φ, z) with x = ρ cosφ
and y = ρ sinφ (0 ≤ φ ≤ 2π) had been addressed in [5] and [14], they
are

E1z = − iωµ0 cosφ

4πk2
1

∫ ∞

0

k2
1γe − k2

T γ1

k2
1γe + k2

T γ1
J1(λρ)λ2dλ (3)

E1ρ = −ωµ0 cosφ

4π

∫ ∞

0

{
1

γT + γ1
[J0(λρ) + J2(λρ)]

+
γeγ1

k2
1γe + k2

T γ1
[J0(λρ)− J2(λρ)]

}
λdλ (4)

E1φ =
ωµ0 sinφ

4π

∫ ∞

0

{
1

γT + γ1
[J0(λρ)− J2(λρ)]

+
γeγ1

k2
1γe + k2

T γ1
[J0(λρ) + J2(λρ)]

}
λdλ (5)

B1z =
iµ0 sinφ

2π

∫ ∞

0

1
γT + γ1

J1(λρ)λ2dλ (6)
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B1ρ = −µ0 sinφ

8π

∫ ∞

0

{
γT − γ1

γT + γ1
[J0(λρ)− J2(λρ)]

−k2
1γe − k2

T γ1

k2
1γe + k2

T γ1
[J0(λρ) + J2(λρ)]

}
λdλ (7)

B1φ = −µ0 cosφ

8π

∫ ∞

0

{
γT − γ1

γT + γ1
[J0(λρ) + J2(λρ)]

−k2
1γe − k2

T γ1

k2
1γe + k2

T γ1
[J0(λρ)− J2(λρ)]

}
λdλ (8)

where
γ2

T = k2
T − λ2, Im{γT } > 0

γ2
e =

k2
T

k2
L

(
k2

L − λ2
)
, Im{γe} > 0

γ2
1 = k2

1 − λ2, Im{γ1} > 0

λ2 = k2
x + k2

y

kj = ω
√

µ0 (εj + iσj/ω), j = 1, T, L.

(9)

The above results can be reduced to the appropriate isotropic
results in [5] and [15] when kT = kL = k2. It is interesting that the
integral expressions for the one-dimensionally anisotropic case are no
more complicated than the corresponding isotropic case. Next, the
integrals in Eq. (4)–Eq. (6) will be evaluated exactly in terms of series.

The first Riemann sheet is such that Im
√

k2
T − λ2 ≥ 0,

Im
√

k2
L − λ2 ≥ 0, λ > 0, with the branch-cut configuration similar

to [15], where | k1 |<| kT |, | k1 |<| kL |. Note that the denominator

D(λ) = k2
1γe + k2

T γ1 (10)

has four simple zeros in the Riemann surface. These are located at

λ = ±ks = ±
k1kL

√
k2

1 − k2
T√

k4
1 − k2

T k2
L

(11)

and are not present in the first Riemann sheet.
In order to carrying out the integrations of the above calculable

field components, consider the following replacements

kj = iqj ,
√

k2
j − λ2 = i

√
λ2 + q2

j , (j = 1, T, L) (12)

The Sommerfeld pole corresponds to qs = −iks.
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2.2. The z -component of the Magnetic Field

Comparing the formula Eq. (6) here and Eq. (2.4) in [15], the result
for B1z can be easily got

B1z = −µ0

2π

1
(k2

1 − k2
T )ρ2

[
eik1ρk2

1

(
1 +

3i

k1ρ
− 3

k2
1ρ

2

)

−eikT ρk2
T

(
1 +

3i

kT ρ
− 3

k2
T ρ2

)]
sinφ (13)

2.3. The φ-component of the Electric Field

With the definition qs = −iks, taking into account the following
decompositions

1
γT + γ1

= −i

√
λ2 + q2

1 −
√

λ2 + q2
T

q2
1 − q2

T

(14)

and

γeγ1

k2
1γe + k2

T γ1
= −i


q2

1

√
λ2 + q2

1 − qT qL

√
λ2 + q2

L

q4
1 − q2

T q2
L

+
q2
1qT qL

q4
1 − q2

T q2
L

· 1
q2
1 + qT qL

· q2
1 − q2

L

q2
1 − qT qL

·

qT qL

√
λ2 + q2

1 − q2
1

√
λ2 + q2

L

λ2 + q2
s





 (15)

First, we examine the following integrals

w̃(ρ) =
∫ ∞

0

qT qL

√
λ2 + q2

1 − q2
1

√
λ2 + q2

L

λ2 + q2
s

J1(λρ)dλ (16)

Following [15] and [16], the radical in the integral is given as follows

qT qL

√
λ2 + q2

1 − q2
1

√
λ2 + q2

L

λ2 + q2
s

=
q1qT

λ2 + q2
s

√
q2
1 − q2

L√
q2
1 − q2

T

·
√

λ2 + q2
sx

2

√
x2 − 1

∣∣∣∣
q1/qs

x=qL/qs

=
q1qT

√
q2
1 − q2

L√
q2
1 − q2

T

·
∫ q1/qs

qL/qs

d(x2 − 1)−1/2

λ2 + q2
sx

2
(17)
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then

w̃(ρ) =
q1qT

√
q2
1 − q2

L√
q2
1 − q2

T

·
∫ q1/qs

qL/qs

d

(
1√

x2 − 1

)

·
∫ ∞

0

J1(λρ)√
λ2 + q2

sx
2
dλ (18)

Finally, Eq. (5) can be re-written as follows

E1φ = − iωµ0 sinφ

2π
·
{

1
q2
1 − q2

T

d

dρ

[
Ie(q1ρ)− Ie(qT ρ)

ρ2

]

+
1

q4
1 − q2

T q2
L

1
ρ

[
q2
1Ie(q1ρ)− qT qLIe(qT ρ)

ρ2

]

+
q2
1 − q2

L(
q2
1 − qT qL

)2

q3
1q

2
T qL(

q2
1 + qT qL

)2

√
q2
1 − q2

L√
q2
1 − q2

T

1
ρ
· w(ρ)



 (19)

where

Ie(α) =
∫ ∞

0

√
x2 + α2J1(x)dx = α + e−α (20)

w(ρ) =
∫ q1/qs

qL/qs

d

(
1√

x2 − 1

)
·
∫ ∞

0

J1(λρ)√
λ2 + q2

sx
2
dλ (21)

The following integration is used as [17]
∫ ∞

0

J1(λρ)√
λ2 + q2

sx
2
dλ =

1
qsρx

(
1− e−qsρx

)
(22)

w(ρ) can be divided as follows

w(ρ) = − 1
qsρ

[
q1 − qL

qs
− q1e

−qLρ − qLe−q1ρ

qs
+ ρw(ρ)

]
(23)

The similar integral of Eq. (21) has been addressed in [15] for the
isotropic case. It is noted that, for the corresponding one-dimensionally
anisotropic case, qs is more complex, the result for w(ρ) can be written
readily.

w(ρ) = qsK1(qsρ)− e−q1ρ

ρ

∞∑

m=0

Um(ρ) + qse
−qLρ

∞∑

m=0

Vm(ρ) (24)
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Then

w(ρ) = −i
k1 − kL

k2
sρ

+ i
k1e

ikLρ − kLeik1ρ

k2
sρ

+
π

2
H

(1)
1 (ksρ)

−eik1ρ

iksρ

∞∑

m=0

Um(ρ)− eikLρ
∞∑

m=0

Vm(ρ) (25)

where

Um(ρ) =





1, m = 0

( 1
2)m

(−k2
sρ2)m

m!(2m−1)!
d2m−1

dz2m−1 [ezEi(−z)]z=−ik1ρ , m = 1, 2, 3 . . .





(26)

Vm(ρ) =
√

2πim
(

1
2

)
m

m!
m + 1

2

m− 1
2

(
kL − ks

2ks

)m+ 1
2

·
{

e−iz dm

dzm

[
z−1/2F0(z)

]}

z=(kL−ks)ρ

(27)

In Eq. (26) and Eq. (27), Ei(−z) is the exponential integral,
F0(z) =

∫ z
0

eit√
2πt

dt = C(z) + iS(z), C(z) and S(z) are the Fresnel
integrals as in [18]. Finally, the expression for E1φ is

E1φ =− iωµ0 sinφ

2π

{
eik1ρ

[
2

k2
1 − k2

T

1
ρ3
− ik1

k2
1 − k2

T

1
ρ2

− k2
1

k4
1 − k2

T k2
L

1
ρ3
− ik1k

2
T

k4
1 − k2

T k2
L

(
k2

L − k2
1

)3/2

(
k2

T − k2
1

)3/2

1
ρ2

]

+eikT ρ 1
k2

T − k2
1

[
2
ρ3
− ikT

ρ2

]
+ eikLρ k2

T kL

k4
1 − k2

T k2
L

×
[

1
kT ρ3

+
k2

1

k2
L

(
k2

L − k2
1

)3/2

(
k2

T − k2
1

)3/2

i

ρ2

]
+

ik1

k2
T − k2

1

1
ρ2

− ikT

k2
T−k2

1

1
ρ2

+
k3

1−kT k2
L

k4
1−k2

T k2
L

i

ρ2
− k1k

2
T (k1−kL)

kL

(
k4

1−k2
T k2

L

)
(
k2

L−k2
1

)3/2

(
k2

T−k2
1

)3/2

i

ρ2

+
k2

sk1k
2
T

kL

(
k2

T k2
L−k4

1

)
(
k2

L−k2
1

)3/2

(
k2

T−k2
1

)3/2

i

ρ2
×

[
iπ

2
H

(1)
1 (ksρ)

−eik1ρ

ksρ

∞∑

m=0

Um(ρ)− ieikLρ
∞∑

m=0

Vm(ρ)
]}

(28)
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2.4. The ρ-component of the Electric Field

The integral for E1ρ is evaluated via the interchange of 1/ρ and the
operator (d/dρ) in Eq. (19). We can easily get

E1ρ = − iωµ0 cosφ

2π
·
{

1
q2
1 − q2

T

1
ρ

[
Ie(q1ρ)− Ie(qT ρ)

ρ2

]

+
1

q4
1 − q2

T q2
L

d

dρ

[
q2
1Ie(q1ρ)− qT qLIe(qT ρ)

ρ2

]

+
q2
1 − q2

L(
q2
1 − qT qL

)2

q3
1q

2
T qL(

q2
1 + qT qL

)2

√
q2
1 − q2

L√
q2
1 − q2

T

d

dρ
w(ρ)



 (29)

Following the same steps as in [15], the result of E1ρ is given as

E1ρ = −ωµ0 cosφ

2π
·
{[

1
k1 + kT

+
kT k2

L − k3
1

k4
1 − k2

T k2
L

+
k1k

2
T (k1 − kL)

kL

(
k4

1 − k2
T k2

L

)
(
k2

L − k2
1

)3/2

(
k2

T − k2
1

)3/2

]
1
ρ2

+
[

1
k2

1 − k2
T

i

ρ3
− 1

k4
1 − k2

T k2
L

(
2ik2

1

ρ3
+

k3
1

ρ2

)

− k1k
2
T (ks − kL)

kL

(
k4

1 − k2
T k2

L

)
(
k2

L − k2
1

)3/2

(
k2

T − k2
1

)3/2

(
1
ρ2
− ik1

ρ

)]
eik1ρ

+

[
k2

1k
2
T

k2
L

(
k2

L − k2
1

)3/2

(
k2

T − k2
1

)3/2

(
ikL

ρ
− 1

ρ2

)

+kT

(
kL

ρ2
+

2i

ρ3

)]
kL

k4
1 − k2

T k2
L

eikLρ − i

ρ3
(
k2

1 − k2
T

)eikT ρ

− k1k
2
T k3

s

kL

(
k4

1 − k2
T k2

L

)
(
k2

L − k2
1

)3/2

(
k2

T − k2
1

)3/2

[
iπ

2
H

(1)′
1 (ksρ)

+eik1ρ
∞∑

m=0

Ũm(ρ)− eikLρ
∞∑

m=0

Ṽm(ρ)

]}
(30)

where

Ũm(ρ) =

(
1
2

)
m+1

(−k2
sρ

2
)m

(2m)!(m + 1)!
d2m

dz2m
[ezEi(−z)]z=−ik1ρ , m = 0, 1, 2 . . .

(31)
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Ṽm(ρ) =
√

2πim
(

1
2

)
m

m!
m2 + 3/4

(m− 1/2) (m− 3/2)

(
kL − ks

2ks

)m+ 1
2

·
{

e−iz dm

dzm

[
z−1/2F0(z)

]}

z=(kL−ks)ρ

(32)

3. SIMPLIFIED FORMULAS UNDER THE SPECIAL
CONDITIONS

When |k1| ¿ |kT |, |k1| ¿ |kL| and |kjρ| À 1, j = 1, L, T , with the
similar approximations and replacements as Appendix C in [15], the
asymptotic results can be got and written as

B1z,2 ∼ eikT ρ µ0

2π

k4
T

k2
1

√
2

πkT ρ

∫ ∞

0

√
2te−kT ρtdt sinφ

= eikT ρ µ0

2π

k2
T

k2
1ρ

2
sinφ (33)

E1ρ,2 ∼ ωµ0

4π

[
4ik2

T

k2
1ρ

eikT ρ

√
πkT ρ

∫ ∞

0

√
te−kT ρtdt + 2

kT k2
L

k2
1

× eikLρ

√
πkLρ

∫ ∞

0

√
t

it + (1/2)k2
T /k2

1

e−kLρtdt

]
cosφ

∼ eikLρ ωµ0k
2
T k2

L

2πk3
1

√
π

kLρ

[
F (p)− i(2πp)−1/2

]
cosφ (34)

where

p =
kLk2

T ρ

2k2
1

(35)

E1φ,2 ∼ ωµ0

4π

[
4k3

T

k2
1

eikT ρ

√
πkT ρ

∫ ∞

0

√
te−kT ρtdt +

2ikT kL

k2
1ρ

× eikLρ

√
πkLρ

∫ ∞

0

√
t

it + (1/2)k2
T /k2

1

e−kLρtdt

]
sinφ

=
ωµ0kT

2πk2
1

[
eikLρ ikLkT

k1ρ

√
π

kLρ

(
F (p)−i(2πp)−1/2

)
+eikT ρ 1

ρ2

]
sinφ (36)

E1z,2 ∼ ωµ0

2π

kT k3
L

k3
1

eikLρ

√
πkLρ

∫ ∞

0

√
t

it + (1/2)k2
T /k2

1

e−kLρtdt cosφ

= eikLρ ωµ0k
2
T k3

L

2πk4
1

√
π

kLρ

[
F (p)− i(2πp)−1/2

]
cosφ (37)
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B1ρ,2 ∼ µ0

2π

[
− 2k3

T

k1

eikT ρ

√
πkT ρ

∫ ∞

0

√
te−kT ρtdt

+
ikT kL

k1ρ

eikLρ

√
πkLρ

∫ ∞

0

√
t

it + (1/2)k2
T /k2

1

e−kLρtdt

]
sinφ

=
µ0kT

2πk2
1ρ

2

[
ikT eikLρ

√
πkLρ

(
F (p)−i(2πp)−1/2

)
− eikT ρk1

]
sinφ (38)

B1φ,2 ∼ −µ0

2π

kT k2
L

k1

eikLρ

√
πkLρ

∫ ∞

0

√
t

it + (1/2)k2
T /k2

1

e−kLρtdt cosφ

= −eikLρ µ0k
2
T k2

L

2πk2
1

√
π

kLρ

[
F (p)− i(2πp)−1/2

]
cosφ (39)

4. DISCUSSION AND CONCLUSION

The exact expressions can be reduced to the corresponding isotropic
results. As an example, let kL = kT = k2 and with cancelations made,
Eq. (30) is simplified and written as

E1ρ =−ωµ0 cosφ

2π
·
{[

1
k1 + k2

+
k3

2 − k3
1

k4
1 − k4

2

+
k1k

2
2 (k1 − k2)

k2

(
k4

1 − k4
2

)
]

1
ρ2

+
[

1
k2

1 − k2
2

i

ρ3
− 1

k4
1 − k4

2

×
(

2ik2
1

ρ3
+

k3
1

ρ2

)

−k1k2 (ks − k2)(
k4

1 − k4
2

)
(

1
ρ2
− ik1

ρ

)]
eik1ρ

+
[
k2

1

(
ik2

ρ
− 1

ρ2

)
+ k2

(
k2

ρ2
+

2i

ρ3

)]
k2

k4
1 − k4

2

eik2ρ

− i

ρ3
(
k2

1 − k2
2

)eik2ρ − k1k2k
3
s(

k4
1 − k4

2

)
[
iπ

2
H

(1)′
1 (ksρ)

+eik1ρ
∞∑

m=0

Ũm(ρ)− eik2ρ
∞∑

m=0

Ṽm(ρ)
]}

=
iωµ0 cosφ

2π
· k2

2

k4
1 − k4

2

{[
k2

1 − k2
2

k2
2ρ

3
− ik1

k2
1 − k2

2 (1− ks/k2)
k2

2ρ
2

+
k2

1 (1− ks/k2)
ρ

]
eik1ρ +

(
k2

1 − k2
2

k2
2ρ

3
− i

k2
1 − k2

2

k2ρ2
− k2

1

ρ

)
eik2ρ

−i
k1

k2
k3

s

[
iπ

2
H

(1)′
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]}

(40)



Progress In Electromagnetics Research M, Vol. 33, 2013 221

It is seen that the reduced result for E1ρ is identical to the
corresponding isotropic result Eq. (3.49) in [15]. With a similar
progress,the simplified formulas in this paper can also be reduced to
the corresponding isotropic results. The expressions for EM fields in
the one-dimensionally anisotropic medium are much more complicated
than the corresponding isotropic case. The results in this paper are
useful to study the propagation of the EM waves on the boundary of
one-dimensionally anisotropic earth or sediments.
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