Progress In Electromagnetics Research, Vol. 143, 143-163, 2013

PROPAGATION OF A LORENTZ-GAUSS YVORTEX
BEAM IN A TURBULENT ATMOSPHERE

Guoquan Zhou' * and Guoyun Ru?

1School of Sciences, Zhejiang A & F University, Lin’an 311300, China
2ASML Inc., 77 Danbury Road, Wilton, CT 06897, USA

Abstract—The propagation properties of a Lorentz-Gauss vortex
beam in a turbulent atmosphere are investigated. Based on the
extended Huygens-Fresnel integral, the Hermite-Gaussian expansion
of a Lorentz function, etc., analytical expressions of the average
intensity, effective beam size, and kurtosis parameter of a Lorentz-
Gauss vortex beam are derived in the turbulent atmosphere. The
spreading properties of a Lorentz-Gauss vortex beam in the turbulent
atmosphere are numerically calculated and analyzed. The influences
of the beam parameters on the propagation of a Lorentz-Gauss vortex
beam in the turbulent atmosphere are examined in details. Upon
propagation in the turbulent atmosphere, the vale in the normalized
intensity distribution of a Lorentz-Gauss vortex beam gradually rises.
The rising speed of the vale is opposite to the spreading of the
beam spot. When the propagation distance reaches to a certain
value, the Lorentz-Gauss vortex beam in the turbulent atmosphere
becomes a flattened beam spot. When the propagation distance is
large enough, the beam spot of the Lorentz-Gauss vortex beam tends
to be a Gaussian-like distribution. This research is beneficial to optical
communications and remote sensing that are involved in the single
mode diode laser devices.

1. INTRODUCTION

Due to the highly angular spreading, Lorentz-Gauss beams provide
a better beam model than Gaussian beams to describe the radiation
emitted by a single mode diode laser [1,2]. A special case of Lorentz-
Gauss beams is the Lorentz beam. The relation between Lorentz
beams and relativistic Hermite polynomials has been investigated [3].
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The focusing properties of the linearly polarized Lorentz beam with
sine-azimuthal variation of wavefront have been studied [4]. A super-
Lorentzian beam can be constructed using Lorentz beams as a basis [5].
The effect of Kerr nonlinearity on the Lorentz beam has been examined
using the nonlinear Schréinger equation [6]. The beam propagation
factor [7] and the Wigner distribution function [8] of Lorentz-Gauss
beams have been derived. Propagation of Lorentz-Gauss beams in
free space [9], in uniaxial crystals orthogonal to the optical axis [10],
and through an apertured fractional Fourier transformation optical
system [11] has also been examined, respectively. The virtual source
for generation of the rotationally symmetric Lorentz-Gauss beam has
been identified [12]. The Lorentz-Gauss beam can be used to trap
the particles of refractive index larger than that of the ambient [13].
Recently, Lorentz-Gauss beams have been extended to the partially
coherent case [14].

When the radiation emitted by a single mode diode laser goes
through a spiral phase plate, it becomes a Lorentz-Gauss vortex beam.
The phase of the Lorentz-Gauss vortex beam can be easily modulated
by the spiral phase plate. The advantage of the Lorentz-Gauss vortex
beam over the Loretnz-Gauss beam is that the former has a twisted
phase front and zero intensity in the center region of the beam profile.
Owing to carrying the orbital angular momentum, the Lorentz-Gauss
vortex beam has potential application in the fields of optical trapping,
optical guiding, optical micro-manipulation, nonlinear optics, quantum
information processing, etc. [15-23]. Analytical expressions for the
three components of the nonparaxial propagation of a Lorentz-Gauss
vortex beam in uniaxial crystals orthogonal to the optical axis have
been derived, and the intensity and the phase distributions of the three
components have been shown by numerical examples [24]. Focusing
properties of the linearly polarized Lorentz-Gauss beam with one
on-axis optical vortex has been investigated by means of the vector
diffraction theory [25]. Due to the crucial applications in optical
communications and remote sensing, the average intensity and the
spreading properties of various kinds of laser beams including the
Lorentz and the Lorentz-Gauss beams in the turbulent atmosphere
have been extensively investigated [26-35]. However, to the best of
our knowledge the propagation of a Lorentz-Gauss vortex beam in the
turbulent atmosphere has not been reported. In the remainder of this
paper, therefore, the propagation of a Lorentz-Gauss vortex beam is
examined in the turbulent atmosphere. Analytical formulae of the
average intensity, the effective beam size, and the kurtosis parameter
are derived by means of the mathematical techniques.
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2. PROPAGATION OF A LORENTZ-GAUSS VORTEX
BEAM IN A TURBULENT ATMOSPHERE

In the Cartesian coordinate system, the z-axis is taken to be the
propagation axis. The Lorentz-Gauss vortex beam in the source plane
z = 0 takes the form of
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where rg = zoe; +yoe,. e, and e, are the two transverse unit vectors
in the Cartesian coordinate system, respectively. wg, and wg, are the
parameters related to the beam widths of the Lorentz part in the z-
and y-directions, respectively. wq is the waist of the Gaussian part.
M denotes the topological charge and is assumed to be positive. The
time dependent factor exp(—iwt) is omitted in the Eq. (1), and w
is the angular frequency. Here, we consider the simplest case of the
Lorentz-Gauss vortex beam namely M = 1. The Lorentz distribution
can be expanded into the linear superposition of Hermite-Gaussian
functions [36]:
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where N is the number of the expansion. Hay,(.) and Hy,(.) are the
2mth- and 2nth-order Hermite polynomials, respectively. as,, and a9,
are the expansion coefficients and are given by [36]
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where erfc(.) is the complementary error function. The Lorentz-Gauss
vortex beam with M = 1 in the source plane can be rewritten as:
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where

1 1 1

- 5
u? w8+2w8j’ (5)

and j = x or y (hereafter). The propagation of a Lorentz-Gauss vortex
beam in a turbulent atmosphere can be calculated by the following
extended Huygens—Fresnel integral:

E(r
1k
27rz/ / (ro,0 exp[—éz(ro—r)2+¢(ro,r)} dzodyo, (6)

where r = ze, +ye,. (r, z) is the receiver plane. 1 (rg, r) is the solution
to the Rytov method that represents the random part of the complex
phase. k = 27/ is the wave number. ) is the wavelength. The average
intensity of a Lorentz-Gauss vortex beam in the receiver plane is given

by
(I(r,2)) = 4::22/Z/Z/Z/ZE(POLO)E*(POQ,O)

ik ik
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{exp [¥h(ro1, 1) + ¥*(ro2, T)]) drordrog, (7)

where the angle brackets indicate the ensemble average over the
medium statistics, and the asterisk denotes the complex conjugation.
The last ensemble average term in the above equation can be expressed
as follows [37]:
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(ro1 — ro2)?
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where Dy, (ro; —ro2) is the phase function in Rytov’s representation and

o]

PO = (0.545C2k%2)~3/5 is the spherical wave lateral coherence length.
C? is the structure constant of the atmospheric turbulence. Using the
followmg mathematical formulae [38]
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where [n/2] gives the greatest integer less than or equal to n/2, one
can obtain the analytical average intensity of a Lorentz-Gauss vortex
beam in the receiver plane

<I(I‘, Z)> = [51(x7 Z) + ,32(%, Z) + 53(‘757 Z) + 54(377 Z)],B()(y, Z)
+Bo(x, 2)[B1(y, 2) + B2y, 2) + B3(y, 2) + Baly, 2)]
—i[ﬁ5(l‘, Z) + ﬂg(.%', Z)][ﬁﬁ(y’ Z) + ﬁ7(ya Z)] + i[ﬁﬁ(xa Z)
+57(x, 2)][B5(y, 2) + Bs(y, 2)], (14)

with /BO(jaZ)a /Bl(jaz)a 52(jaz)a 63(jaz)a B4(jaz)a Bf)(jaz)v Bﬁ(jvz)7
ﬁ7(j7 Z)7 and ﬁS(j’ Z) being giVGIl by

. . N N
SO Y R T T
,2) = — ex — A2m, G
ﬁO(] ) Az ajag; b ( ;i 40&1'2’2 2mq1 W2mo
m1=0mo=0

1_L m2§ L(2my)! Z 1)%2(2mg)!
i ll 2?711 — 2[1 ! l2 2m2 — 2l2)

041]

2mo—2lo
Z < 2m2 — 2l2 >22(m1+m2—11—12)
I3

l3=0

) ) 2mi+i3—21;

V(1 g) P20 (2my + 13 — 21y)! <Z]2]
J

[(2m1 +l3—2ll)/2] S
Z OéQj 1 (15)
— 4¢35% ) sl(2ma+l3—201 —2s)!

kwg 1 52]2 kQU}g 'j2 N N
; _ ] J J
B1(J, Z) = 16z ——— eXp - 4a1j22 § § A2m, A2mgy

aliQ a
1525 2j m1=0ms=0

< 1 )(2m2+1)/2 [(2m1+1)/2} (_1)[1 (2m1 + 1)| [(2m2+1)/2]



148 Zhou and Ru

2mo+1-21
(=12 (2mg+1)! m2z 2<2m2+1 2l2)22(m1+m2+1 lh—ly)
lg!(2mg+1—2l2)! ls—0 l3

. N\ 2motl—2l9—
V)
[(2m1+l3+1—2l1)/2]

> 1 2 ) 1o
s!(2m1+ I3+ 1— 21— 23)! 4532j2 ’

s=0

kuw?, 1 €252 k22 2\ X N
. 9 J 07
,2) = ex — MoQom,
Pa(j, 2) 2\ anjan p ag; Aoy, 2? Z Z 282m, B2ma
m1=0mo=1

< 1 >(2m2—1)/2 [(2m1+1)/2] (_1)11 (2n+ 1)]

1— —
aij I11(2mq + 1 — 20y)!

.\ 2mi+lz+1—20
§iJ )

(2my+13+1-21;)! <
Otgj

11=0

2ma—1)/2 ma—2la—
| _ — 1) l
15=0 l2.(2m2 212 1) 1520 3
g2(mutma—ti=la)yla gy 22T (9 4 g 1 — 20y

D

.\ 2mi+ls+1-20 [(2mi+i3+1-211)/2]
s=0

Oégj

1 as; \
17
s!(2my + 13+ 1 — 20y — 2s)! <4§J2.j2> ’ (17)

kuf; [ 1 §7* _ Frug;s®
o) = 20 [ SR ) prT
( ) 4z a1jo; Qo 4041],22 g mq U2mo

( 1 >(2m2+1)/2 [(2m1—1)/2] (—1)1(2my — 1)!

1 - —
alj ll!(2m1 - 2[1 - 1)'

11=0

(=1)2(2mg + 1)! 2m2i_212 <2m2 +1- 2l2>

1220 Io!(2mg + 1 — 2I9)! r l3

22(m1+m2—l1—l2)% (77 j)2m2+1 20213 (2my + 13 —20; — 1)!
<£'j>2m1+l3—211—1 [(2ma+l3—211-1)/2]
J

D

s=0

[(2ma+1)/2]

agj



Progress In Electromagnetics Research, Vol. 143, 2013 149

1 as )
18
sl(2my + 13 —20; — 25 — 1)! (452. '2> ’ (18)

kwg. 1 52 -2 kaO
54 j7 z) = J exp j
b:2) z 015025 agj  Adagjz? m;h;l

MM, @ 1_L (2ma1)/2 (@ra=)/ }(—1)11(2m1—1)!
1776202m; U2my a5 l1!(2m1—211—1)!
11=0
[(MQX:I)/Q} (—=1)2(2mg — 1)! zmzi%_l 2ma—2l—1
= bl2my—2-1) o~ A
2= 3=

9 2(my+ma—1—11— 12) (7733)2m2 —2lp—13— 1(2m1+l3—2l1 — 1)

<§jj > 2my+l3—2l —1 [(2m1+l3—211—1)/2]

>

a2 s=0

1 as )
19
sl(2my + 13 — 2l — 25 — 1)) (4532.]'2) ’ (19)

q . N N
) kwoj; 1 5]2»]2 k2w%jj2
Bs5(j,z) = R 1502 exp ( oy 4a1j22 Z Z A2m, A2me

m1=1mo=1

(1_1>m2 [(2m1+1)/2] (_1)l1(2m1+1)!

aqj =0 l1!(2m1 +1-— 2[1)!
Z (=D (2my)! Qmi% 2my — 2l
l2 2m2 — 2l2) I5=0 l3

2 (m”m hl) 4yl (g, y2me =2l (9 41 41— 20y)!
(5.3. ) 2mq+l3+1—21; [(2ma+is+1-2101)/2]
J

>

a2 s=0

1 as; )
8!(2777,1 +13+1—201 — 23)' 45]2.72 ’

; 2\ N N
. k?WQj 1 é?]Q ]{32ng]2
Bod:2) = —~ o, eXp( "l 2 > D

052]



150 Zhou and Ru

1 1\ @mat1)/2 ma (=14 (2my)!
A2m, A2me, ayj = 11!(2m1 — 2[1)!

(2ma-+1)/2

-2l
(—1)2(2ms + 1)! 2””‘% " 2myt 120
= bCme+1-20) = s

2= 8=
92(mi+ma—l— l2)+17§3 (njj)2m2+1_2l2_l3 (2m1 + 13 — 2[1)!
(6] ) 2ma +13—20 [(2mi+13—201)/2]

J

a2j

5=0
1 S
a2

21
s!(2my + I3 — 211 — 2s)! <4§g2j2> ’ =

kwg, |1 §7° _Fugii”) o o

Br(j,z) = —2 S y e
(7, 2) 2z Q1509 Q2 o ;22 Z: ;1

iy (1 ) S G mL
2my 42ms a1 — 1! (2my —20)!

(2ma—1)/2

S (—1)2(2mg — 1)! Qin_% 9mg — 1 — 2y
10 121(2777,2 —1- 2l2)! 0 l3
2= 3=
9 2(mi+mao—l1—l2)— 1,7;3 (77 j)ng 1—2l5—I3 (2m1 g — 2[1)
<§j ) 2m1+1l3—201 [(le-‘rlg 211)/2]
>34

Q25 5=0

1 @2j ’
22
s!'(2my + 13 — 2l; — 2s)! <4€g2]2> 7 -

) ) N N
kwoj 1 §3°  Kwg;g°
’ e _ mia a
/8 (] ) 5, \/; Xp<a2j 4041]‘2’2 Z Z 1U2m, U2my
mi=1lma=1

S
alj =0 ll'(2m1 —1-— 2[1)'

Z l2 2m2) 2m22_212 2mo — 2l9
lQ 2m2 - 2l2) ls

I5=0




Progress In Electromagnetics Research, Vol. 143, 2013 151

92(mi+ma—li—l2)— 1,7;3 (njj)zmz_%_l:‘ (2my+13—1-2[3)!

(fjj ) 2my+ls—1—21 [(2ma+ls—1-201)/2]

>

Ozgj

s=0
1 S
Qag;
, 23
s!(2m1—|—l3—1—2l1—25)! (45?]2> ( )
where the auxiliary parameters are defined by
1 1 ik 9
Oélj = -+ - — — Wos, (24)
(ug o} 2z> J
11 ik wg;
Qg; = 72+72_+_27 w(2]j_ 'J4, (25)
uy Py z @15P0
o ik’woj lkng 2%
gj_ 2z _22a‘2’ ()
15Pp
2
V= ; (27)
’ (a%j — a15)12pg
k"LUoj

nj = (28)

Ziz(a%j —anj)l/?

The effective beam size of the Lorentz-Gauss vortex beam in the
j-direction of the receiver plane is defined as [39]
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Substituting Eq. (14) into Eq. (29), the analytical effective beam size
of the Lorentz-Gauss vortex beam yields
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with Ag and Aj; being given by
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I'(-) is a Gamma function. The auxiliary parameter ¢; is defined by

w2, €2
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In the above derivation, the following integral formula is used [38§]

/ 2" exp(—cx™) = H(;l) —(n+1)/2p <n—2i— 1) (40)

The kurtosis parameter, which is employed to describe the degree
of flatness of the laser beams, is an important parameter to evaluate
the beam propagation. The kurtosis parameter in one transversal
dimension, e.g., the z-direction, is defined as [40]

4
K (a1
where (2?) and (z?) are given by
(@) = Loy o dedy g (42)

f f 2))dxdy

Therefore, the kurtosis parameter of the Lorentz-Gauss vortex beam
in the j-direction of the receiver plane is found to be
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with As; being given by
+Box(2.5)[B1y(1.5)+Bgy(0.5)+Bgy(0.5)+B4y(—0.5)], (44)
1 Bou(0.5)[B1y (3.5) + Bay (2.5) + Bsy (2.5) + By (L5)].  (45)

The analytical formulae of the average intensity, the effective beam
size, and the kurtosis parameter of a Lorentz-Gauss vortex beam in the
turbulent atmosphere are complicated. However, with increasing the
even number 2m, the value of as,, decreases dramatically compared to
ap = 0.7399 and as = 0.9298x10~2. When m = 5, ajg = 0.3008 x 10~°.
Therefore, N will not be large in the calculations with acceptable
accuracy. Therefore, the calculations of the average intensity, the
effective beam size, and the kurtosis parameter are convenient and
fast using software like Mathematica.
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3. NUMERICAL CALCULATIONS AND ANALYSES

The spreading properties of a Lorentz-Gauss vortex beam in the
turbulent atmosphere are numerically calculated using the formulae
derived above. Figs. 1-3 represent the normalized average intensity
distribution of a Lorentz-Gauss vortex beam at several different
propagation distances in the turbulent atmosphere. The parameters
chosen in calculations are: A = 0.8 um and C? = 1074 m~%/3. The
reference planes are z = 0.2km, 1km, 2km, and 5km, respectively.
The beam parameters of the Lorentz-Gauss vortex beam can be divided
into three following cases: the waist of the Gaussian part being
larger than the beam widths of the Lorentz part, the waist of the
Gaussian part being smaller than the beam widths of the Lorentz
part, and the waist of the Gaussian part being equal to the beam
widths of the Lorentz part. Therefore, Figs. 1-3 correspond to the

(a) (b)
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Figure 1. (Color online) Normalized average intensity distribution
of a Lorentz-Gauss vortex beam at different propagation distances
in the turbulent atmosphere. wg = 2cm and wo, = wo, = 1cm.
(a) z=0.2km. (b) z=1km. (c) z=2km. (d) z = 5km.
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above three cases. Due to the isotropic influence of the atmosphere
turbulence, the normalized average intensity in the central region
gradually increases and finally becomes the maximum value with
increasing the propagation distance z. When the propagation distance
z is an appropriate value, the Lorentz-Gauss vortex beam in the
turbulent atmosphere will become a flattened beam spot. When the
propagation distance z is large enough, the beam spot of the Lorentz-
Gauss vortex beam tends to be a Gaussian-like distribution. Among
the three cases the spreading of the Lorentz-Gauss vortex beam with
wp = Woy = Woy = lcm is the largest, and the spreading of the
Lorentz-Gauss vortex beam with wp = 2cm and wg, = wo, = 1cm is
the smallest. The spreading of the Lorentz-Gauss vortex beam with
wp = 1cm and wo, = woy = 2cm is moderate. The reason is that the
spreading of the Lorentz distribution in the turbulent atmosphere is
higher than that of the Gaussian distribution.
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Figure 2. (Color online) Normalized average intensity distribution
of a Lorentz-Gauss vortex beam at different propagation distances
in the turbulent atmosphere. wy = lcm and wo, = woy = 2cm.
(a) z=0.2km. (b) z=1km. (c¢) z=2km. (d) z = 5km.
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Figure 3. (Color online) Normalized average intensity distribution
of a Lorentz-Gauss vortex beam at different propagation distances in
the turbulent atmosphere. wo = wp, = woy = lcm. (a) z = 0.2km.
(b) z=1km. (¢) z=2km. (d) z=5km.

Figure 4 shows the normalized intensity distributions in the y-
direction of Lorentz-Gauss vortex beams at different propagation
distances in the turbulent atmosphere. The solid, the short dashed,
and the dotted curves correspond to wg = 2 cm and wo, = woy = 1 cm,
wp = lem and wo, = woy = 2cm, and wy = wor = woy = lcm,
respectively. With increasing the propagation distance z, the vale in
the normalized intensity distribution in the y-direction of a Lorentz-
Gauss vortex beam gradually rises and finally disappears. The rising
speed of the vale in the case of wyp = 2cm and wo, = woy = 1cm is
the fastest, and the rising speed of the vale in the case of wg = wp; =
woy = 1cm is the slowest. It seems that the rising speed of the vale is
opposite to the spreading of the beam spot. It exhibits similar behavior
in the z-direction to the y-direction. To further explore the spreading
property of a Lorentz-Gauss vortex beam in the turbulent atmosphere,
the effective beam size in the z-direction of a Lorentz-Gauss vortex
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Figure 4. (Color online) Normalized intensity distributions in the
y-direction of Lorentz-Gauss vortex beams at different propagation
distances in the turbulent atmosphere.

beam versus the propagation distance z in the turbulent atmosphere is
depicted in Fig. 5. As we consider the most common case of wo, = woy,
the effective beam size in the z-direction is equal to that in the y-
direction. Therefore, only the effective beam size in the z-direction is
taken into account. With the same wq, the Lorentz-Gauss vortex beam
with the smaller wg, spreads more rapidly. With the same wyq,, the
Lorentz-Gauss vortex beam with the smaller wg spreads more quickly.
The kurtosis parameter in the x-direction of a Lorentz-Gauss vortex
beam versus the propagation distance z in the turbulent atmosphere is
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shown in Fig. 6. The kurtosis parameter in the x-direction undergoes
the following process: with increasing the propagation distance z, the
kurtosis parameter in the x-direction first decreases to the minimum
value, then increases, and finally tends to be a saturated value. Under
the condition of having the same wyp, K, in the reference plane close to
the source plane decreases by increasing the beam widths of the Lorentz
part. There exists a small range of the propagation distance, in which
K increases by increasing the beam widths of the Lorentz part. When
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Figure 5. (Color online) The effective beam size in the z-direction
of a Lorentz-Gauss vortex beam versus the propagation distance z in
the turbulent atmosphere. (a) wy = 2cm and wo, = woy. (b) wo, =
woy = 1 cm.
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Figure 6. (Color online) The kurtosis parameter in the z-direction
of a Lorentz-Gauss vortex beam versus the propagation distance z in
the turbulent atmosphere. (a) wy = 2cm and wo, = woy. (b) wo, =
woy = 1 cm.
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the propagation distance is relatively large, K, first decreases and then
increases by increasing the beam widths of the Lorentz part. Under
the condition of having the same wg, and wg,, K, in the reference
plane close to the source plane increases by increasing the waist of the
Gaussian part. When the propagation distance is relatively large, K,
also increases by increasing the waist of the Gaussian part.

4. CONCLUSIONS

Based on the extended Huygens-Fresnel integral and the expansion of
Lorentz distribution into Hermite-Gaussian functions, the analytical
expressions of the average intensity, the effective beam size, and the
kurtosis parameter of a Lorentz-Gauss vortex beam are derived in
the turbulent atmosphere, respectively. The spreading properties
of a Lorentz-Gauss vortex beam in the turbulent atmosphere are
numerically calculated and analyzed. Upon propagation in the
turbulent atmosphere, the normalized average intensity in the central
region of the Lorentz-Gauss vortex beam gradually increases. At
certain value of the propagation distance z, the Lorentz-Gauss vortex
beam in the turbulent atmosphere becomes a flattened beam spot.
When the propagation distance z is large enough, the beam spot of the
Lorentz-Gauss vortex beam tends to be a Gaussian-like distribution.
The rising speed of the vale in the normalized average intensity
distribution is opposite to the spreading of the beam spot in three
different cases of beam widths of Gaussian part and Lorentz part.
With the same wg, the Lorentz-Gauss vortex beam with the smaller
wo, spreads more rapidly. With the same wyg,, the Lorentz-Gauss
vortex beam with the smaller wg spreads more quickly. The kurtosis
parameter undergoes the following process: with increasing the
propagation distance z, the kurtosis parameter first decreases to the
minimum value, then increases, and finally tends to be a saturated
value. This research is beneficial to optical communications and remote
sensing that are involved in the single mode diode laser devices.
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