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Abstract—The dispersion properties of an anisotropic metamaterial
composed of periodic stacking of graphene-liquid crystal layers are
investigated in the far-infrared region. It is represented that this
structure is able to show both the elliptic and hyperbolic dispersions
using the tunable properties of the graphene and liquid crystal.
The switching between two dispersion phases via control of the
temperature, voltage and external electric field is studied. It is shown
that this switching can be used to control of the transmission and
reflection at the interface of the metamaterial and air.

1. INTRODUCTION

Hyperbolic dispersion or indefinite metamaterials (MMs) are a kind of
anisotropic MMs in which different components of the permittivity and
permeability tensors have opposite signs [1]. This results in an unusual
hyperbolic dispersion relation for the medium and consequently
many interesting phenomena such as hyperlensing [2–5], control of
the electromagnetic fields [6], all-angle zero reflection [7, 8], all-
direction pulse compression [9] and all-angle zero reflection-zero
transmission [10] can be happened. Recently, the realization and
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some properties of hyperbolic MMs are investigated using the MMs
with periodic metal-dielectric layered structures and periodic metallic
lines [11, 12]. One of the most important disadvantages of such
structures is the lack of tunability and switching properties. Besides,
high dissipative loss of MMs due to the presence of the metal layers is
another problem of these structures.

This problems can be overcome if materials with low loss and
tunable optical parameters are used in the layered structures. More
recently, Li et al. have investigated a switchable hyperbolic MM
with magnetic control using a periodic gyromagnetic-dielectric layered
structure [10]. They have shown that the dispersion relation of the
structure can be switched between hyperbolic and elliptic phases via
d.c. magnetic control and the dissipative loss of the MM is lower than
the metallic structures in the microwave region.

Graphene, an allotrope of carbon atoms arranged in one atom
thick honey-comb lattice [13], can be introduced as another alternative
to lossy metallic layers. Beside the general features such as
high mobility of carriers, flexibility, robustness and environmental
stability [14, 15], graphene has some properties which can make it
a suitable option in designing photonic devices and hyperbolic MMs.
At the frequency ranges of THz and far-infrared, the dissipative loss
of graphene is less than the usual metals and its optical response
is described by the surface conductivity which is related to its
chemical potential and can be controlled and tuned by voltage or
chemical doping [16–18]. Graphene-based liquid crystal devices, optical
modulators and switches can be mentioned as examples [19–22].
Also, the optical properties and some applications of the multilayer
graphene structures have been investigated by different research
groups. For example, Wang et al. investigated the coupling between
surface plasmon polaritons in a multilayer graphene sheet arrays [18].
Graphene hyperlens for THz radiation have been proposed by
Andryieuski using graphene-dielectric multilayered stack [23]. Iorsh et
al. suggested a kind of hyperbolic MMs where individual graphene
sheets are separated by host dielectric slabs and demonstrated a
possibility of tuning the dispersion properties of the MM with external
electric and magnetic fields [24]. The tunability of the reflection and
transmission properties of a film made of graphene-dielectric multilayer
structure at THz frequencies have been investigated by Othman et
al. [25].

On the other hand, liquid crystals (LCs) as a kind of uniaxial
nonmagnetic dielectric materials with tunable optical properties [26],
are good choices to be used in the mentioned layered MMs.
The permittivity components of the LC molecules are temperature
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dependent and the anisotropy of the material can be easily controlled
by the electric fields [26–28]. Consequently, the optical response of the
whole MM structure is modified.

So, in the present paper, we study the dispersion properties of a
kind of hyperbolic MMs composed of periodic graphene-LC layered
structure. The major advantage of this MM structure comparing
with the previously mentioned ones is the possibility of the thermal
controlling of the dispersion properties of the MM. The effects of
the temperature, external electric field and voltage in the dispersion
behavior of the MM are investigated. It is found that the dispersion of
the structure can be switched between hyperbolic and elliptic phases
via control of the mentioned parameters. Also, the possibility of using
this structure as a switchable all-angle total transmitter is shown by
the simulation.

2. THEORETICAL MODEL

The model of our MM is represented in Fig. 1. It is a graphene
multilayer structure in which the spaces between graphene sheets are
assumed to be filled with LC material. This may be done using vacuum
filling method which is a well-known technique in the experimental
study of liquid crystals [29]. So, the structure can be considered
as a periodic stacking of graphene monolayers and LC (dielectric)
layers. The thicknesses of the graphene, d1 = 1 nm, and the LC
layer, d2 = 20 nm, are assumed to be much smaller than the operating
wavelength, λ = 10.6µm, and satisfying the homogeneous effective
medium approximation.

Figure 1. The model of MM structure which is a periodic stacking of
graphene and LC layers.
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The effective permittivity of the graphene is shown by εg and
the permittivity of the LC is given by diagonal tensor, ε̄LC =
diag[εlcx, εlcy, εlcz]. This periodic structure can be viewed as an
effective anisotropic MM with the permittivity tensor as ε̄eff =
diag[εx, εy, εz] [30], where

εx =
εgεlcx(d1 + d2)
εgd2 + εlcxd1

εi =
εgd1 + εlcid2

(d1 + d2)
(1)

and i = y, z. The permeability of the effective anisotropic MM is
assumed to be µ = 1. In this work only transverse magnetic (TM)
mode is considered and we assume a plane wave with the magnetic
field of the form H = Hy exp[i(kxx + kzz) − ωt]ŷ. Using the Maxwell
equations

∇×E = −µ
∂H
∂t

, ∇×H = ε̄eff
∂E
∂t

, (2)

the following wave equation is obtained inside the effective MM:

∇× (
ε−1∇×H

)
= −µ

∂2H
∂t2

. (3)

By using simple algebra, the dispersion relation of the effective MM
can be derived as:

k2
x

εz
+

k2
z

εx
=

ω2

c2
. (4)

The sign of εx and εz are dependent on the optical parameters of
the graphene and LC layers and from Eq. (4), one can find that the
dispersion of the structure is hyperbolic when εxεz < 0 and is elliptic
when εxεz > 0.

The graphene is considered as ultrathin metallic layers with the
relative equivalent permittivity of εg = 1 + iσgη0/(k0d1) where k0 =
2π/λ is the vacuum wavevector, η0 is the impedance of air and σg is
the surface conductivity of the graphene [18]. σg is obtained from the
Kubo formula [31] including the intraband and interband transition
contributions as σg(ω) = σintra

g (ω) + σinter
g (ω), where

σintra
g (ω) =

e2

4~
i

2π

{
16kBT
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2kBT

))}
,
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e2
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− i
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(~ω−2µc)2+(2kBT )2

}
.

(5)

Here, e is the charge of an electron, kB the Boltzmann constant, T the
temperature in K, and µc the chemical potential which we assume to
take the values between 0.1–0.5 eV [33]. These expressions show that
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the interband contribution plays the leading role around the absorption
threshold, ω ≈ 2µ, while the intraband contribution is important at
relatively low frequencies, ω < 2µ. Recently, it has been demonstrated
that the spatial dispersion of graphene may have influence on the
propagation of electromagnetic waves, but this effect is negligible when
the graphene sheets are surrounded by low permittivity dielectrics [32].
So, we neglect the spatial dispersion effect in our study.

We consider the mostly used commercial liquid crystal mixture
E7, with a wide nematic temperature range (263 K to 331 K), as a
constituent of the dielectric layers. At λ = 10.6µm, the ordinary (no)
and extraordinary (ne) refractive indices of E7 are determined around
1.5 and 1.7, respectively. As mentioned earlier the no and ne of the
LC are temperature dependent and can be shown as [27, 28]:

ne(T ) ' a− bT +
2
3
(4n)0 × S

no(T ) ' a− bT − 1
3
(4n)0 × S

(6)

where S = (1− T
Tc

)β is the order parameter, Tc is the phase transition
point in K, β a constant coefficient which depends on the LC material,
(4n)0 the birefringence at T = 0K, and a and b are two parameters
obtained by fitting the experimental and theoretical data. For E7
nematic LC, Tc = 331 K and the fitting parameters at the operating
wavelength, λ = 10.6µm, are obtained as: a = 1.7201, b = 2.25 ×
10−4 (1/K), (4n)0 = 0.3499 and β = 0.2579 [27]. The imaginary
parts of the extraordinary and ordinary refractive indexes at the given
wavelength are assumed as κe = 9.28 × 10−3 and κo = 6.75 × 10−3,
respectively [34].

3. RESULTS AND DISCUSSION

The optical properties of the graphene depend on its surface
conductivity. The conductivity can be varied by adjusting the chemical
potential, which is governed by the carrier density. The carrier density
can be changed by either chemical doping or by the application of a bias
voltage. So, one can tune εg by the control of the chemical potential
via voltage tuning and this leads to the modification of the dispersion
properties of our MM structure.

To see this effect, we suppose that the voltage is applied to the
graphene layers along the x̂ direction and µc can be tuned between
0.1 eV to 0.5 eV. In the experimental realization, this voltage may be
provided by electrodes which are THz transparent dc conductors such
as thin doped InSb films [24, 35]. However, these materials show some
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limitations in the temperature and frequency ranges and the solution
of this problem is the subject of a new study. The LC molecules are
also oriented in this direction under the influence of the electric field
and the components of the permittivity tensor of the LC are defined by
εlcx = εe, εlcy = εo and εlcz = εo where εo and εe are the ordinary and
extraordinary permittivity constants, respectively. In Fig. 2(a), the
equifrequency curves of the dispersion relation (Eq. (4)) are plotted
as a function of the µc at room temperature (T = 300 K) and the
given wavelength, λ = 10.6µm. It is evident from the figure that the
dispersion of the MM can be controlled and switched between ellipticity
and hyperbolicity via control of the voltage. The curves are elliptic for
a small range of low value chemical potentials, while by increasing the
voltage they will change into hyperbolic at µc > 0.122 eV (magenta
curve). Further increase of µc, modifies the shape of the curves but
doesn’t change the dispersion type of the MM. Here, the lower µc are
shown by the bluish colors while the reddish ones show the higher µc.
This switchability is the great advantage of the using graphene instead
of the conventional metals in the layered MM structures and can
have many potential application in the control of the electromagnetic
waves and designing the graphene-based switchable devices such as
hyperlenses.

Figure 2. (a) The equifrequency curves of the dispersion relation
as a function of µc and (b) the equifrequency curve of the dispersion
relation for the cases a (magenta curve) and b (blue curve) of the LC
orientation at a given wavelength, λ = 10.6µm and room temperature
(T = 300K).

Strong sensitivity and response to the external electric fields is
one of the major characteristics of nematic LCs which has so many
applications in the photonics and optoelectronics. By applying an
electric field, the LC molecules tend to align along the direction of the



Progress In Electromagnetics Research, Vol. 143, 2013 551

field and in conventional electro-optical devices, a field, on the order of
a few (volts/µm) [36], is sufficient to rotate the director axis of the LC
around 90◦. This small value of the external field has not significant
effect in the chemical potential of the graphene multilayers [17]. In
our case, the reorientation of LC molecules influences the anisotropy
of the medium and leads to the modification of the optical and
dispersion properties of the MM structure. So, we study this effect
by investigating the dispersion of the MM for two cases of the LC
directions at room temperature. We use the same chemical potential
µc = 0.15 eV for both cases.

In the case (a), we assume that the LC molecules are aligned in
the plane of the interfaces using a d.c. electric field and their director
is along the ẑ direction. Here, we consider chemically doped graphene
sheets with µc = 0.15 eV and the other parameters as the same as
mentioned earlier. In the case (b), we consider pure graphene sheets
with a stronger gate voltage to prepare chemical potential of 0.15 eV.
Consequently, the LC molecules are aligned perpendicular to the layers
under the influence of this field and their director is along the direction
of x̂. So, the permittivity of the LC is shown by ε̄LC = diag[εo, εo, εe]
for the case (a) and ε̄LC = diag[εe, εo, εo] for the case (b).

In Fig. 2(b), the equifrequency curves of the dispersion relation
(Eq. (4)) are plotted for the cases a (magenta curve) and b (blue
curve) at the given wavelength and room temperature. The possibility
of the switching between elliptic and hyperbolic dispersions by the
reorientation of the LC molecules is obvious from the figure. The
MM has the elliptic dispersion relation for the case (a) while it can
be changed simply to the hyperbolic via the external electric field
application.

LCs, as a kind of anisotropic nonmagnetic dielectric materials,
have temperature dependent dielectric constants. This tunability is
an advantage of the LCs comparing with the other dielectric materials
and has many applications in the optical switching and sensing devices.
Meanwhile, our numerical analysis showed that the temperature
dependent variation of the graphene conductivity (Eq. (5)) is negligible
around the room temperature. Here, we study the effect of the
temperature on the dispersion properties of our MM structure. It is
assumed that the nematic LC molecules are aligned parallel to the ẑ
direction and the chemical potential of the doped graphene is taken as
µc = 0.15 eV. In Fig. 3(a), the temperature dependence of the values
of εx, εz and εxεz are represented in the range of 300 K to 320 K.

It is evident from the figure that εx is always positive in the
given temperature region, but the sign of εz and consequently the
sign of εxεz, are changed from + to − near the 312 K by increasing the



552 Madani et al.

temperature. This different behavior is due to the different forms of εx

and εz (Eq. (1)) and also opposing temperature gradients of εo and εe

of the LC material (Eq. (6)). As mentioned before, this will result in
the considerable change in the dispersion behavior of the anisotropic
MM.

Figure 3. (a) The temperature dependence of εx, εz and εxεz,
(b) the equifrequency curves of the dispersion relation as a function
of temperatures at a given wavelength, λ = 10.6µm and chemical
potential µc = 0.15 eV.

To show this effect more clearly, in Fig. 3(b), the equifrequency
curves of the dispersion relation (Eq. (4)) are plotted as a function of
the temperature at the used wavelength. In the figure, the higher and
the lower temperatures are shown by the reddish and bluish colors,
respectively. It is obvious from the figure that the elliptic dispersion
of the MM is gradually switched to the hyperbolic one via the increase
of the temperature. The switching temperature in this case is around
312K and the corresponding dispersion curve is shown by the magenta
color in the figure. It is evident that in the neighborhood of the
switching point the dispersion curves are restricted to the very small
values of kx, i.e., only the waves with the propagation direction around
the ẑ can propagate inside the MM. But, with going away from the
switching temperature, the waves with the larger kx can also have
propagation in the MM.

As mentioned before, one potential application of the dispersion
switching in the MM is the control of the reflection and transmission at
the terminating surface of the MM. It is shown that for an anisotropic
hyperbolic dispersion MM, reflection is dependent on the surface
termination angle of the MM [7, 10]. In other words, it depends on
the angle between the interface and the asymptote of the hyperbolic
dispersion curve. If the surface of our MM is cut perpendicularly to
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one of the asymptote, the zero reflection condition is fulfilled for all
incident angles and we have an all-angle total transmitter which can
be tuned by the controlling parameters.

To illustrate this critical condition, we consider a new coordinate
system (x′, y′, z′) by rotating the principle system by the angle of θ
around y axis. In this new system, the permittivity tensor of the
effective anisotropic MM is obtained as:

ε̄′ =
(

εx′x′ εx′z′
εz′x′ εz′z′

)
=

(
εxC2 + εzS

2 CS(εx − εz)
CS(εx − εz) εxS2 + εzC

2

)
(7)

where, C ≡ cos(θ) and S ≡ sin(θ). Using the Maxwell equations, the
dispersion relation in new coordinate system is obtained as:

εx′x′k
2
x′ + εz′z′k

2
z′ + 2 εx′z′kx′kz′

εx′x′εz′z′ − ε2
x′z′

=
ω2

c2
(8)

where, kx′ and kz′ are the components of the propagation vector
along x′ and z′, respectively. The critical condition is defined as
θ = θc = arctan(

√
| εz

εx
|), in which the equifrequency dispersion curve

in the new coordinate system have a perpendicular asymptote to the
x′ axis.

For the case of perpendicular orientation of the LC molecules to
the layers at room temperature and other parameters used in this work,
θc = 22.2◦ is calculated and the equifrequency dispersion curve in
new coordinate system is plotted in Fig. 4(a). It is evident from the
figure that the x′ axis is perpendicular to the one of the asymptote of
the hyperbolic dispersion. Therefore, if the MM surface is terminated
normally to z′ axis, i.e., in the (x′-y′) plane, the condition of all-angle
zero reflection is fulfilled for the waves incident from the MM to the
interface.

To show more about this effect, the FDTD simulation results of
our model are represented in Fig. 4(b) to Fig. 4(d) where we have used
a TM polarized Gaussian beam with the wavelength of λ = 10.6µm.
Fig. 4(b) to Fig. 4(d) are related to the incidence situations shown in
Fig. 4(a) and corresponding to the incidence angles, θinc = 22.2◦ = θc,
θinc = 12◦ < θc and θinc = 35◦ > θc, respectively. θinc is defined as the
angle between incident wave and the normal to the interface of MM
(left part) and air (right part). The simulation results show the zero
reflection for all of the three incident waves and confirm the all-angle or
θinc-independent total transmission of our MM structure in the critical
condition. As mentioned in the previous sections, the dispersion of the
MM can be switched to the elliptic form by changing the director
orientation of the LCs or tuning the voltage, so the total transmission
condition is switched off. Unlike the total transmission condition,
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Figure 4. (a) The equifrequency dispersion curve in the new
coordinate system for the case of critical condition, θ = θc. It is
assumed that the LC molecules are oriented perpendicular to the
layers at room temperature. (b), (c) and (d) FDTD simulations of
the magnetic field distribution for a TM polarized Gaussian beam
which is incident from MM to the interface of MM (left) and air
(right) corresponding to the incidence angles, θinc = 22.2◦ = θc,
θinc = 12◦ < θc and θinc = 35◦ > θc, respectively.

the direction of the the phase and group velocities (wave vector and
pointing vector) of the electromagnetic waves in the anisotropic MM is
completely dependent on the θinc. These directions for the cases of b, c
and d are represented by the ~k and ~s vectors in the figures, respectively.
For the case b, where the incidence angle of the beam is equal to the
critical angle (θinc = θc), the ~k and ~s are completely parallel, while,
unparalleled directions of them are evident for the cases of c and d.

4. CONCLUSION

In summary, the dispersion properties of the MM composed of
graphene-LC periodic layers are investigated for the TM polarized
waves. The permeability of the LC and the surface conductivity
of the graphene sheets are tunable parameters. So, the optical
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parameters of the effective structure can be controlled and the MM
is able to show both the elliptic and hyperbolic dispersion depending
on the optical constants of the constituent materials. The effects of
the temperature, voltage and external electric field on the optical
constants and consequently, on the dispersion of the MM are studied.
Our calculation shows that the dispersion of the MM can be easily
switched between elliptic and hyperbolic via control of the mentioned
parameters. Hyperbolic dispersion materials have some applications
in the design of hyperbolic devices such as hyperlenses. Besides, the
switching between elliptic and hyperbolic dispersion results in the
tunability of these devices. For example, it may have many applications
in the control of the electromagnetic fields at the surface of the MM.
Our simulation results show that the graphene-LC multilayer structure
has zero reflection for all incident angles if the surface of the MM is cut
in a critical condition. In this case, it can work as a tunable all-angle
total transmitter.
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