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Abstract—As the distribution of the multiuser interference plus noise
in time-hopping ultrawide bandwidth (TH-UWB) systems can not
be reliably approximated by Gaussian probability density function
(PDF), the bit error rate (BER) performance of the conventional
matched filter receiver in TH-UWB multiuser systems degrades. In
this paper we study a novel TH-UWB receiver based on two PDFs
approximating the distribution of the multiuser interference plus noise.
Firstly we investigate the difference between the distribution of the
multiuser interference plus noise when the received pulse is collided
by interfering pulses and that when it is not. Then two PDFs are
developed to approximate the distribution of multiuser interference
plus noise in these two cases respectively instead of using one PDF for
both cases as done in other research works. Based on these two PDFs,
a new detection scheme of TH-UWB receiver is proposed. The results
show that BER performance of the proposed receiver is improved by
50% or more as compared to the conventional matched filter receiver,
blinking receiver, Gaussian mixture receiver and p-order receiver using
simulations.

1. INTRODUCTION

Ultrawide bandwidth (UWB) wireless communication technology with
merits such as high-speed transmission, low-cost transceiver circuitry
and material penetration, has attracted a great deal of attention
among researchers over the past few years [1–7]. In a multiuser UWB
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wireless communication system, a sequence of sub-nanosecond duration
pulses are transmitted with information inserted in the polarity or
the location of these pulses and an additional pseudorandom time
shift is added to each pulse starting point to allow different users to
share the same channel [8]. This multiple access scheme is known
as time hopping (TH) method [9]. It has been shown that in TH-
UWB multiuser systems the bit error rate (BER) performance of the
conventional matched filter (CMF) receiver, the optimal receiver when
only additive Gaussian noise is presented in the channel, is significantly
degraded by the multiuser interference [10]. The CMF receiver is no
longer the optimal receiver for TH-UWB systems because the multiuser
interference plus noise, which will be referred to as total disturbance
hereafter, is not reliably Gaussian distributed [11].

Several alternative receivers are proposed based on better models
for the distribution of the total disturbance than the Gaussian
approximation. The soft-limiting receiver based on Laplace probability
density function (PDF) [10], GM receiver based on Gaussian mixture
PDF [12] and p-order receiver based on generalized Gaussian PDF [13]
are proposed and they are shown to achieve better BER performance
than the CMF receiver. Instead of introducing a better model for
the distribution approximation of the total disturbance the blinking
receiver proposed in [14] discards the received pulses when they are
collided by interfering pulses. It is shown that the blinking receiver
can achieve better BER performance than the CMF receiver in the
case of strong interfering signals. In [15] an optimal receiver for single
user detection in TH-UWB systems is introduced using the maximum a
posteriori (MAP) receiver design rule based on an exact mathematical
model.

In TH-UWB communication systems, the multiuser interference
(MUI) is provoked by pulse collisions [16, 17]. The distribution of the
total disturbance which contains Gaussian noise and MUI when the
received pulse is collided by interfering pulses may be quite different
from that when the received pulse is not collided since the total
disturbance in this case contains only Gaussian noise. Therefore one
PDF might not be well approximating the distribution of the total
disturbance, in case when the received pulse is collided and also when
the received pulse is not collided. In this paper we investigate the
difference of the total disturbance’s distribution between the two cases
above and then adopt two PDFs to approximate the distribution of
the total disturbance instead of using one approximating PDF for both
cases [10, 12, 13]. Specifically, we use a generalized Gaussian PDF to
approximate the distribution of the total disturbance when the received
pulse is collided and a Gaussian PDF to approximate the distribution
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of the total disturbance when the received pulse is not collided. Based
on the two approximating PDFs, a new detection scheme of TH-UWB
receiver is proposed which does not discard any pulse and treats the
collided pulses differently from those which are not collided.

In the proposed detection scheme, the receiver should determine
whether there is a collision or not and can be implemented as following.
As in [18, 19], a separate control channel is pre-assigned in the system,
and each user sends a beacon in this channel before it starts sending
the symbols in the data channel, thus all the user know the sending
instants of the symbols. Many time-of-arrival estimation techniques
have been proposed for impulse-radio UWB systems [20] with which
a user knows the arriving instants of the symbols transmitted by the
other users. A user in the system can select its own TH sequence and
exchanges it with the other users or there is a central controller which
assigns and distributes TH sequences to the users. Thus each user
knows the TH sequences of all the users in the system, which is the
assumption also made by [14, 21, 22]. With the assumptions above,
each user knows the arriving time of the pulses sent by other users,
i.e., the receiver knows whether or not the pulse of the desired user is
collided.

The BER performance of the proposed receiver is compared with
that of the conventional matched filter receiver, blinking receiver,
Gaussian mixture receiver and p-order receiver via simulations. The
results show that the novel receiver can reduce the BER by 50% or
more under the circumstances investigated. The BER performance of
the proposed receiver is lower than that of the optimal receiver since
it detects symbols based on two PDFs of multiuser interference plus
noise distribution, which approximate to the exact PDF of practical
UWB pulses. The complexity of the proposed receiver is the same as
that of the blinking receiver since both the receivers need to determine
whether the received pulse is collided or not. The proposed receiver has
higher complexity compared with CMF receiver, GM receiver and p-
order receiver since a separate control channel is used to determine
whether the received pulse is collided or not. Compared with the
optimal receiver, our receiver needs less computation resources to
acquire the PDF of MUI and less memory resources to store the
PDF in the receiver. Furthermore our receiver can adapt with the
changing environment since the approximate PDF of MUI can be easily
determined by the system parameters, which can be easily obtained
when the environment is changed.

The remainder of this paper is organized as follows. In Section 2,
the TH-UWB system model considered is described. In Section 3, we
investigate the distribution difference of the total disturbance and the
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two PDFs for distribution approximation of the total disturbance are
developed. Section 4 is devoted to describing the proposed detection
scheme. In Section 5, simulation results of the BER performance of
the novel receiver and other receivers are presented and discussed.
Section 6 concludes this paper.

2. SYSTEM MODEL

We consider a TH binary phase shift keying (BPSK) UWB system.
The kth user’s signal can be described as [1]

s(k)(t) =
√

Eb

Ns

+∞∑

j=−∞
d

(k)
bj/Nscp

(
t− jTf − c

(k)
j Tc

)
(1)

where Eb is the bit energy, and Ns is the number of frames in an
information bit. The random variable (RV) d

(k)
bj/Nsc is the bj/Nscth

information bit in the jth frame of the kth user, which takes value from
{+1, −1} with equal probability. b·c is the flooring operator. p(t) is the
signal pulse with width Tp, and is normalized so that

∫ +∞
−∞ p2(t)dt = 1.

Tf is the time duration of a frame, thus the bit duration Tb = NsTf .
{c(k)

j } represents the TH code for the kth user. It is pseudorandom
and its element takes an integer value from [0, Nh). Here Nh is the
number of hops per frame. Tc is the hop width satisfying the condition
NhTc ≤ Tf .

Assuming that Nu users are transmitting, then the received signal
is

r(t) =
Nu∑

k=1

Aks
(k)(t− τk) + n(t) (2)

where Ak and τk is the channel gain and propagation delay of the kth
user respectively. Following a widely adopted assumption, {τk}Nu

k=1 are
assumed to be uniformly distributed on bit duration [0, Tb] [10]. n(t)
is an additive white Gaussian noise (AWGN) process with two-sided
power spectral density N0/2.

Consider using a correlation receiver to coherently demodulate
the desired user’s signal. Assume the first user is the desired user
and d

(1)
0 is the desired symbol. Without loss of generality, we assume

that c
(1)
j representing the TH sequence for the desired user is 0, for all

j [13]. Assuming perfect synchronization, p(t−τ1−mTf ) is correlation
waveform. The detection of desired symbol d

(1)
0 is based on the Ns
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outputs of the correlator in bit duration. The correlator output in the
mth frame of d

(1)
0 (0 ≤ m < Ns) is given by

Rm =
∫ (m+1)Tf+τ1

mTf+τ1

r(t)p(t−τ1−mTf )dt = Sm +Nm+Im = Sm+Ym (3)

where Sm = A1

√
Eb/Nsd

(1)
0 is the desired signal component, and Nm

is the AWGN component which is Gaussian distributed with zero mean
and variance N0/2. Im is the interference term and can be written as
the following with the assumption NhTc < Tf/2− 2Tp [1]

Im =
√

Eb

Ns

Nu∑

k=2

Akd
(k)
b(m+mk)/NscR

(
αk − c

(k)
m+mk

Tc

)
(4)

where R(x) is the autocorrelation function of the pulse p(t); mk is the
value of the time difference τ1− τk rounded to the nearest frame time,
and αk is the fractional part of time difference [10]. Note that when the
pulse of the desired user in the mth frame is not collided by interfering
pulse Im equals to 0, and when it is collided by one or more interfering
pulses Im is a RV. The RV Ym = Im + Nm is the total disturbance in
the mth frame.

3. DISTRIBUTION APPROXIMATION OF THE TOTAL
DISTURBANCE

The distribution of the total disturbance in a single frame which
contains AWGN and MUI when the received pulse is collided by
interfering pulses may be quite different from that when the received
pulse is not collided since the total disturbance in this case contains
only AWGN. To evaluate this difference, we simulate a TH-UWB
communication system with multiple users. In this simulation (also
other simulations in this paper), the second-order Gaussian monocycle
p(t) = [1− 4π(t/τp)2] exp[−2π(t/τp)2] is used as the signal pulse where
τp is the time normalization factor [13]. The parameter settings are
listed in Table 1 following [10, 13]. Based on whether the pulse of
the desired user is collided or not, the samples of Ym obtained in the
simulation are grouped into two sets.

Figure 1 represents the simulated PDF of the amplitude of Ym

when the pulse of the desired user is not collided and that when the
pulse of the desired user is collided. The simulated PDFs are acquired
by histogram and the bin width is 0.05. There are 2 × 106 samples
generated to obtain each simulated PDF. It can be observed that the
distribution of Ym when the pulse of the desired user is not collided and
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Table 1. Parameters of the TH-BPSK UWB system.

Parameter Notation Value

Time normalization factor [ns] τp 0.2877

Impulse width [ns] Tp 0.7

Frame duration [ns] Tf 20

Hop width [ns] Tc 0.9

Number of hops per frame Nh 8

Number of frames per bit Ns 4

Number of users Nu 4

Channel gain of interfering users {Ak}Nu
k=2 1

Signal-to-noise ratio [dB] SNR = Eb/N0 20
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Figure 1. The simulated PDF of the amplitude of Ym.

that when the pulse of the desired user is collided are different. Owing
to the obvious discrepancy, one single PDF could not well approximate
the distribution of Ym simultaneously for the two cases above.

In this paper we use two separated approximating (SA) PDFs to
model the distribution of Ym. It can be modeled as a Gaussian PDF
when the pulse of the desired user is not collided since Ym contains
only Gaussian noise. When the pulse of the desired user is collided
Ym consists of MUI and Gaussian noise, and a generalized Gaussian
PDF is adopted to approximate the distribution of Ym. As Gaussian
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model is a special case of generalized Gaussian model, the generalized
Gaussian PDF with different values of the parameters is adopted to
model the distribution of Ym for the collided and not collided cases,
and it can be written as [23]

fYm(ym) =
1

2Γ(1 + 1/p)A(p, σ)
exp

[
−

∣∣∣∣
ym − µ

A(p, σ)

∣∣∣∣
p]

(5)

where Γ(z) is the Gamma function given by

Γ(z) =
∫ ∞

0
exp(−t) · tz−1dt (6)

and
A(p, σ) = σ[Γ(1/p)/Γ(3/p)]1/2. (7)

µ, σ, p are, respectively, the mean, standard deviation and shape
parameter of the distribution [24]. When the pulse of the desired user
is not collided, we have µ = 0 and σ2 = N0/2, thus the SA PDF
fYm(ym) is denoted as fa

Ym
(ym), and can be written as

fa
Ym

(ym) =
1√

2πσ2
exp

[
−(ym − µ)2

2σ2

]
. (8)

When the pulse of the desired user is collided, the SA PDF fYm(ym) is
denoted as f b

Ym
(ym). The parameters µ, σ, p in f b

Ym
(ym) are estimated

by calculating the mean, second moment and kurtosis of Ym when the
pulse is collided using the system parameters, and the derivation is
provided in the appendix.

In Figure 2 the SA PDFs are plotted with the simulated PDFs
when the pulse of the desired user is not collided and when it is collided,
and in addition the Gaussian mixture approximating (GMA) PDF [12]
and the generalized Gaussian approximating (GGA) PDF [13] are also
presented. The parameter settings adopted are the same as those given
in Table 1. It can be seen that when the pulse of the desired user is
not collided, the SA PDF fa

Ym
(ym) provides excellent match to the

simulated PDF, and when the pulse of the desired user is collided, the
SA PDF f b

Ym
(ym) also provides good approximation to the simulated

PDF.
To evaluate PDF approximation, the Kullback-Leibler (K-L)

distance is introduced to characterize the similarity between the
simulated PDF and approximating PDF [25]. The K-L distance
between PDFs fX1(x) and fX2(x) is given by

KL[fX1(x), fX2(x)] =
∫ +∞

−∞
fX1(x) ln

fX1(x)
fX2(x)

dx. (9)
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Table 2. KLS between the simulated PDF and the approximating
PDFs.

Approximating PDFs Not collided Collided
GGA PDF 0.349 0.410
GMA PDF 0.256 0.333
SA PDF 0.005 0.069
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Figure 2. (a) The simulated PDF, the SA PDF fa
Ym

(ym), the GMA
PDF and the GGA PDF when the pulse of the desired user is not
collided. (b) The simulated PDF, the SA PDF f b

Ym
(ym), the GMA

PDF and the GGA PDF when the pulse of the desired user is collided.

The smaller the K-L distance, the more would be the similarity between
the two PDFs. As the K-L distance metric is asymmetric, the sum of
the two K-L distances KLS [fX1(x), fX2(x)] = KL[fX1(x), fX2(x)] +
KL[fX2(x), fX1(x)] is adopted to evaluate the similarity between the
simulated PDF and approximating PDF. The KLS between the
simulated PDF and the approximating PDFs plotted in Figure 2(a)
and Figure 2(b) are listed in Table 2. Obviously, for the two cases,
the SA PDF has a smaller distance to the simulated PDF than
the GGA PDF and the GMA PDF, especially when the pulse of
the desired user is not collided. Then it can be verified that the
two generalized Gaussian PDFs with different values of parameters
better approximate the distribution of the total disturbance than the
approximating generalized Gaussian PDF and Gaussian mixture PDF.
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4. DETECTION SCHEME

Using the two SA PDFs, the new detection scheme of TH-UWB
receiver is proposed based on the maximum likelihood (ML) method.
With the assumption that the total disturbance terms are independent
in different frames of a bit [12], the final decision statistic for the ML
method can be expressed as follows [26]

U = log
Ns−1∏

m=0

fYm (Rm − |Sm|)
fYm (Rm + |Sm|) =

Ns−1∑

m=0

Zm (10)

where fYm(·) is the PDF of Ym, and Zm is the log-likelihood ratio in
the mth frame, which is given by

Zm = log
fYm (Rm − |Sm|)
fYm (Rm + |Sm|) . (11)

When the pulse of the desired user in the mth frame is not collided, we
use fa

Ym
(ym) to model the distribution of the total disturbance in this

frame, and then the log-likelihood ratio in the mth frame is calculated
according to (11). When the pulse of the desired user in the mth
frame is collided, we use f b

Ym
(ym) to model the distribution of the

total disturbance in this frame, and the log-likelihood ratio in the mth
frame can be obtained accordingly. Using the final decision statistic,
the transmitted information bit d

(1)
0 is detected according to the rule

U > 0 ⇒ d
(1)
0 = +1 (12)

U < 0 ⇒ d
(1)
0 = −1. (13)

If U = 0, d
(1)
0 is decided by a fair coin toss.

5. SIMULATION RESULTS AND DISCUSSION

In this section, we compare the BER performance of the proposed
receiver with that of the blinking receiver, the GM receiver, the p-order
receiver and the CMF receiver through simulation. The parameter
settings are the same as those given in Table 1. When demonstrating
the BER as a function of one parameter, other system parameter
settings will be specified and fixed.

Figure 3 shows the BER of the receivers as a function of the SNR.
It can be seen that when SNR is small the proposed receiver achieves
about the same BER as the other receivers, and when we increase SNR
it outperforms other receivers. When SNR exceeds 25 dB the BER of
the proposed receiver is approaching its error floor which is two orders
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Figure 3. The BER versus
SNR for the proposed receiver,
the blinking receiver, the GM
receiver, the p-order receiver and
the CMF receiver. The channel
gain of the desired user is 0.25.
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ber of users in the system for the
proposed receiver, the blinking re-
ceiver, the GM receiver, the p-
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ceiver. The channel gain of the
desired user is 0.25 and SNR =
20dB.

lower than that of CMF receiver and one order lower than that of the
other receivers.

The observations can be explained as follows. For small values of
SNR, the AWGN dominates the MUI, and then the difference between
the distribution of the total disturbance when the received pulse is
collided and that when the received pulse is not collided is small. In
this case, one PDF is sufficient for the distribution approximation of
the total disturbance, so the proposed receiver achieves almost the
same BER of the GM receiver, the p-order receiver and the CMF
receiver. For large values of SNR, the MUI dominates the AWGN,
and then the distribution of the total disturbance when the received
pulse is collided differs significantly from that when the received pulse
is not collided. The distribution of the total disturbance can not be
well approximated by one PDF; therefore, the proposed receiver based
on two PDFs outperforms the other three receivers. The proposed
receiver outperforms the blinking receiver by taking the collided pulses
into account instead of discarding them, and as the SNR grows,
the desired signal component is more and more significant, thus the
BER improvement achieved by the proposed receiver over the blinking
receiver increases as the SNR grows.

Figure 4 shows the BER of the receivers as a function of the
number of users in the system. It is shown that the proposed receiver
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outperforms the other receivers for all the investigated values of the
number of users in the system. When there are 8 users in the system
the BER of proposed receiver is 5.8 × 10−3 while the lowest BER of
other receivers is 1.5 × 10−2. The reason of the BER improvement
over the GM receiver, the p-order receiver and the CMF receiver is
that the proposed receiver better models the total disturbance and the
reason of BER improvement over the blinking receiver is that it does
not discard the collided pulses.

It can also be seen that as the number of users increases, the
BER performance gains achieved by the proposed receiver over the p-
order receiver, the GM receiver and the CMF receiver decrease. The
reason is that the proposed receiver perfectly models the distribution
of Ym only when the pulse of the desired user is not collided. As
the number of users increases, the pulses of the desired user are
collided more frequently, and then the proposed receiver less frequently
models the distribution of Ym perfectly, thus the BER gains decrease.
It can also be observed that as the number of users increases, the
BER performance gain achieved by the proposed receiver over the
blinking receiver increases. The reason is that as the number of users
increases, the blinking receiver discards more collided pulses owing to
the increased pulse collision probability while the proposed receiver
does not discard any pulse.

Figure 5 shows the BER of the receivers as a function of the
channel gain of the desired user. It is shown that the proposed receiver
outperforms the other receivers for most investigated values of the
channel gain of the desired user as the proposed receiver does not
discard the collided pulses and better models the total disturbance.
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Figure 5. The BER versus channel gain of the desired user for the
proposed receiver, the blinking receiver, the GM receiver, the p-order
receiver and the CMF receiver.
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When A1 is 0.5, the BER of proposed receiver is 7.3 × 10−6, which is
more than one order lower than the lowest BER of the other receivers.
It is can be seen that the proposed receiver achieves almost the same
BER performance as the other receivers when A1 (the channel gain of
the desired user) is smaller than 0.1. The reason is that when A1 is
small, the desired signal component is small, and then all the receivers
achieve very high BER, thus the difference among them is small. It
can also be found that when A1 is larger than a threshold, about 0.4,
the BER performance gains achieved by the proposed receiver over
the GM receiver, the p-order receiver and the CMF receiver decrease
as A1 increases. The reason is that when A1 is large enough, the
receivers above can all achieve low BER due to the large desired signal
component, and then the modeling of the total disturbance does not
significantly impact the BER.

Note that the slope of the BER curve of the proposed receiver is
changed when the channel gain exceeds about 0.4. It can be explained
as follows. When the received pulse is not collided the BER of the
receiver decreases slowly with the increase of A1 at large A1 since the
BER curve achieves error floor. When the received pulse is collided the
BER of the receiver decreases at the same pace for the whole the range
of A1 considered since the total power of the multiuser interference plus
noise is too high to achieve the error floor for large A1. In summary
the overall BER for both cases, when the received pulse is collided and
when it is not, decreases slower with the increase of A1 when A1 is
large than when it is small.

It is also shown that when A1 is large the BER of the blinking
receiver does not decrease as A1 increases while the BER of the
proposed receiver keeps decreasing. For the blinking receiver, when
A1 is large enough the BER of the bits in which at least one pulse
is not collided is approaching to zero while the BER of the bits in
which all the pulses are collided is 50% which is independent of A1

since the signal detection decision at this time is made by a fair coin
toss. Therefore there is a lower bound of the BER performance of
blinking receiver when A1 is large, which is determined by the collision
probability. But there is not such a bound for the proposed receiver.

6. CONCLUSION

In this paper, a novel TH-UWB receiver is proposed based on two PDFs
approximation in multiuser systems. We use two PDFs to approximate
the distribution of the total disturbance when the pulse of the desired
user is collided and also when it is not collided respectively. A new
detection scheme is proposed based on the two PDFs. Simulation
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results show that the novel receiver achieves better BER performance
than blinking receiver, GM receiver, p-order receiver and CMF receiver
at different values of the SNR, the number of the users and the channel
gain of the desired user. It is revealed that taking whether or not the
received pulses are collided into consideration allows a better design of
UWB receivers.

The objective of this paper is to design a new receiver which can
be applied in outdoor environments where wireless channel can be
modeled as single path. It is our future work to extend the proposed
receiver in a multipath environment where a pulse collision detection
module will be developed and can be conducted on each receiver
without control channels.
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APPENDIX A.

In this appendix, the derivation of the parameters in f b
Ym

(ym) is
provided. f b

Ym
(ym) is rewritten as follows

f b
Ym

(ym) =
1

2Γ(1 + 1/p)A(p, σ)
exp

[
−

∣∣∣∣
ym − µ

A(p, σ)

∣∣∣∣
p]

(A1)

where µ, σ, p are, respectively, the mean, standard deviation
and shape parameter to be estimated. The function A(p, σ) =
σ[Γ(1/p)/Γ(3/p)]1/2 is the scaling factor and Γ(·) is the Gamma
function.

We let Jm denote the MUI component in the mth frame when the
pulse of the desired user in this frame is collided by interfering pulse.
Then when the pulse of the desired user in the mth frame is collided,
the total disturbance in this frame is given by

Ym = Nm + Jm. (A2)

µ is estimated by calculating the mean of Ym. As Nm and Jm are
independent and both have zero means, the estimated value for µ is
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given by
µ̂ = E[Ym] = E[Nm] + E[Jm] = 0. (A3)

σ is estimated by calculating the second central moment of Ym,
which has the form E[Y 2

m] = E[N2
m] + E[J2

m]. The second central
moment of Jm is given by

E[J2
m] = E[I2

m]/ε (A4)

where ε=1−(1−2Tp/Tf )Nu−1 and E[I2
m]= Eb(Nu−1)A2

k
NsTf

∫ +∞
−∞ R2(x)dx [12].

The variance of the AWGN component in the mth frame E[N2
m] =

N0/2, and then the estimated value for σ is given by

σ̂ =
√

E[Y 2
m] =

√
N0

2
+

Eb(Nu − 1)A2
k

NsTfε

∫ +∞

−∞
R2(x)dx. (A5)

p is estimated by kurtosis matching method. The kurtosis of Ym

is expressed as

k(p) =
E[Y 4

m]
(E[Y 2

m])2
− 3 =

Γ(1/p)Γ(5/p)
Γ2(3/p)

− 3. (A6)

The fourth central moment of Ym is given by

E[Y 4
m] = E[J4

m] + 6E[J2
m]E[N2

m] + E[N4
m]. (A7)

As the PDF of Im has the form [12]

fIm(im) = (1− ε)δ(im) + εfJm(jm), (A8)

we have
E[J4

m] = E[I4
m]/ε (A9)

where E[I4
m]=(Eb

Ns
)2A4

k{Nu−1
Tf

∫ +∞
−∞R4(x)dx+ 6

T 2
f

C2
Nu−1[

∫ +∞
−∞R2(x)dx)]2} [13].

The fourth moment of the AWGN component in the mth frame
E[N4

m] = 3N2
0 /4. Then the estimated value for the shape parameter,

p̂, satisfies

Γ(1/p̂)Γ(5/p̂)
Γ2(3/p̂)

=
E[J4

m] + 6E
[
J2

m

]
E

[
N2

m

]
+ E

[
N4

m

]

(E [J2
m] + E [N2

m])2
. (A10)
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