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Abstract—We show that a metal can be turned into a broadband
and omnidirectional absorber by coating a purely-dielectric thin layer
of grating. An optimal design for such an absorber is proposed by
putting a dielectric slot waveguide grating (SWG) on the metallic
substrate. The SWG consists of two germanium nanowires (Ge NWs)
separated by a sub-100 nm slot in each period. Average absorption
reaches 90% when the incident angle varies between 0◦ and 80◦
over a broad wavelength range from 300 nm to 1400 nm. Multiple
optical mechanisms/effects, namely, diffraction, waveguiding in the
high-index Ge NWs and low-index air slot, Fabry-Perot resonances
as well as surface plasmon polaritons (SPPs), are identified to govern
the absorption characteristics of the present absorber. The designed
absorber with such a dielectric grating is easier to fabricate as
compared with other absorbers with metallic nanostructures, and has
potential applications in, e.g., solar cells and photodetectors.

1. INTRODUCTION

Perfect absorption of light without any reflection or transmission
is of critical importance for optical energy conversion, especially in
visible and near-infrared regime covering the main solar spectrum. In
order to efficiently convert solar energy into electrical (or thermal)
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energy, which people can use directly, broadband perfect absorbers
are required to harvest and absorb as many photons as possible [1–
3]. Recent advances in micro-/nano-technology become helpful to
achieve many flexible designs of broadband perfect absorbers based
on micro-/nano-structures [2, 4]. Metallic nanostructures supporting
surface plasmon polaritons (SPPs) are most widely employed due to
their strong ability to harvest and localize photons in a subwavelength
region [2, 5, 6], where the resonant photons can be strongly absorbed by
the compositional metallic and/or lossy dielectric material. Recently,
another interesting absorber, based on metallic metamaterials, has
been suggested [7]. Unlike plasmonic absorbers, both electric and
magnetic resonances can be excited simultaneously in the metamaterial
absorbers and complete absorption can be achieved [4, 8, 9]. However,
the bandwidth is usually very narrow, due to the resonant
characteristics [10–16]. By simply mixing together different resonators
with different resonant frequencies, broad absorption spectrum can
be achieved [17–22]. Very recently, Søndergaard et al. proposed a
non-resonant broadband absorber based on ultra-sharp convex grooves
via adiabatic nanofocusing of gap SPPs [23]. Another non-resonant
absorbers proposed by Cui et al. was made of a sawtoothed anisotropic
metamaterial via slowlight modes and a large bandwidth of about 86%
of its central wavelength was achieved [24] (experimental verification
in the microwave regime can be found in Ref. [25]). Low-bandgap
semiconductors themselves are also good broadband absorbers, e.g.,
Si, Ge, and will have much better antireflection and absorption
properties if micro-/nano-structures are formed, e.g., microwires [26],
nanowires/holes [27–29], nanotips [30], nanocones [31], etc. A hybrid
dielectric-metal core-shell grating structure over a metallic substrate
was used in Ref. [32] to achieve broadband, omnidirectional, and
polarization-independent absorption by combining two kinds of optical
modes, namely, Bloch and SPP modes.

In the present paper we report a novel absorption structure by
simply putting a purely-dielectric thin layer of grating on a metallic
substrate. We will also show that by combining multiple physical
effects together, an enhanced absorption and ultrabroad bandwidth can
be achieved. Our optimal structure consists of a gold (Au) substrate
covered with a dielectric Slot Waveguide Grating (SWG, dielectric
grooves are much easier to fabricate than metallic grooves [23]), which
contains two Ge nanowires (NWs) with a small separation between
them in each period. Compared with a grating structure with only
one NW in each period, our SWG-based structure has a flatter total
absorption spectrum over a broad wavelength range from 300 to
1400 nm and is also angle-insensitive (from 0 to 80◦).
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2. STRUCTURE AND THEORETICAL MODEL

Our proposed SWG based absorber is shown schematically in
Figure 1(a), where there are two Ge NWs separated by d in each
period on a gold (Au) substrate. Compared with silicon (Si) often
used in the solar cell industry, Ge is more expensive. However, Ge has
a much higher absorption coefficient over a much broader wavelength
range than Si. On the other hand, Ge is also a solar material often
used in multi-junction thin-film solar cells to absorb photons in the
near-infrared wavelength range [33]. Thus we choose Ge instead of
Si as the main absorbing material. In the nanostructure shown in
Figure 1(a), the Ge NW widths are set equal, i.e., w1 = w2, unless
otherwise specified. The grating height is set to h. As a reflector, the
Au substrate is assumed to be thick enough to prevent any transmission
through it. Due to the rather small separation between the two NWs
in each period, slot waveguide modes together with some interesting
optical responses can be generated in our structure. In order to focus
on the analysis on these effects, we fix the grating period to 620 nm,
i.e., P = 620 nm, throughout the paper. For comparison, a grating
with only one NW of width, w, in each period is plotted in Figure 1(b)
with the same period, P = 620 nm, and NW height, h.

We employed the finite element method (FEM) [34] to simulate the
optical responses when a plane wave is incident from the top with an
incident angle, θ, and a wave vector, k0, as shown in Figure 1. The light
wavelength, λ, is chosen from 300 to 1500 nm, beyond which Ge has
little absorption. Here, only transverse-magnetic (TM) polarization
is considered with magnetic field, H, perpendicular to the x-z plane

(a) (b)

Figure 1. Schematic diagram of (a) an SWG-based absorber with
two NWs in each period; (b) an absorber with only one NW in each
period. A TM-polarized plane wave is incident from the top with an
incident angle, θ, and a wave vector, k0. The inset of Figure 1(b) shows
dielectric constant (n− i · k) of Ge [35].
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in order to excite the polarization-sensitive slot waveguide and SPP
modes, and investigate their effects on the optical performances. In the
simulation, the dielectric constant of Ge and Au are both chosen from
previously published experimental data [35]. The former is shown in
the inset of Figure 1(b). Through numerical simulation, we can easily
get the electric field distribution, E, as well as the partial absorptions
in each of the compositional material, AGe and AAu from the following
equation:

AGe orAu =

∫∫
GeorAu

πc
λ · Im (εGe or Au) |E|2 dxdz

Source power
(1)

where Im(ε) is the imaginary part of the material’s dielectric constant.
Since there is no other absorbing materials in our structure, the total
absorption can be calculated by A = AGe + AAu. In comparison,
A = 1 − R is not a good way to calculate the total absorption.
Since there are many optical mechanisms/effects to be excited within
this structure, including diffraction (Rayleigh anomalies), waveguiding
in the high-index Ge NWs and low-index air slot, Fabry-Perot (FP)
resonances and SPPs, if the reflection is monitored far from the top
Ge NWs, some near-field optical behaviors cannot be detected with
A = 1 − R and the result may become quite different from that
calculated by A = AGe + AAu, unless the reflection monitor is set
very close to the top Ge NWs. In order to eliminate the possible
calculation errors, we calculate the absorption by using A = AGe+AAu

in this paper. This way the structural effects (including the NW width,
height, filling ratio, etc.) on the partial absorptions, AGe and AAu, and
consequently the total absorption, A, can also be studied (see the next
section).

3. SIMULATION RESULTS AND DISCUSSION

Figures 2(a), (b) and (c) show the spectra of total absorption, A, and
the partial absorption, AGe and AAu, respectively for the single NW
grating absorbers with NW widths of 140 nm (green curve) and 280 nm
(red curve), and our SWG-based absorber with w1 = w2 = 140 nm and
d = 95 nm (blue curve). We refer these three structures as Case 1,
Case 2, and Case 3, respectively for easy description. From Figure 2,
it is shown that for all the three cases the absorption in Ge dominates
the total absorption in the wavelength range below 1400 nm and there
are sharp drops around 1400 nm, beyond which the absorption of Ge
indicated by the imaginary part of its refractive index is at least one
order of magnitude smaller [35]. Here absorption in Au becomes larger
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Figure 2. Spectra of (a) total absorption, A; (b) partial absorption
in Ge, AGe; and (c) partial absorption in Au, AAu for three cases:
Cases 1 and 2 are the single NW grating cases with w = 140 nm (green
curve) and w = 280 nm (red curve); Case 3 is our proposed SWG-based
nanostructure with w1 = w2 = 140 nm and d = 95 nm (blue curve).
Other structural parameters are: P = 620 nm and h = 1500 nm.

due to excitations of SPPs, but does not contribute much to the total
absorption. In both the Ge absorption and the total absorption spectra
shown in Figures 2(a) and (b), ripples can be observed, which are
mainly due to the FP interferences between the waves reflected by the
bottom Au surface and the grating top surfaces of height, h. Since
the grating heights are all the same in the three cases, the small peaks
in these absorption spectra appear at almost the same wavelengths.
Small deviations can be seen in the long wavelength range between the
absorption spectra of Cases 1, 2 and 3 as shown in Figures 2(a) and (b),
mainly due to the different filling ratio induced effective refractive
indices of the grating films. However, for Cases 2 and 3, which have
the same filling ratios, deviations still appear, which will be explained
in detail below.

For Cases 1 and 2, three sections appear clearly in the absorption
spectra in the wavelength range below 1400 nm as shown in Figures 2(a)
and (b). Absorption of Case 1 is higher than that of Case 2 in the
ranges of λ < 620 nm and λ > 1000 nm, but is lower in the range
of 620 nm < λ < 1000 nm. According to the diffraction theory,
light impinging on a grating will obtain a horizontal wave vector
(m · 2π/P ) and the total horizontal wave vector will become kx =
k0 ·sin θ+m ·2π/P , where m is an integer. Under normal incidence, kx

is reduced to kx = m ·2π/P . For λ < P = 620 nm, reflective diffraction
are stronger in Case 2 of w = 280 nm due to its larger filling ratio
and consequently a larger effective refractive index, producing lower
absorption than Case 1 of w = 140 nm [29]. At λ = 620 nm, Rayleigh
anomaly occurs, where the 1st reflective diffraction order becomes
to propagate horizontally along the air-grating surface. Therefore,
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absorption increases in Case 2 but decreases in Case 1 where the
light experiences less absorbing material as shown in Figures 2(a)
and (b). According to the phase-matching condition for the refractive
diffractions, that is, kx = [k0 ·(1−w/P )+k0nGe ·w/P ]·sin θ′m, where θ′m
is the refractive diffraction angle of mth diffraction order. For Case 1,
the 1st refractive diffraction order becomes another Rayleigh anomaly
at λ = 1096 nm and will propagate horizontally along x direction
with θ′m = 90◦. For Case 2, Rayleigh anomaly of the 2nd refractive
diffraction order occurs at λ = 822 nm. For the wavelengths beyond
each Rayleigh anomaly, the energy will be redistributed between the
remaining diffraction orders, namely, 0-order for Case 1 and 0- and 1-
orders for Case 2, of which the 0-order diffraction obtains more energy.
Then the FP resonances in the z direction dominate the absorption
spectra. In the wavelength range beyond 1000 nm, we find that SPPs
are excited at the bottom interface between Ge NW and Au with one
and three magnetic field maxima respectively for Cases 1 and 2 as
shown in Figures 3(a) and (b). Since the magnetic fields of SPPs are
concentrated in the similar way in this wavelength range, only one

(a) (b) (c)

(g)

(d) (f)(e)

Figure 3. Magnetic field distributions at λ = 1230 nm: amplitude
(|Hy|, top row) and phase (ϕHy, bottom row) for three cases: (a), (d)
Case 1, (b), (e) Case 2 and (c), (f) Case 3. The structural parameters
for each case are the same as those in Figure 2. (g) Electric filed
distribution, |E|, at λ = 1230 nm for Case 3.
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example at λ = 1230 nm is shown in Figure 3 for all three cases for
comparison. For Case 1, the 140 nm-wide Ge NWs (as waveguides) are
narrow enough to confine light of long wavelengths as considered here
even though most magnetic field is well confined in them as shown in
Figure 3(a). Usually wider Ge NWs, e.g., Case 2 with twice width
of NW in Case 1, are thought to have much stronger confinement of
light than narrower ones. However, the magnetic field in Figure 3(b)
shows that much more light is leaking out of the wider (280 nm-wide)
NW compared with that of Case 1 in Figure 3(a). From the phase
distribution of Case 2 shown in Figure 3(e), it is clearly seen that
the phase changes twice along the x direction within the Ge NW,
which evolves gradually from the bottom phase induced by the excited
higher-order SPP mode at the surface of the Au substrate. Such a
phase change along the x direction makes the wider NW worse in light
confinement than the narrower half-width NW. In contrary, without
any significant phase changes, the phase distribution of Case 1 shown
in Figure 3(d) is favorable for a better confinement for photons of long
wavelengths shown in Figure 3(a), resulting in better absorptions than
Case 2 in this wavelength range as shown in Figures 2(a) and (b).

Interestingly, by introducing a slot into the 280 nm-wide NW in
each period, an ultra-broadband absorption spectrum can be achieved
for our proposed absorber of Case 3 with the merits of both Cases 1
and 2 as shown in Figures 2(a) and (b). In the short wavelength range
below 1000 nm, stronger scattering is generated by the two NWs in each
period in Case 3, where the 1st refractive diffraction order experiences
more changes of index in comparison with Case 2 of one 280 nm-
wide NW in each period, and experiences more absorbing materials
in comparison with Case 1 of one 140 nm-wide NWs in each period.
Therefore, the absorption spectrum becomes flatter with absorption
comparable to that of Case 1 at λ < 620 nm and to that of Case 2
at 620 nm < λ < 1000 nm. In the long wavelength range beyond
1000 nm, SPPs are also generated with well-confined magnetic field at
the bottom of each Ge NW. One example at λ = 1230 nm is shown in
Figure 3(c). In comparison with Case 2, the slot inserted in the 280 nm-
wide NW totally redistributes the initial phase distribution (shown in
Figure 3(e)) of SPPs at the bottom surface of Ge NW, by artificially
introducing a minus phase in the slot in contrast with the plus phases in
the NWs as shown in Figure 3(f). This results in smooth phase changes
along the x direction within each Ge NW and thus a better confinement
of the magnetic field. Meanwhile, since the two NWs are separated by a
rather small distance of d = 95 nm, the evanescent (along the horizontal
direction) electric fields of the NWs overlap in the slot, making a
much stronger electric field confined in it as shown in Figure 3(g),
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for example. This is a typical behavior of light for a high-index slot
waveguide [36]. That is why we called the top Ge nanostructure in
Case 3 the slot waveguide grating. Quite different from Case 2 with
a 280 nm-wide NW in each period, light impinging on the SWG of
Case 3 sees a waveguide array of lower effective refractive indices
consisting of two NWs and a slot in between in each period. Therefore,
more FP fringes are generated in such slot waveguides as shown in
Figures 3(c) and (g), leading to the absorption peaks deviated from
those of Case 2 as shown in Figures 2(a) and (b). The combined optical
effects contribute to the enhanced absorption in this wavelength range
compared with Case 2. In general, our proposed SWG-based absorber,
Case 3, has a much better absorption performance over the whole
wavelength range from 300 to 1400 nm as shown in Figure 2(a). In
comparison with the partial absorption spectra shown in Figures 2(b)
and (c), Ge SWG itself is a very good absorber and our proposed SWG-
based absorber, Case 3, can be exploited further for a high-efficiency
photovoltaic solar cell with the Ge SWG as the solar absorber and the
Au substrate as the bottom electrode, where the directions of light
absorption and free carrier collection can be orthogonalized to further
enhance its power conversion efficiency.

From the above spectral analysis, one can learn a little about
the effect of NW width on the absorption spectrum. In the
following, detailed structural effects are investigated by analyzing
average absorptivity, Aave, integrated of the absorption spectrum (not
shown here) from 300 to 1400 nm for each structure. Here we follow the
above definitions for the three cases for easy comparison and discussion,
that is, NW width in Case 2 is twice of that in Case 1 in each period
and equal to the total NW width, w1+w2, in each period in Case 3 with
w1 = w2. Figure 4(a) shows the relationships of average absorptivity,
Aave, vs. NW width, w for Cases 1 and 2, and of Aave vs. w1 (= w2)
for Case 3, respectively. Other parameters are kept the same, namely,
P = 620 nm, h = 1500 nm and d = 95 nm (typically for Case 3).
From this figure, one sees that better absorption can be achieved by
our proposed absorber in Case 3 than those in both Cases 1 and 2.
For Case 3, Aave increases first and then decreases as w increases.
Aave reaches its maximum at w = 140 nm. With narrower Ge NWs
of w < 140 nm, photons of short wavelengths rather than those of
long wavelengths can be highly absorbed with lower reflection from
the SWG. When w increases, the absorption bandwidth increases and
Aave increases too. However, when w is larger than 140 nm, reflection
becomes even stronger and the whole absorption spectrum becomes
lower. Therefore, Aave decreases though long-wavelength photons can
be absorbed with more absorbing materials. Similar phenomenon is



Progress In Electromagnetics Research, Vol. 134, 2013 103

160 240 320

80 120 160

40 80 120 160

0.80

0.84

0.88

0.92

av
e

Case 1, w = 140 nm

Case 2, w = 280 nm

Case 3, w  = w  = 140 nm1 2

w (nm)

0.9

0.6

0.7

0.8

0.5

A

400

200

w, w  (nm)
1

Case 1, (w small)

Case 2,  (w large)

Case 3

1 2 3 4 5 6 7 8
h (µm)

av
e

0.9

0.6

0.7

0.8

A

1.0

av
e

A

d (nm)

(a) (b)

(c) (d)

Figure 4. (a)–(c) Average absorptivity, Aave, as functions of different
geometric parameters, namely, (a) NW width, w, for Cases 1 and 2,
and w1 (= w2) for Case 3 with h = 1.5µm in all three cases; (b) NW
height, h, for Cases 1 and 2 with w = 140 and 280 nm, and for Case 3
with w1 = w2 = 140 nm, d = 95 nm; (c) slot width, d, for Case 3 with
w1 = w2 = 140 nm, h = 1.5µm. Cases 1–3 are indicated by green, red,
and blue curves, respectively. (d) Angle-resolved absorption spectra
for Case 3 with w1 = w2 = 140 nm, h = 1500 nm, and d = 95 nm. The
grating period is set to P = 620 nm in all the plots.

observed in Case 1. Different from Case 3, Aave of Case 2 connecting
to that of Case 1 increases again when w is larger than 240 nm as
shown in Figure 4(a). This is due to the fact that Rayleigh anomaly
of the 2-order refractive diffraction red shifts when increasing w. As
discussed before, more energy can be consumed by the dominant FP
resonances inside Ge NWs beyond the Rayleigh anomaly wavelength.
However, the reflection is enhanced at the same time, which results in
a decay in absorption when w > 340 nm.

For a particular grating with fixed widths of Ge NWs, Aave must
increase with NW height, h, since more photons can be absorbed by
more absorbing materials. This can be seen from Figure 4(b) for all
the three cases. For Case 3, when h is small, Aave is small due to
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the insufficient absorption of long-wavelength photons. As h increases,
absorption in the long wavelength range starts to increase and the
absorption spectra are broadened, thus leading to a fast increase of
Aave. When h increases further, Aave rises very slowly and the reflection
characteristics become dominant for the total absorption. Compared
with Case 3, the fast increase region for Aave is longer for Case 1 and
the longest for Case 2. This is due to the fact that more (or the most)
absorbing material is needed for Case 1 (Case 2) to compensate the
lower absorption spectra shown in Figures 2(a) and (b). When h is
larger than 5.2µm, it is seen from Figure 4(b) that Aave becomes a
little larger in Case 1 due to the lower reflection than Case 3. For
thin-film absorbers, Case 3 is preferred with much higher absorption
than both Cases 1 and 2.

Our absorber in Case 3 is featured by a very small slot between the
two Ge NWs in each period, which is very important and dominates
its absorption characteristics. Figure 4(c) shows that a too small
slot degrades the average absorption much since it cannot provide
significant scattering in the short wavelength range or significant phase
changes at the two interfaces between it and the two NWs in the long
wavelength range. In this case, absorber in Case 3 behaves like Case 2
with lower absorption at λ < 620 nm and λ > 1000 nm indicated by
the red curve in Figure 2(a). A larger slot helps to couple light into
it and create phases of opposite signs in it and the NWs. Therefore,
Aave increases quickly with d and turns to slowly decrease beyond
d = 95 nm. At d = 160 nm, Case 3 approximately becomes a single-
NW grating with period of 310 nm. Since the evanescent fields in the
NWs in adjacent periods are still coupled to each other, Aave does not
degrade much from the optimal value of Case 3 at d = 160 nm.

Angle-resolved absorption spectra of Case 3 are investigated with
optimal structural parameters: P = 620 nm, w1 = w2 = 140 nm,
d = 95 nm, h = 1.5µm, as shown in Figure 4(d), which indicates
the omnidirectional feature. High absorption from 300 to 1400 nm
remains very high until the incident angle, θ, is as large as 80◦. In
the short wavelength range below about 1000 nm, absorption spectrum
dominated by diffraction red shifts when increasing the incident angle,
θ. But, in the long wavelength range beyond 1000 nm, since there is
no energy redistribution between the diffraction orders, the absorption
peaks remain almost unvaried with θ, which are mainly induced by
the FP resonances in the z direction. In this wavelength range, angle-
sensitive SPPs are excited. However, in Figure 4(d) they are indistinct
and covered by the high FP-induced absorption in Ge SWG until they
red shit into λ > 1400 nm where the absorption in Ge SWG is rather
low.
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By moving the slot horizontally and introducing an asymmetric
feature into each period of Case 3, the relationship of Aave vs. w1 is
plotted in Figure 5(a), which shows that a small degree of asymmetry
can enhance Aave further to ∼ 90% with w1 = 165 nm, w2 = 115 nm, as
compared with 88.6% of the symmetric one with w1 = w2 = 140 nm.
However, Aave drops quickly when a higher degree of asymmetry is
introduced. The absorption spectra of the optimal asymmetric SWG-
based absorber plotted in Figure 5(b) show that more resonances
are excited in the long wavelength range beyond 1000 nm, resulting
in a flatter and higher absorption spectrum in comparison with the
symmetric one. The partial absorptions, AGe (blue curve) and AAu

(red curve), are shown in Figure 5(c), which indicates that over 86% of
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Figure 5. (a) Averaged absorption, Aave, as a function of w1 with
w1+w2 = 280 nm. (b) Total absorption spectra, A, for the asymmetric
(red curve) and symmetric SWG-based absorber (blue curve). (c)
Partial absorption spectra: AGe (blue curve) and AAu (red curve);
(d) Angle-resolved absorption spectra for the asymmetric absorber.
For asymmetric absorber in (b)–(d), w1 = 165 nm, w2 = 115 nm; for
symmetric absorber in (b), w1 = w2 = 140 nm. The other geometric
parameters in all the four figures are P = 620 nm, h = 1500 nm,
d = 95 nm.
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the total energy is absorbed by Ge NWs in the range of 300 nm < λ <
1400 nm. The angle-resolved spectra are investigated in Figure 5(d),
and the average absorption reaches over 90% when the incident angle
varies between 0 and 80◦ over a wavelength range from 300 nm to
1400 nm. In the wavelength range beyond 1400 nm, there are two
absorption peaks corresponding to SPP-induced high absorption in Au.
One is a localized SPP mode, unvaried with θ around λ = 1450 nm. Its
magnetic field is concentrated mainly in the 165 nm-wide NW in each
period due to the horizontal FP resonance between the SPPs reflected
by the NW walls. The other is a propagating SPP mode determined
by the phase-matching condition and therefore is quite sensitive to θ.
It red shifts quickly beyond 1500 nm at θ = 50◦ from 1400 nm under
normal incidence. Different from the angle-resolved spectra for the
symmetric absorber shown in Figure 4(d), the localized SPPs excited
in the asymmetric one further broadens the total absorption spectrum
as shown in Figures 5(b) and (d).

4. CONCLUSION

In summary, a perfect absorber consisting of a SWG grating on a
gold film has been investigated. For a symmetric SWG, the excellent
absorption performance is obtained, of which the average absorption
is higher than 88% when the incident angle varies between 0◦ and
80◦ over a wavelength range from 300 nm to 1400 nm, meanwhile
the average absorption is enhanced by 23% compared with the single
NW array with the same total width under the normal incident. An
optimized asymmetric NW pair with the same total width can further
boost the absorption. This provides us with a new way to realize
high efficiency, broadband, and omnidirectional absorption. As our
structure is composed of a semiconductor Ge (which dominates the
absorption) and gold substrate (which can be used as an electrode),
and the present design can be useful for the applications of solar
cells and photodetectors, etc. The designed absorber with such a
dielectric thin grating is relatively easier to fabricate as compared
with other absorbers with metallic nanostructures. Though such high-
aspect-ratio grating is not quite easy to fabricate, there are still many
methods currently available for fabricating such a high-aspect-ratio
structure, e.g., metal-assisted electroless etching [37, 38] and vapor-
liquid-solid growth [29, 39]. The present idea can be extended to a
three-dimensional case.
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