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Abstract—TFresnel coefficients for three-layered uniaxially anisotropic
media with arbitrarily oriented optic axes have been obtained using
half-space reflection and transmission coefficients. The optic axes of
the anisotropic media are assumed to be tilted at different angles ((v;,
Xi), © = 1, 2). This gives arbitrary orientation for anisotropic medium
in the stratified configuration. The half space coefficients are derived
at the boundary surfaces of two different media including isotropic-
anisotropic, anisotropic-anisotropic, anisotropic-isotropic interfaces
with the application of boundary conditions. The interface between
two media for the three-layered media leads to four different cases
of wave propagation, which are analyzed in detail. The results are
compared with the existing results in the limiting cases analytically.
The results presented in this paper can be used to establish dyadic
Green’s functions, which can be used to calculate radiation and
scattering from the stratified structure.

1. INTRODUCTION

The material characteristics are very important in the development of
high performance devices at the microwave ranges. Recent advances
in technology dictate use of materials with superior electrical and
magnetic properties. Anisotropic materials are among the materials

Received 19 October 2012, Accepted 12 December 2012, Scheduled 13 December 2012
* Corresponding author: Abdullah Eroglu (eroglua@ipfw.edu).



64 Eroglu, Lee, and Lee

that have such properties [1-3] and provide design flexibility to have
better performing microwave devices.

Composite and layered structures involving anisotropic materials
have been commonly employed in electromagnetic problems including
scattering and radiation [4-13]. The better device performance
is obtained if the electromagnetic properties of the medium are
known. Electromagnetic properties of a medium in layered or
single layer configuration is best-understood with the calculation
of Fresnel reflection and transmission coefficients for the structure
under consideration. In addition, wave amplitudes for the existing
polarization in each layer can also be found using Fresnel coefficients.
However, it is mathematically tedious to obtain closed form of Fresnel
coefficients for multi-layered media. In the multilayer configuration, n
layer has (n + 1) boundaries, which gives (2n + 2) linear equations. If
some of the layers are anisotropic, this increases the complexity of the
problem. There has been some study on the derivation of Fresnel
coefficients for multilayer structures in the literature for isotropic
and anisotropic media. The closed form expressions for two-layered
uniaxially anisotropic media with an arbitrarily oriented optic axis
when the optic axis is tilted only in one direction is given in [5].
In [5], two-layer reflection and transmission coefficients are obtained
in terms of half space coefficients using matrix method. The two-
layer configuration in [5] has isotropic-anisotropic and anisotropic-
isotropic interfaces. A generalized form of Snell’s law for anisotropic
media is given in [14] where refraction angles are obtained numerically
when optic axis is normal to the boundary. Concept of refraction
in a more general anisotropic media which can have negative or
positive permeability and permittivity tensors have been investigated
in [15]. There has been some study on the derivation of Fresnel
coefficients for also layered and single layer biaxially anisotropic media,
metamaterials, bianisotropic and gyrotropic materials [16-22].

In this paper, Fresnel coefficients for three-layered uniaxially
anisotropic media with arbitrarily oriented optic axes are obtained
using half-space reflection and transmission coefficients. The optic
axis of the anisotropic medium in each layer is assumed to be
tilted in preferred horizontal and azimuthal directions ((¢i, xi),
i = 1,2). This approximates more closely to the crystallographic
optic axes of sea ice [23].  The method is applied between
isotropic-anisotropic, anisotropic-anisotropic, and anisotropic-isotropic
interfaces using continuity of tangential components of electric and
magnetic field vectors. Wave amplitudes in each layer, reflection
and transmission coefficients for an incident wave with an arbitrary
polarization have been derived. The results are compared in the
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limiting cases with the existing results obtained in [5] and agreement
has been seen on all of them. The study presented in this paper can
be used in radiation, scattering and device design problem to analyze
electromagnetic properties of the medium.

2. FORMULATION OF THE PROBLEM

The geometry of the three-layered anisotropic media with arbitrarily
oriented optic axes is illustrated in Fig. 1. The optic axes for the
uniaxially anisotropic media in Regions 1 and 2 are rotated by x with

Region 0 &gl

z=10
Region 1 B i e d,
Region 2 Ey,ﬂ .= _dz
Region 3 ol

Figure 1. Geometry of three-layered anisotropic media.

z”  Optic Axis of
Permittivity Tensor

(b)

Figure 2. Geometry of uniaxially anisotropic medium.
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respect to the z-axis and tilted by v with respect to z-axis as shown
in Figs. 2(a) and 2(b), respectively. The permittivity tensor £ of the
anisotropic medium in each layer after its optic axis is tilted with
respect z-axis and x-axis can be represented as

- €11 €12 €13

E= |ea1 €22 €23 (1)
€31 €32 €33

where

[\

e11 = €+ (e, —¢)sin®1psin® x

~~ N/~
B~ W
~— — ~— ~— ~—

€12 = €91 = (e, — €) sin? 1 sin x cos x

e13 = €31 = (e, — €) sint cos P sin x

€99 = €+ (e, —¢) sin? 1 cos? x

£93 = €32 = (g, — €) sin 1) cos 1) cos x 6

£33 = esin® ) + e, cos? (7)
where ¢ and e, are the permittivity of constants of uniaxially

anisotropic medium in z, y and z directions without rotation and
defined in the following permittivity tensor

e 0 O
@O =10 ¢ 0
0 0 e,

We assume two sets of medium parameters, (€1, €12, X1, ¥1), and (€2,
€92, X2, ¥2), for regions 1 and 2, respectively.

ot

The boundary conditions at the interfaces (z = 0, z = —d; and
z = —dy) of the three layered structure are :
Zx FEy=2x E; at z2=0
ZxXVXxFEy=2xVxE at z=0
Zx Ey =72 x Ey at 2z = —d; @®
2XxVxE=2xVxE, at z=—d;
ZxEy=7% x E3 at z = —do

,Z\XVXEQZ,Z\XVXE:; at Z:—dQ

Field vectors in each region have certain polarization and accompa-
nying transmission and reflection coefficients. For instance, the in-
cident wave coming from isotropic region, Region 0, upon uniaxially
anisotropic region, Region 1, can be horizontally or vertically polarized
wave and can be expressed as

Bo=ho(—Fko2)e 0™ 4hg (ko.) Roy rre’ (o™ +ivg (ko) Roy sy /(707 (9)
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for horizontally polarized incident wave or

Eo=to(—ko2)e"F" ™) 4(koz) Ror vve 5o ) +-hg (o) Ror vire' (0™ (10)
for vertically polarized incident wave. ko and &o are wave vectors for

upward and downward propagating waves and ﬁo(:l:k()z) and 0o (+ko,)
are the unit vectors for horizontally and vertically polarized waves and
given by

ko = kuZ + ky§ + kos2 (11)
Ro = kyd + kyl — Koz’ (12)
. 2 xk —iky, + Gk
p p
ho (ko) x ko 1 [kos (2ky + 9k
o (koz) = 0<0k)xo = [ (z p +Oky) zk:p} (14a)
0 0 p
) ho (ko) x o 1 [ kox (Zko+iky) .
bo (—koz) = 0(]20)0:,% [—(kyy)—ka] (14D)
P

where k, = ,/k%—kkg, ko = |ko| = wy/mogo. Field vectors in

other regions are analyzed in detail in Section 3 based on the
wave polarization. It is clear at this point that field vectors have
unknown reflection and transmission coefficients for the corresponding
polarization as shown in Equations (9) and (10) and these coefficients
can be calculated by application of boundary conditions such as the
one given in Equation (8). The solution of six linear equations given
in (8) leads to a total of twenty four reflection and transmission
coefficients as given by Equations (15) and (16). Hence, Equations (15)
and (16) represent reflection and transmission coefficients for three-
layered uniaxially anisotropic medium with arbitrarily oriented optic
axes.

R— Ruyn  Rvh
Ryv Ryv|’

— XHH XVH — AHO AVO (15)
Xpv Xvyv |’ ! Apge Ave

_ BHo BVo _ CHO CVO _ DHO DVo
U1_|:BH6 -BVe:|7 D2_|:CH6 CVe ’ UQ_ DHe DVe (16)

Here, the subscripts H and V refer to horizontal and vertical
polarizations in isotropic medium, and the subscripts o and e refer
to ordinary and extraordinary waves in uniaxial medium. It is
analytically quite time consuming to obtain the closed form of the
coefficients in (15) and (16). Therefore, we adopt the solution method
proposed in [4] which is based on representation of Fresnel reflection
and transmission coefficients in terms of half-space coefficients. In the
following section, the derivation of half-space coefficients is presented.
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3. HALF-SPACE REFLECTION AND TRANSMISSION
COEFFICIENTS

Let the amplitude vectors of the incident and reflected waves in
Region 0 be A and B, respectively as shown in Fig. 3. C(E) and D(F)
are amplitude vectors of the downward and upward propagating waves
in Region 1 (2), respectively. G is amplitude vector of the transmitted
wave in Region 3. Then, these vectors satisfy the following matrix
equations.

[Rox Tio| [A

B

C| ~ |Tn R10:| {D] (17)
D]  [Ri» Tu]|[C

2 =7 w7 )
[F]  [Ras

c| = _T23] E (19)

where Roi1, To1, Rio, Ti0, Ri2, Ti2, Ro1, To1, Re3 and T3 are the
half-space Fresnel reflection and transmission coefficient matrices. It
should be noted that Ris, T12, Ro1, 151, Re3 and T3 also account for
the phase difference because the boundary is shifted. From the above

4 B
Region 0 \ /
z=0
C D
Region 1 \ / 72=—d

E / F
Region 2 \

G

1

7=—d,

Region 3

Figure 3. Amplitude vectors in each region of the three-layer problem.
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matrix relationship, we obtain the following equations.
B=RA C=D1A D=UA
E=DA F=UA G=TA

where R, T, Dy, Uy, Dy, Uy are given by Equations (15) and (16).
Using Equations (17)—(20), we find

R = (Ro1 + ThoU1)A
U = {Rlz + Tp1 Roz(I - 321R23)_1T12}D1
Dy = (I— Ry [)) T
Uy = Ry3(I — RoyRog) ™' 12Dy
Dy = (I— Ro1Re3) 'T12Dy
T = To3(1 - Rao1Ros) ' T2 Dy

(20)

where

[] = [Rui2 + To1 Ro3(I — Ra1 Ro3) ™' Th (27)

R~! indicates the inverse of matrix R and I is a unit matriz. The half-
space reflection and transmission coefficients can now be expressed as
follows.

_ [Roigr  Rowve

Hov = | Rovav Rmvv] (28)
Xno Xvo

Tin = |, Xﬂ (29)
-ROO RSO

R = |5 ) (80
:Xo Xe

T = Xy Xﬂ (31)

o . - ed .
Rys—= etki=d1 R120062k?zd1 e~ thizdi R12eoelk§z 4 _ Roo1 Reot (32)
_elkfzdl R12oee7'kfzd1 e_lkfgdl R12e€elk?gd1 Roe1 Reet

T -eiki)zdl X12006_ik(2)zd1 e_ikigdl X12¢0 e_ikgzdl tool teol (33)
12— ; 1ed ed
L elkfzd1X120€€Zk§zd1 eilke d1X12 etkazd loel teel
Ror— e~ 2.d Ry poeRe:d1 o—ikazdi Ry ) e~ e _ [0z Beo2 (34)
21— i e k3, d1 Rotoe ciksddi  —ikstdy Rojee eiksddi | T | Rpea Ree2
T _€_ikgzd1X21008ik€zdl _Zkeulem etk tooz leo2 (35)
2= _e_ikgzdl A)(Qloet‘/’ikﬁtd1 —ikgzdy X21ee€Zklz i toc2 tee2
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_ Roo3 Reo3
- |:RO€3 R663:| (36)

k822 Roa  oikS.da e—tks2dz Rozeociks=d2

R23: i 1.0 S Leu r.ed ‘reu
eszng RQSoeeZkQZ do e—zk%dg R235661k2z do

. ., do . ed ., do
e Xozopre s €’k52d2X23eH€Zkgz] — |:toH teH] (37)

g2 g tov tev

Tos=|" o ik ikedd k2
el 2z 2X230V6_Z 3z 6_7’ 2z 2X236V6_Z 3z

The exponents in (32)—(37) carry phase factors due to the shift at the
interfaces. Half-space coefficients in Equations (28)—(37) agree with
those of three-layer isotropic-anisotropic case of Nghiem et al. [24].
Substituting Equations (28)—(37) into Equations (21)—(26), we finally
obtain the following:
R,Ba - R(]l,Ba+X60(M00P00+M06P60)X0a+XBO(M00P06+M06P66)Xea
+Xﬁe(MeoPoo+MeePeo)Xoa+X,8e(MeoPoe+MeePee)Xea (38)
Xﬁa = Xﬁo {(Mootool +Moetoel)Loo+ (Mootoel +Moeteel)Leo} toa
+Xﬁo {(Mootoel +Moeteel )Lee + (Mootool +Moeteal)Loe} tea
+X,Be {(Meotool +Meeteol)Loo+ (Meotoel +Meeteel)Leo} toa
TLXﬁe {(Meotoel +Meeteel)Lee+ (Meotool +Meeteol)Loe} tea (39)
A/@,y = XﬁoMm + XﬁeMeﬁ/ (40)
B, = Xso(MooPory + MocPer) + X (Mo P, + MecPry) (a1)
Cg,}, = XﬁoNo'y + ‘Xge]\/vefy (42
Dﬁ'y = XBO(N00R0'~{3 + NoeRe'yS) + Xﬂe (NeoRO'yS + NeeRe'yB) (43)
where o, § = H (horizontal) or V' (vertical), v = o (ordinary) or e
(extraordinary) and others are defined as follows.

I- Seel

Lo, = 44
Ny (44)
Seol
Leo = 4
N (4)
Soel
Loe = 4
N (46)

N
~J

(47)

Soo1 = Roo3Roo2 + Roes Reo2 (48)
Seor = Reo3Roo2 + Reez Reo2 (49)
Soel = R003R062 + Roe3ReeQ (50)
See1 = ReogRoe2 + Reez Ree2 (51)
Nl = (I - Sool)(I - Seel) - Soelseol ( )
5002 = Roo3too2 + R063t602 ( )

ot
—_

53
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SeoZ = Reo3t002 + Ree3t602

Soe2 = Roostoe2 + Roeslee2

See2 = Reostoe2 + Reestee2

Py = Rool+(t001Loo+toelL eo
o = Reol+(teolLoo +tee1Leo

) 002+( oolLoe + 75061-[166)5'602
)Soo2+(
e — Roel + (toolLoo +toelLeo) oe2 + ( ool Loe +toelLee)Se<32
)Soe2+(t

(54)
(55)
(56)
(57)
oo2+ teolLoe+teelLee)SeOQ (58)
(59)
(60)
(61)

Pe
P, 59
Pee - Reel+(toelLoo+teelL eo 062+ eolLoe +teelLee)SeeQ 60
I-@Q
Moo = N2 = 61
Meo = 6]2\;20 (62)
Moe = C]Q\[o; (63)
I—
Mee = choo (64)
Qoo = PooRoo + PoeReo (65)
Qeo = PeoRoo + PeeReo (66)
Qoe = PooRoe + PoeRee (67)
Qee = PeoRoe + PeeRee (68)
Ny = ( Q )( - Qee) - Qereo (69)
Noo = ( 00 001 + Moeteol) oo T (Mootoel + Moeteel)Leo (70)
Neo = (Meotool + Meeteol) oo T (Meotoel + Meeteel)Leo (71)
Noe = ( ootoel + Moeteel) ee T ( ootool + Moeteol)Loe (72)
Nee = (Meotoel + Moeteel)Lee + (Meotool + Meeteol)Loe (73)

The above coefficients are checked for the limiting cases like those of [5].
In the following sub-sections, we consider the four cases of anisotropic-
anisotropic interfaces according to the medium location (upper, lower)
and the incident wave polarization (o- or e-wave).

3.1. Ordinary Wave Incidence from Upper Anisotropic
Medium (Region 1) upon Lower Anisotropic Medium
(Region 2)

When an ordinary wave o(—k{,) is incident from upper anisotropic
medium (Region 1) upon lower anisotropic medium (Region 2), the

reflected wave will consist of upward ordinary wave o(k?,) and
extraordinary wave e (k{¥) in Region 1 and the transmitted wave will
consist of downward ordinary wave o(—k9,) and extraordinary wave
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(ks2) in Region 2. We express E;, i = 1, 2, in each region as follows:
Ey = 0 (—k{,) + R12000 (k{.) + Rizoce (k{%) (74)
By = Xi2000 (—k5.) + Rizoc (K5?) (75)

where Ri9.¢ is the reflection coefficient of reflected extraordinary wave
for the ordinary wave incidence from Region 1 to Region 2 and X9, is
the transmission coefficient of the transmitted extraordinary wave for
ordinary wave incidence. Ri2,, and Xis,, are ordinary wave reflection
and transmission coefficients, respectively. Using

ZxEi=%2xEy, and ZxVxE =2xVxE, at z=0,
we obtain the following equations:

R1200- i1 + Ri20e - iz +X1200 i3+ X120e - ia =05, 1 =1,2,3,4 (76)
The equations above can be expressed as A - B = C for simplicity,
where

o112 Q13 Qa4
A= |@21 Q22 Q23 Oy (77)
Q31 (32 (33 (34
041 Q42 043 Q44
_ k¢, sinpy cos x1 — ky cos

aq1 78
9;1 78)
ko (KE2) — k3 sin g sin v
2= = — (79)
Di/' (klz)
kS, si k
s = 9, Sin g cos ?gz + ky cos g (80)
9a2
k. FE k‘eg — k2 sintg sin y
apy=— (k5) B s (81)
DU (kZZ)
(k:f, + k‘l’z) sin vy sin x1 —ky (ky sin cos x1+k§, cos 1)
a91 = 7 (82)
gul
k:% (kY sintpy cos x1 — ky cos )
Q= z o (83)
Dé] (klz)

- (/{:§+k§§) sin 1o sin x2+k; (ky sin o cos x2 — k3, cos 1))
23— 7 (84)
a2

B k:% (ky cos g — gg sin g cos XQ)
Qo4 = D, (ked) (85)
U 2z
k — k9, si
gy = Cos Y1 7, sinq cos x1 (86)

/
Iu1
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kyE (K§Y) — k% sin by cos x1

Q32 = cu (87)
D;J (klz)
kS, si i Kz
g — 22 sin g sin 2(2 + kg cos (88)
9ao
k, E(kS) — k2 sin g cos
gy = — Y (k3) : 2 > 12 €OS X2 (89)
DU(sz)
(kﬁ—kkfg) sin 1y cos x1—ky (ky sin ey sin x1+k7, cos 1)
Qg1 = 7 (90)
gul
k2 (k§% sin 1y sin x1 — kg cos 1)
49— — = eu (91)
(kg —|—k§§) sin 1y cos x2+ky (ky sin 1o sin xo — k3, cos 1))
3 =— 7 (92)
9ao
k3 (K, cos by — keg sin g sin x
ayy=——> ( 2 2 (93)

Dy (k)
E(Z)=kysin;sin x;j + ky sintp; cos x; + Zcosvpj, j=1lor2 (94)

By Ri1200
B2 RlQoe
B= =
Bs X1200 (95)
B4 XlQoe
Q15
C — Q25
o35
Q45

k. sin )y cos x1+ky cos i
_ 1 | (k72 sin gy sin xa + ko (ky sin gy cos x1 — kg, cos ¢hy) (96)
_g(/il _kfzSin ¢1 sin X1 _k;p COS X1

— (k:% +ki’§)sim/)1 cosxi —ky (kgsiniysin x; —k§,cos 1)
Note that elements of the matrix C are from o(—kg,) of Ey. Using

the Gauss elimination method [25], we can express the reflection and
transmission coefficients as follows:

JpNp — LM,

Xpge = JENE eMEg (97)
JgPr — KpeMEg
L

X1200 = T;j — 14 X120 (98)

1
Ri20e = 1o {b15 — b1aX120e — D13 X1200 } (99)
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RlQoo
where

Kg

JE

Lg

b1a

b1s

C14

1

— {15 — 014X 120 — @13X1200 — @12R120e }

12
) b1a
o1t

a1l

(Oé34 — Q31—
o
Q33 — (31 ——

15
Q35 — (31
a1

Q14

11

13

a11

(
(
(
(

> bi2 —
> bia —

a4
Q34 — Q41— bio —

Q22 — 21 ——
e}

Q23 — 21 ——
e}

Q24 — Q21 ——
e}

Qo5 — Qig1 ——

Kg

Je

12

11
13

11
14

11
15

11

11
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Q32 — 31—

12
Q42 — Q41—
a1

Q12
) b1s
a1

(100)

(101)
(102)
(103)
(104)
(105)

(106)
(107)
(108)
(109)
(110)

(111)

3.2. Extraordinary Wave Incidence from Upper Medium
(Region 1) upon Lower Medium (Region 2)

Similar to the previous case, for extraordinary wave incident from
upper anisotropic medium to lower anisotropic medium, the reflected
wave will consist of upward ordinary and extraordinary waves in
Region 1, and the transmitted wave has downward ordinary and
extraordinary waves in Region 2. We have electric fields in each region

as follows:

= @ (K§9) + Rizeo0 (k) + Rizect (K5Y)

- XlQeoa (_kgz) + )(1268E (kgg)

(112)

(113)
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For extraordinary wave incident from Region 1 to Region 2, e (k$9)

replaces o(—k7,) in Region 1 in the previous case. By using the same
boundary conditions at z = 0, we can express the equations in a matrix
form as before, i.e., A- B = C - A is the same as before but B and C
are changed as follows:

_R12eo
RlQee

B = 114
X12ee ( )
_X12eo
fags —ko E (k§2) + kf sin vy sin yq

o= |25 1 k3 (ky cos iy — kfg sin Y cos Xl) (115)
ags|  Dp(k§Y) | —koE (k§2) + k¥ sinvy cos x1
(45 —k? (km cos i — k§%sin )y sin Xl)

We notice that since ay5, ¢ = 1, 2, 3, and 4, have been changed into
new values, b5, Lg and Ng which are functions of a5 should have
different values though they have the same form as before. The Fresnel
coefficients are given by:

JpPj, — MpK},

X — 116
12ee JEPE — MEKE ( )
Ky

X120 = Te c14X12¢e (117)
1

Rigee = b1 {b15 — b1aX12¢c — D13 X12¢0} (118)
1

Ri2eo = 05711 {a15 — 0014 X12¢e — @13 X12e0 — a12R12ee} (119)

where

Py = <a45 - 04410%) biz — <a42 - a410é12> bis (120)

o aig
a5 12
!/
Ky = (0435 — a31> b2 — <a32 - a31> bis (121)
o11 aiy

3.3. Ordinary Wave Incidence from Lower Medium (Region
2) to Upper Medium (Region 1)

Now we consider the wave is incident from the lower anisotropic
medium (Region 2) upon upper anisotropic medium (Region 1). When
the incident wave is an ordinary wave o(k$,), we can formulate the
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electric fields in each region as follows:
Er = X21000 (k,) + Xa10c€ (k%) (122)
By = 0 (k5.) + Ra1000 (—h8.) + Raroee (k5) (123)

We can express the boundary conditions as A - B = C with the same
A but different B and C', which are given below.

_X2100
XQloe
B= 124
R2100 ( )
_R21oe
[
C: Q25
Qass
Ke 7%
k3, sin g cos x2 — ky cos o
1 (k2+k:gz) sin 1o sin x2 —ky (ky sin s cos x2+ k9, cos 1)
=\ SHLX2 " fa (125)
95 —k$, sin g sin xo + kz cos
(k325+k:‘2’2) sin 1p cos x2 —ky (kz sin g sin x2 +k9, cos 1)2)
The Fresnel coefficients are obtained as follows:
JeML — J.M
Rotoe = 2B “ETE (126)
JgPr — KgpMpg
J/
Ro100 = Jl — c14R210e (127)
E
1
X210e = b1 {b15 — b1aR210e — b13R2100} (128)
1
X2100 = o {ous — @14 R210e — 13 R2100 — 012 X210e ) (129)

where

o «
Jg = <Oé35 - 043115> b1z — <a32 - 03112) bis (130)
a1l aq1
o (6%
Mp = (0445 — 044115> b2 — <a42 - a4112> bis (131)
a1l a1l

3.4. Extraordinary Wave Incidence from Lower Medium
(Region 2) to Upper Medium (Region 1)

Finally, for the extraordinary wave incidence from the lower layer
(Region 2) to the upper layer (Region 1), we can express the electric
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fields in each region as follows:
E1 = Xo1000 (k,) + Xotece (KSY) (132)
By = € (k§2) + Ra1eo0 (—KS.) + Ronece (R51)  (133)

The equations of the boundary conditions can be expressed as A- B =
C, where A is the same as before, but B and C' are changed as follows:

_X21eo
Xotee

B = 134
RQleo ( 3 )
_R2lee
[a1s ko B (KSY) — k3 sin o sin xo

o= |25 _ 1 —k3 (ky cos by — kSY sinhg cos x2) (135)
ass Dy, (ksY) kyE (kS%) — k3 sin1ba cos x2
| Qa5 k3 (kg cos g — kS% sin by sin xo)

The reflection and transmission coefficients are given by
JePp — MpKY,

Roten = 136
21 TP — MuKs (136)
K/l
Roteo = TE — c14R21¢e (137)
B
1
Xotee = e {b15 — b1aR21ce — b13R121c0 } (138)

1
X21eo = o {a15 — 014 R21ee — @13R21c0 — 012 X216} (139)

where

a1

15 a2
Pg = (0445 - a41> biz — <Oé42 - Oé41> bis (141)
o1 a11

o (6%
K% = <a35 — 043115) b1 — <C¥32 - a31ai> bis (140)

4. LIMITING CASES

Now we check our results of the reflection and transmission coefficients
in several limiting cases. In some cases, they reduce to a simpler
form. We also want to check our results of arbitrarily oriented uniaxial
medium with those of the tilted uniaxial medium [5]. There are four
steps to obtain them because the results at each step are another
Fresnel coefficients for different cases. First we set x; = 0, ¢ = 1
or 2. Secondly, we will let x; = x2 = 0 and thirdly we will make
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X1 = X2 =0and ¢; =0 and ¢; = €;,, ¢ = 1 or 2. This limiting case
reduces to the isotropic-anisotropic problem. Finally, x; = ¢; = 0 and
€; = €;z, t = 1, 2 for the isotropic case.

4.1. Limiting Case 1: x; =0,7=1, or 2

We set x1 = 0 and find that

Gu1 — Gul (142)

9211 — gd1 (143)
ed

D, (kfﬁ) — pl) (144)
eu ke:‘;

Dy (k) — D) (145)

4.1.1. Ordinary Wave Incidence from Upper Medium (Region 1) upon
Lower Medium (Region 2)

In this case, we find that

biog — Ko (ki, k%, ¥y, ) (146)
bis — kgky (147)
a3y — 0131% — —K; (k‘fg, k1, W, ‘1’1) (148)
Q35 — 0131% — k‘x sin \I’l COS \1’1 (149)
11
Q14 eu
0142—01410{711 e kle (k’]_,k127\111,\ljl) (150)
s — an 22— _oke (k2 cos® Uy — (k2 + k{7) sin® Uy) (151)
a1

Then, coefficients reduce to
JeNg—FkyLe Mg

X120e= JpPp—KpMp (152)
X12oo=—kzg—%X12oe (153)
Dy (kS ke ko S / b,

Hi2oe= 13- (klfljcf(g,l\f'i ) {2 D) Q'ZXROO}(M)

Ri200= (k7. sin wlgu_l k, cos 41 )
(K9, sin ¢;Zlky cos 1)1 ) n sz(kggI)j:c(i Zlgn) o sin x2 1o
(K3, sinty cos xa-+ky cos ) ki (ky sin 91 +k§Y cos 1 ) (155)

— X1200— R
9512 1200 DU(kfg) 120e



Progress In Electromagnetics Research B, Vol. 47, 2013 79

4.1.2. Extraordinary Wave Incidence from Upper Medium (Region 1)
upon Lower Medium (Region 2)

In this case, we obtain

by — —Ko (kl,kfj,\pl,\yl) (156)
Q45 — a41% — kz N1 (klkaga Wy, \1’1> (157)
11
ags — a31%ﬁ — —K </€f§l7 k1, ¥, \I’l> (158)
K}; — Ké (159)
P}; — kxPé (160)
kyJpP —K'M
Xigee=bre Ze b (161)
JePg — KpMg
K K
XlZeo:TEe_TjXIQee (162)
Rugpe DU (KLZ)
T Ko (ki k§E, W, 0)
Ky (ky k§4, 04, 0y ! b,
K ki, ¥ ) X+ BB X5, b (163)
Dy (k2z) Dy, (k2z) 9a2
Gul
Rio, =
12co (K9, sin1 —ky cos )y)
ko (ky sing1+k§d cospr) | ko E(kST)—k3 sin o sinxz
ed 7 ed 12ee
DU(klz) DU(kQZ) (164)
(kgz sin 12 cos x2-+kycos 1/)2) ks (kysim/)ﬁ-kfgcos 1/}1)
- 7 XlQeo_ ou RlQee
9a2 DU(klz)

4.1.3. Ordinary Wave Incidence from Lower Medium (Region 2) to
upper Medium (Region 1)

The following coefficients are obtained as
JeMp — J Mg

Rotoe= 165

Hoe = 7 Pr — KpMg (165)
J. Kg

Rotoo= £ — == Ro1pe 166

21 T, T (166)

Dy (k%) bis 14 b
Xotoe= z 5 M R+ -BR 167
21oe K2 (lﬁ,kﬂ‘, \Ifl, \Ill) 9;2 D;] (kigg) 21oe g:ﬂ 2100 ( )
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X2100 = o - Jul
(K9, sinty — ky cosr)
kg, si —k ko E(k52)—k2 si i
( S, sin g cogs;:g y COS wg) 4 ( 5 2)6 (kaldn)wg sin x2 R2106
(kgz sin 2 cos x2+4ky cos ¢2) ko (ky sin 1 +k§Y cos ¢1) (168)
_ 9&2 RQloo_ DU(k‘fu) X21oe

4.1.4. Extraordinary Wave Incidence from Lower Medium (Region 2)
to upper Medium (Region 1)

We obtain,
(JePg — KgMg)
Rotee = 169
& (JEPE — KgME) (169)
K” K
RQleo — TEE - TEER2166 (170)

b// / b/
XQlee - ?] ( iju) 15 - 14 R2lee + £R2lee (171)
U\ Dy (ksY) Dy (kse) 9o

Gul
(K9, sint)y — ky cos )

ko E(kSY)—k3singposinxe | ko E(k§d)—k3 sintpy sin xo

Dy (ks2) * Dy (k) ftaree
. kS, sina COS/X2+]€y cos Y2 R2leo _ ka (ky sin 1/111-1-552 cos wl) X2lee
9az Dy (k§¥)

where b3, b, and b} (and bf5) are the values of by3, bi4 and b5 with
x1 = 0, respectively.

XZIeo =

(172)

4.2. Limiting Case 2: xy1 =x2 =0

Two optic axes in the two anisotropic media are in the same plane when
both x1 and x2 are zero. We then have the following coefficients.

Dy (k$9) JeNe — LeM,
X — 9 2 oI elVe eiVle 173
120e gan 1z mk%JePe — KeMe ( )
ga2 Le gad2 Ke
X —9J4c 0 ¢ s X 174
120e ga1 1z Je DU (kgg) T, 120e ( )
Rio Dy (kf?)
00T K (kR W, 0
kokyk?, | Ka2(ko ks, 01,0s)
2 T T D(kt)  \izee (175)

g key (kS +k2. ) cos(Ay)+(k2—k§, kS, ) sin(Ay)
z 9d2

X1200
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Jul
(k9, sintpy — ky cosr)
k{, sin 1 +ky cos iy

R1200 =

ky sin o +kE cos o
+ kw v 2 Xl?oe

gd1 DU(kSZ)
k3 sin¢atkycos o X ky (kysin Y1 +kf“z‘cos¢1) R (176)
9d2 1200 Dy (k%g) 120e
Xy, = D0 (K52) k2T Py = MKy am
“ Dy (k§d) k2JePe — K M.
gz K, gz Ke
X = — X 178
L Do)
12¢€ T Ky (ky kY, Wy, 0y
 Ko(ki k3 01,00) Ko (ko kg 0,0s) ,
ee
Dy (k5) Dy (k5?) (179)
)l (kg +k3,) cos(AlD);-i Skg—kfzkgz) sin(dva) o
Jul
Riseo = -
« (k:fz sin 1 — ky cos 1/)1)
ooy Sinpss; +hSdcosypn) | ka (ky singothgd cos iz x
- 12ee
2o i) e s
kS sin k z sin $¥ cos
— 1/’;:2 y 039z Xl?eo_ z DUl(kle";) - Rl?ee
D ked JM — J/M
RQloe = - v ( QZ) kCE 26 S —_— (181)
Gu2 kiJe P — K M.
gaz J, gz Ke
Rotpo="—- - —————"R 182
2100 Gu2 Je DU(kSZ) k'xJe 21oe ( )
o Do)
21T Ky (1, k7Y, Wy, Uy)
. ky(k9.— k3., ) cos(Aw)+ (K249, kG ) sin(Ad) | Ko (ke ks, 01, W5) R
T Gu2 / ed 21oe
Dy (ks?) (183)
h ky (K9, 4K3.) cos(Aw;;(kgfkfzkgz) sin(Aw) Rov,
Gul
X =
2loo (k9, sintpy — ky coshr)
kS, sin z/z;;zky cos P2 + kx ky sin wg—l-k:e;zi cos P2 RQloe
Do (k52 (184)

kS sina+k, cos o ky sin 1 +k§Y cos 1
—=2= . R2loo - k:r; ¢ 12 X21oe
9gd2 Dy (k?;)
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Dy (K5t) K2JLPY — MK

R 185
21T Dy (kv k2JoP. — KoM, (185)
—g942 K 9d2
R °R 186
= Dy B (g R e
Xoron Dy (k%)
Ko (k1 k§Y, Wy, Uy)
Ko (ko k¥, W1,Ws) Kg(kz,kgj,\h,%)R
ew ed 2lee
Dy (ks2) Dy (k) (187)
ke ey (kgz+kgz) cos(mp)g;(kg—kfzkgz) sin(Ay) Rov,
X
2leo = ( sin 1!11 k: cos wl)
Kz ky s1np312 -l;i% COSTZJQ) + k‘ ky smwngkEd cos Yo R2lee
(k) ( Do (k52) ) (188)
ZSIHTZ)2+/€ cos P2 ko Ry sing1 +ATE cos g
2 Jaz Y RQleo Do (kf’;) X21ee
where
_ 02 ) 32 2]1/2 .
= | (k% sinty; + kycosvy)” + kil , i=1,2 (189)
_ [ (K92 sin v — ky costy)” + kg} 2 512 (190)
= { [ ky sina; + k¢, cos b)) — wz,usi]
(K2 4+ 82+ k2 — &Pules +2.)7] M2, i=1,2 (191)

Je = — (K7, sinthy cos g + k3, sin g cos 1) Ka (k1, k%, ¥1,91)
+K1 ( 1z 7k17¢1>¢1)[ ( (1)z+k(2]z) COS(Adj)
+(k§_ 1zk22) Sln(AW] (192)

L - - Sinwl COs leQ (kla fnglawl)"i_k'yKl ( lzaklawlawl)(lgg)
N, = [k:z cos? iy — (k2 + k:02) sin® 1/)1} Ko (k1, kTy,1¥1,11)

+h2ky Ny (K2, Ky, 1, 401) (194)
K.=K; (kgg,km%,%) x Ky (k1, k7%, ¥1, 1)

— Ky (kT3 k1,v1,11) x Ko (/f27 kgngl,%) (195)
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ky (K9, + K3.) cos 1 cos
—ky [(kQ + k92 + k9,kS, ) sin by cos iy
— (k2 + k$2 + klzkgz) cos ¥y sin s |
— (K9, + KS.) (k2 + k9, k,) sin by sin s
X Iy (K, KSY, 1, 401) + kg [ky (K, + £3.) cos(Ag)
+ (K2 — K9S, ) sin(A¢)] x Ny (ki k§%, g, 91)  (196)

P = Ny (o, K52, 01,62 ) X KRy, k2, 0, 1)

=N (kK5 1, 1) % K (b, K52, 0, 02 (197)
PL= Ny (ki K v, v ) < Ko (b, B2 b 00n)

=Ny (k1, k1%, 101,v1) x Ko <k1,kff,1/)1,¢1) (198)
K, = K, (/ffg,kh%,%) x Ko (k1, kiy, 1, 91)

S A CHICRURTYRY o (AN RTRTY (199)
Pé, = Nl (kQ;k‘.Qz)ﬂ}lad}Q) X K2 (k17 1z7w1717[)1)

—Ny (K1, kT3, 4b1, 1) x Ko (ko, kY, 1, 42) (200)
Kg = K (k2z7 k271/)17¢2) X K2 (kl’ g’wl’wl)

— K (kY k1,91, 901) x Ko (ko, k5Y, 11,102) (201)

_kg; (kcljz - kgz) cos 1/}1 COS ¢2

am g{: k:2z) sin 11 cos 1o

ké’? ki’zké’z) cos 11 sin ]
+( — k3.) (k2 — k9. k3,) sin ¢y sin iy
X Ko (ka, k72,1, ¢1) + kﬁ [key (KT, + k3,) cos(Av)
+ (K — k7.KS,) sin(Av)] x Ny (k1 k¥, 1, ¢1) (202)
J, = (K, sin 1y cos ho— kS, sin acos 1y ) Ko (k1,k$Y 101,01)
K (KT kb1 ) [y (KT, — k3.,) cos(Av)
+ (kg + k9.k3, ) sin(Aq)] (203)
Ay = 1 — o (204)
where
K1(X,Y, 91, 9) =k9 X costy costhy + kf, (Y? — k7)) sin ¢y sinafy
—k:y[(YQ— k:f,) cos g sin Y1 + k7, X'sin ¢ cos 17[)2] (205)
Ko (XY h1,02) = (XK. +k2kS,Y) cos 1 cos tho—ky [(XPk{, —K2Y)
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+k7, (Y?— k) sin by cos oo +(X?Y —k2KS,)

cos b sin o] + (X3 TZY+kg2ck§) sin sinte  (206)
N (X, Y, 1, 0) =ky (X?—k$,Y) cos by cos o

+ [V (K2 + k§2) — X?k?, ] sinahy cos by

— k2 kS, cos by sin g +ky (k2+k7 sin y sinepg) (207)

4.3. Limiting Case 3: x1 =x2=0, ¢¥; =0,¢; =€;,, 2t =1 or
2 (Isotropic — Anisotropic)

Results agree with the results reported in [5] for isotropic and
anisotropic interface. Twelve coefficients out of sixteen are checked
analytically and all sixteen coeflicients are checked numerically.

4.4. Limiting Case 4: x; = ¢; =0, ¢; = €;,, t =1 and 2
(Isotropic — Isotropic)

The ordinary and extraordinary waves coincide with horizontally (TE)
and vertically (TM) polarized waves. The coefficients for the cross
polarized terms, R;juv, Rijvu, Xijuv, Xijve, are found to be equal
to zero, Rijgv = Rijvy = Xijuv = Xijvg = 0.

5. CONCLUSION

Fresnel coefficients for three-layered anisotropic media have been
obtained. The optic axes of two anisotropic media have been assumed
to be in arbitrary direction. The fields are expressed in terms of two
characteristic waves, i.e, the extraordinary wave and the ordinary wave.
Using the matrix method, the coefficients of the three-layer problem
are expressed in terms of half-space Fresnel reflection and transmission
coefficients. The half-space coefficients are obtained analytically for
the anisotropic-anisotropic interface, and are checked for four limiting
cases. It is shown that the results in the two limiting cases agree with
the existing results. Results presented here can be applied to dyadic
Green’s functions [26] and to radiation and scattering problems in the
presence of multi-layer uniaxially anisotropic media.
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