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Abstract—A scalar potential formulation for a uniaxial anisotropic
medium is succinctly derived through the exclusive use of Helmholtz’s
theorem and subsequent identification of operator orthogonality. The
resulting formulation is shown to be identical to prior published
research, with the notable exception that certain scalar potential fields
not considered in previous work are rigorously demonstrated to be
unimportant in the field recovery process, thus ensuring uniqueness. In
addition, it is revealed that both a physically expected and unexpected
depolarizing dyad contribution appears in the development. Using
a Green’s function spectral domain analysis and subsequent careful
application of Leibnitz’s rule it is shown that, for an unbounded
homogeneous uniaxial medium, the unexpected depolarizing dyad term
is canceled, leading to a mathematically and physically consistent and
correct theory.

1. INTRODUCTION

Vector potentials are often employed to aid the solution of
electromagnetic problems involving simple (i.e., linear, homogeneous,
and isotropic) media [1-4]. In the past couple decades, new scalar
and vector potential formulations have been heavily investigated and
utilized in the electromagnetic analysis of complex media [5-16] such
as anisotropic and bianisotropic materials [17-20]. This recent interest
has been greatly renewed by significant developments in material
fabrication capability and the phenomena exclusively associated with
complex media [21-23]. One of the many pioneers to investigate
scalar potential techniques for complex media was Weiglhofer [6—
13,15,19]. Weiglhofer’s analysis in [11], involving the scalar potential
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formulation for uniaxial anisotropic media, is especially interesting
from an application viewpoint due to the relative ease of manufacturing
this type of material [24].

The goal of this paper is to first briefly review the pioneering
uniaxial anisotropic scalar potential work in [11]. This review is
important because it allows identification of a scalar field contribution
that was not considered in the method of derivation but influences the
uniqueness of the field recovery process, and it reveals an expected
and unexpected depolarizing dyad contribution. The next objective
here is to offer an alternative scalar potential derivation for uniaxial
anisotropic media exclusively based upon Helmholtz’s theorem and
subsequent identification of operator orthogonality. The end result is
identical to [11]; however, it is definitively shown in this alternative
derivation that the scalar field contribution not previously considered
does not influence field calculation, and thus ensures uniqueness.
The final goal is to demonstrate that, using a Green’s function
spectral domain analysis, the unexpected depolarizing dyad term is
removable for a homogeneous uniaxial anisotropic medium, resulting
in a mathematically and physically consistent theory.

2. UNTAXIAL ANISOTROPIC SCALAR POTENTIAL
FORMULATION

The first objective of this section is to briefly review the uniaxial
anisotropic scalar potential derivation [11] in order to identify a
scalar field contribution not previously considered and to identify both
an expected and unexpected depolarizing dyad contribution. The
second objective is to offer an alternative derivation that rigorously
demonstrates the scalar field contribution (not previously considered)
does not impact field uniqueness. Removal of the unexpected
depolarizing dyad for a homogeneous uniaxial anisotropic medium is
demonstrated in Section 3.

2.1. Prior Uniaxial Anisotropic Scalar Potential Formulation

Following the analysis in [11], Maxwell’s equations for a linear,
inhomogeneous (in z), uniaxial electric and magnetic anisotropic
medium are (with exp (jwt) assumed and suppressed)

V x E(p,2) = —Jn(p, 2) — jwii(z) - H(p, z) )
V x H(§,z) = Jo(§, 2) + jwE(2) - E(p, 2)
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where the z axis is the principal axis, € = Ze;& + &9 + 2¢,2 the
dyadic permittivity, i = Zu:Z + Gy + Zu.2 the dyadic permeability,
and p = Zx + gy. Decomposing (1) into transverse and longitudinal
components and subsequent equating leads to the following relations
for Ampere’s and Faraday’s laws, respectively

Vix ZE, +2 % % = —Jn —jwﬂtﬁt (2)

Vi x By = —2Jy, — 2jwu. H, (3)

Vi x AH, 45 x 2 — JI, 4 juwe, E, (4)

Vi x Hy = 2Je, + Zjwe. B, (5)

where V; = ica% + Qa% is the transverse del operator. The two-

dimensional form of Helmholtz’s theorem [11], which states that a
vector field is completely specified by the superposition of curl-free and
divergence-free contributions, is now used to represent the transverse
fields and currents, namely

Ey = Vi®+V; x 20 =V, ® — 2 x V0 6)
H, = Vir+Vy x 20 = Vymr — 2 x V1 7)
Jot = Vite + Vi X 300 = Vit — 2 X Vv, 8)
Jne = Viup + Vi X 2vp, = Veup — 2 X Vi, (9)

where ®, 0, 7, v are field-based scalar potentials and u., ve, uy, vy are
current-based scalar potentials. Insertion of (7) into (5) and (6) into (3)
and use of standard vector calculus identities leads to the following
relations

~—~~ N

E, = _jwlaz (V%ZZH— Jez) (10)
H. = 7= (V{0 — Jis) (11)

where V7 = 88722 + 88—;2 is the transverse Laplacian operator. Thus, the

fields are recovered from the potentials via (6), (7), (10) and (11).

Prompted by Helmholtz’s theorem and analysis in [11], the first
step in obtaining the governing wave equations for the potentials is to
take the transverse divergence and transverse curl of (2) and (4) and
substituting in (6)—(9), leading to the preliminary result

V7 (9 + up + jwper) = 0 (12)

Vi (—E: + 52 — v — jopdh) = 0 (13)
% (g—f — Ue —jw5t¢>> =0 (14)
Vi(-H, + % + ve + jwed) = 0 (15)
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It is subsequently inferred in [11] that, based on (12)—(15), the following
relations prevail;
ol

. tup+jwm =0 — 7= qut (52 +un)

1

(
—Ez—f'%%—vh—jwlﬁt@b =0 — E, =2 e S — juup (17
gf Ue — jwer® =0 — O =1 (?;f ue) (

Jwet
_Hz+£+ve+jw€t0 =0 — H,= az—i—ve—i—jwaﬂ (19

Insertion of (10) and (18) into (17), and (11) and (16) into (19) leads
to the desired scalar potential wave equations

_%V?w_gt% (é%ﬁ) —k‘?w :_ft% (%ue) +%Jez —jwevy, (20)
Je] 00 .
_%Vge—ﬂt& (i@) k20 = /Jtaz (M )—I%th—jw,utve (21)

where e¢, €,, ut, 1, are, in general, functions of z and k:t2 = wley.
Summarizing, the scalar potentials ¢ and 6 are first solved using (20)
and (21). Next, 7 and ® are computed using (16) and (18). Finally,
the field recovery process is completed via (6), (7), (10) and (11).

The above brief review is important in order to bring out three
salient points. First, an examination of (10) and (11) readily shows
that

L2+ L8, - J, (22)

]ws

H. = 2H, =271V — 202 J, = 2 2-V30 + LV, - J;, (23)

where the relations J., = 2 - J; and Jp, = 2 - Jh have been used. The

terms LY, = —éjw%z,% and L, = —2%22 are the well-known electric
and magnetic field depolarizing dyads resulting from the longitudinal
current densities and are mathematically and physically consistent
with prior well-documented findings [25-35]. In these findings, it is
discussed that the source region of volume V is split into two subregions
V — Vs and Vj, where Vj is a small cavity excavated around the source
point (in the limit as 6 — 0). This method is used in order to
carefully handle the source point singularity. However, in doing this,
the excavated region disrupts the current flow causing surface charges
to accumulate, which subsequently causes gap (i.e., cavity) fields to
exist that are not there in the original continuous volume region V. It
is subsequently discussed in these findings that the contribution from
the Vy region, which depends on its shape, produces depolarization
fields that cancel the gap fields. In the work considered here in
which the z axis is the principal axis, the source excluding region is a



Progress In Electromagnetics Research, Vol. 134, 2013 155

z+0

Figure 1. Source region gap and depolarizing fields.

slice gap as shown in Figure 1. Also shown are the expected electric
and magnetic surface charges due to the longitudinal (i.e., z-directed)

current densities Jg,, Jp, and the corresponding gap fields Eg, H g and

depolarizing fields Ey = Egz - J, and Hy = EQZ - Jn, which are in
agreement with the prior findings.
In a similar manner, an examination of (6) and (7) in conjunction
with (16) and (18) reveals that
B =Vi®+V, x20=-LV,5 - - LVu +V,x20 (24)
Hy = Vim+ Vi x 51 = — o Vi GE — N + Vi x 2 (25)
where Viu, and Viuy, are identified as, with the aid of (8) and (9),
the curl-free contributions of the transverse electric and magnetic
current densities, respectively. Analogous with the previous results
in (22) and (23), it appears that based on (24) and (25), there
exists transverse electric and magnetic depolarizing dyad fields

implicated by the transverse current densities, namely —ju}Et Vite
and —jwlm Viup. Based on prior findings in the research literature,

these transverse depolarizing dyads are completely unexpected both
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mathematically and physically. Figure 1, for example, clearly shows
that transverse current densities fet, J_;lt which travel parallel to the
gap region Vy do not cause surface charge buildup at the boundaries
z—0 and z + J. Thus gap and depolarizing fields are not anticipated.
Note, it is this physical picture that prompted the author to explore
the mathematical derivation that demonstrates the cancelation of
the apparent transverse depolarizing dyad fields in (24)-(25). This
observation, which represents the second salient point, will be further
discussed in Section 3.

The third crucial point to discuss here in the reviewed analysis
of [11] involves Equations (12)—(15) and the relations subsequently
inferred in (16)—(19). As an example, consider Equation (12) and the
subsequent inferred result in (16). Due to the transverse Laplacian
operator in (12), it is more mathematically precise to infer in (16) that

% 1 up, + jwpm = C1(2) + Ca(2) f (2, y)

= ™= _jwlm (% + Uh) + jwlut [C1(2) + C2(2) f(z,y)]  (26)

where C}(z), Ca(z) are functions of z and f(z,y) is a function of x,y
which must satisfy the condition VZf(x,y) = 0. In order to see the
ramifications of this observation on the field recovery process, consider
an example case where C1(z) = 3z, Co(z) = 2 and f(x,y) = = + v.
The transverse Laplacian of C}(z) + Ca(z) f(x,y) is clearly zero and is
thus consistent with (12), as expected. However, for the field recovery
in (7) which involves V;m, one obtains the result

Vim = =iV (G2 +un) + 7252 Vi [32 + 2(z + )]
= — Ve (8 +un) + 2 22+ 9)]. (27)
Since V;Ci(z) = 0, it does not impact the field recovery process.

However, notice the additional contribution ﬁp(f +9)] in (27) due

t

to the factor V;[Ca(z) f(z,y)]. Since Co and f are, in general, arbitrary
terms, they have important implications, namely, the field recovery is
not unique — it can take on any arbitrary value! In the next section, an
alternative scalar potential derivation will be presented that rigorously
demonstrates the unimportance of any such scalars in the field recovery
process, and thus ensures uniqueness of the field.

2.2. Alternative Uniaxial Anisotropic Scalar Potential
Formulation

In this alternative uniaxial anisotropic scalar potential derivation,
calculation of F, and H, follows in the exact same manner as in the
prior derivation. Namely, (7) is inserted into (5), and (6) is inserted
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into (3) to obtain (10) and (11). Next, in contrast to the prior scalar
potential derivation, the transverse divergence and transverse curl are
not performed on (2) and (4). Instead, the second representation of the
transverse fields and sources in (6)—(9) are directly substituted into (2)
and (4), resulting in
—2 X V4B, + 2 x V92 + v, %
= —Viup + 2 X Vyvp, — Vijwum + 2 X Vijwu (28)
2 x ViH, + 2 x V, 98 + v, %
= Vtue —Z X Vtve + vthEt‘I) —Z X thwstﬁ (29)
where standard vector calculus identities have been utilized. It is
important here to recognize that the operators V,; and 2 x V; are
orthogonal (i.e., V¢ - 2 x V4 = 0) and are thus linearly independent.
Note, a Fourier transform on the transverse spatial variables, in which
V: gets mapped into jxp = j(2#A; + yAy), may also be employed as
an alternative proof of orthogonality of the operators since V; - 2 x V;
transforms to jxp -2 X jXp = Xp X Xp -2 = 0. Therefore, the V; terms
and the Z x V; terms can be respectively equated in (28) and in (29),
leading to the rigorous result

Vi (%+uh +jw,ut77) =0 =

%+ up + jomm = C1(2) (30)
EX V(=B + 92 — vy — juprp) =0 =
—-FE, + ‘?9% —vp — Jwup = Co(2) (31)
Vi (g—f — U —jwaﬁ?) =0 =
g—f — ue — jwey® = Cs(2) (32)
ExX Vi (—H. + & +ve + juef) =0 =
—H, + 9% + v + jwe) = Cu(z) (33)
where Cp, (n = 1,2,3,4) are scalar fields that can, in general, be

functions of z. Note that the derived relations in (30)—(33) only involve
the transverse del operator Vi, whereas derived relations (12)—(15) in
the previous section involved the transverse Laplacian operator V2.
Since the field recovery process for the transverse fields involves V;
and the longitudinal fields involves V7, it is clear upon differentiating
that the C,, in (30)—(33) do not influence the fields (i.e., V:C),(z) = 0).
Thus, without loss of generality or uniqueness, the C,, may be set equal
to zero, definitively leading to the desired potential relations

T = _jwlut (% + uh) (34)

E, = %%’ — vy — Jwpy (35)
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- 1 (o

o = L (%) (36)
H, = 9% 4 v, + jwe,d (37)
which are identical to relations (16)—(19) inferred in the previous
section. The final wave equations (20)—(21) follow in the exact same
manner as discussed in the previous section. Thus, it has been
rigorously shown for the first time in this manner (to the author’s
knowledge) that the scalars C), appearing in the potential formulation
do not contribute to the fields and consequently ensures a unique field

representation.

3. TRANSVERSE FIELD DEPOLARIZING DYAD
ARTIFACTS

Based on the uniaxial anisotropic scalar potential formulation

previously discussed, it appears that there exists transverse electric and
magnetic field depolarizing dyads, namely —jjat Viu. and —jwlm Vup,.

These apparent terms originate from (6) and (7) and from the potential
fields ¢ and m,

o = L (% -u) (38)

m = =g (52 + un) (39)
where u, and uy are related to the transverse electric and magnetic
current densities J,; and Jy, via (8) and (9), respectively. It
was previously mentioned that this result was both mathematically
and physically unexpected in lieu of the research literature and
Figure 1. The goal of this section is to demonstrate that, via a
Green’s function spectral domain approach and careful application of
Leibnitz’s rule, the apparent depolarizing dyads are removable for an
unbounded homogeneous uniaxial anisotropic medium, leading to a
mathematically and physically consistent theory. Thus, the equivalent
goal here is to show that the terms u. and w, in (38) and (39)
get canceled, which subsequently eliminates the apparent electric and
magnetic field depolarizing dyads.

The first step in showing the apparent depolarizing dyads are
removable is to seek solutions to the wave equations. The scalar
potential wave Equations (20) and (21) for a homogeneous uniaxial
anisotropic medium simplify to

! |
~EVHO - GE K = G e —jweon (40)

2 .
—%Vf@—%—k?@ = %_%th_]w,utve (41)
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where the functional dependence of the potentials and current densities
on x,y, z has been dropped for notational convenience. Since the
medium is unbounded, Fourier transformation is prompted on z, y, z.
The principal axis is the z axis, thus it is convenient to first transform
on the transverse variables x, y followed by transformation on the
longitudinal variable z using the respective generic transform pairs

F(%.2) = 7 7 f(7.2) e % Pdady

—00 —00

oo oo (42)
f(pz) = (27102 / / f(xp,z) ejxp'ﬁd)\xd)\y
f(Xp,)\Z) - /OOJF(XMZ> otz g,
. (43)
7 (Xp,z) =1 / 7 (X,),AZ) 2N,

where Xp = &Mz + yAy. Upon consecutively performing these Fourier
transformations, the wave equations in the A\,, A\, domain become

(A2 =22) & = —jhsiic + s — jweiin (44)
(A2 = X2) 0 = jAsiiny — 2y, — juopei (45)
where )\iw = kf—;—i)\%, N2, = k:tz—/‘j—z)\%, A2 = X242, and kf = w?eyp.
Solving for ¢(\,, A;) and 6(\,, X,) produces
—jAstie + T es — jueiin

ROV W T W v (46)

@ll

j)\zﬁh - %jhz - jwutée
()‘Z + Az@)()‘z - )‘29)

where the poles of (46)—(47) physically represent the propagation
factors A, = FA.y, FA.¢ of up-going and down-going waves along the
z direction, respectively. Note, the poles +A.y, +X\.9 are located in
the lower-half complex A, plane and the poles — ., —A.4 are located
in the upper-half complex A, plane. Also, an examination of E,, H,

6—

(47)
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n (10), (11) reveals that 1 is associated with TM?® fields and 6 is
associated with TE* fields.

Expressions for ue, Ue and ap, 0p, in terms of Ju, Ju

and ultimately Je, Jh (leading to the identification of spectral-
domain potential-based Green’s functions) can be found via Fourier
transforming the divergence and curl of both (8) and (9), respectively,
leading to

TG 2z = R Tet _ _iApde

I det = =Ajlle = Ue = — ’;\% L=— ﬁ% (48)

JXe X Jet = EXMDe = Do = J”X;Ju = Wig*fet = W;%p'Je (49)
-~ Z ~ - X g X g

Ao I = =Xoty, = Gy, = —2 ;jht = 1 inh (50)

c i 5 xRy _ 32X Ky
)\ J = ZA Uh = 'Uh = iz KXJM ]ZXAg Tht = JZX/\2p In (51)
P b b
where the vector calculus identity @ a-bx xb-G has been used in (49)

and (5 ) Note, )\ Jetht_)\ Jeh andzx)\ Jet’ht:zx)\ 'Je,h
since )\ and 2 x )\ are purely transverse vectors. Thus upon

substituting (48)—(51) into (46)—(47) and using Jez hr =2 Je n, allows

z; and 6 to be written as

DA A2) = Gye(Np As) - Je(Npy Ae) + Gun(Np, o) - Tn(X,, A2) (52)
é(xp7>\z) - é@e()‘pa)\z) je(_’pa)\z) + éeh(xmAZ) : jh()‘pyAz) (53)
= &X + &£z
P > A2 T e,
oo \,) = P 54
v ( P ) (/\z“‘/\zw)(/\ - /\ZTZJ) ( )
G Xy, Az) uﬁz“ (55)
h s Nz) =
v (Ve + ) (s = Ay)
5 X A %tém
e s Nz) = 56
’ ( P ) ()\z + )\29)()\2’ - )\zQ) ( )
z Ao~ hez
Geh()\py )\z) = (57)

oW +A29)(A — )

—

where Gwe, Gwh and Gge, G@h are the spectral domain vector Green’s
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functlons for w and 9 due to electric and magnetic current densities

J and Jh Note, a more traditional dyadic Green’s function
interpretation for the potentials can be readily identified by observing

in (6) and (7) that 1Z = zw and 9: = 29: leading to the dyadic

et <

Green s functions Gwe = sze, Gzph = szh, Goe = nge and Ggp, =

ngh. Inverse transforming (52) and (53) using (43) and Cauchy’s

integral theorem [32,33], one obtains for @(Xp, z) and 5(Xp, z) (upon
considering the cases of z > 2’ and z < 2’) the result

b
)\p,z /é z') . J:; (Xp,z’) dz’

, (58)
+/5¢h (Xp; z z’) jh (Xp,z’) dz'
b a
0 (X,,,z) :/596 <Xp;z z’) je (Xp,z') dz’
‘ (59)

—i—/égh <Xp;z — z’) . jh <Xp,z’) d7

where the source currents in the z variable are assumed to exist in the
localized region a < z < b and

. . .
122y sgn(z — 2/ )\, + L2

> /o 2 . . ,
Gye ()\p; z— z’) = __’r eI Azplz—7] (60)
2Xy
jwet 5
- . X2 Z X /\p ) ,
Gyn ()\p; z— z’) — T pidala—A (61)
2y
]ﬁé“é X )\p

éee (Xp; Z = Z/) _Te e—j>\26|2—2'| (62)
z

JAz0 Y

)=+

-, sgn (2 — 2" ) A, + 242 )
Gon ()\p; z—2 I S PR (63)

with Aoy = /K7 — S22, A = [} — £LA7 and sgn(z — 2') = +1, -1

for 2 > 2/, 2 < 2.
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_ Now that the solutions to the wave equations for potentials @Z; and
0 have been found, it is shown next that the current terms w. and

up in (38) and (39) are canceled via careful application of Leibnitz’s
rule [36, 37]:

d(z) d(z)
8 [ e = [ OG0 U e )] - % ()] (60)
c(2) c(2)
where ¢, d and f must be continuous and have continuous derivatives
in the domain of existence. This analysis is more easily accomplished
in the A\, domain since ¢ and 6 are readily available in (58)-(63), thus
Fourier transforming (38) and (39) using (42) produces

~ — 8~ e 2 ~ —
(K%)= 7k |25 — (X, 2)| (65)
7(Xp,2) = — 7 [‘%“P’ 2t (3, 2)] (66)

where e, Uy, are easily obtained from (48) and (50) via the inverse
Fourier transform (43), resulting in

Ge(Np, 2) = —JT Je(Xp, 2) (67)
an(Npy2) = =22 Juy(X,, 2) (68)

In (65), the derivative with respect to z of the potential 1;(5\'9, z) must
be performed, namely

’ b
+ % /éwh (Xp;z - z') . jh (Xp,z/> dz

where Equation (58) has been implicated. Here, it is assumed that
the current densities are continuous and have continuous derivatives.

However, careful examination of Gy reveals it is discontinuous and
its derivative is discontinuous at z’ = z, and G, has a discontinuous

derivative at the point 2’ = z (if the observation point z is inside the
source region). Thus, the integrals in (69) must be separated into two
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continuously differentiable subintervals [a, z) and (z, b] to ensure (60)—

(61) adhere to the requirements of Leibnitz’s rule, leading to

z+5

—i—aaz/éwh (z—z’) ~jh(z dz +82/G¢h z—z)-jh(z’)dz’

—d‘i/éwe(z—z’)-j dz+8— é (z—2) Ji(z’

YdZ'

(70)

where the Xp functional dependence and limé — 0 symbol have been

dropped for notational convenience. It is critical to observe in

(70)

that the limits of integration involving the terms z — ¢ and z + § are
now functions of the variable z, and thus great care must be taken

when applying Leibnitz’s rule.

The derivatives in (70) are now taken in a straight-forward manner

via (64), producing the results

z—0

% C;’W (z — z') - Je (z') dz

z—0
— /aazézb (z —2) j( )dz+Gwe(z_Z) j(zl) 25
b
2 [ Guclem) di
z+6
= %é¢e(z_zl) j ( )dz _Gwe(z_z) j (Z/) 246
z+0
z2—0
2 [Gut-2)FE)e
z—0
- SeGyn (2 =2") - I (2) d2" + Gyn (2 = ') - T () R




164 Havrilla

—

on (2= 2') - Jn () de’ — Gy (2= 2') - Jy (2) (74)

1
—
Yo

Qu

2'=z+6

and, upon combining (71) with (72) and (73) with (74) in the limd§ — 0,
leads to

-

b
50— [ 28 (e #) T () d

+ lim [Gwe (z—z) — é¢€ (z—z')

6—0

(2
2'=z—6 z’:z+5:| 6( )

b
+ / %Ciph (z — z') -Jp (z') dz

a

+%i_1)1’(1) [éq/,h (z—z/)

—Gyn (=—2)

} T (2) (75)

where the continuity of the current densities has been used.
Substitution of (60)—(61) into (75) and careful handling of the
sgn (z — 2’) function reveals that

2'=2—6 '=246

%l—l% |:é¢e (Z B Z/) . éwe (Z B Z/) z’z+5:| ' je )
= _)\%Xp : je (2) = fLe(j"pa z) (76)
%I_I% |:é¢h (Z—Z ) z’:z—é_ éwh (Z—Z ) z’z+6:| 'jh (Z):O (77)

where the functional dependence on Xp in 4. has been reintroduced
for the sake of comparison with (65). The result in (76) is remarkable
because it clearly demonstrates that a careful handling of Leibnitz’s
rule when differentiating 1; with respect to z produces an additional
term 1 (Xp,z) that exactly cancels the —u, (Xp,z) term in (65).
Thus, as a consequence, the unexpected electric field depolarizing
dyad artifact is indeed canceled, leading to a mathematically and
physically consistent/correct theory! For completeness, the potential
® is calculated using (65) and the results in (76)—(77), leading to
b
(I)(AINZ) = j(j&‘t 8ZG¢6( pi % ) J ()‘ )dzl

a
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b

ik [ 2GRz ) Ta(hd (78)

Jwet

a

Inverse Fourier transforming (58) with respect to %, (59) with respect

to 0, and (78) with respect to ® via (42) and subsequent insertion
into (6) and (10) allows correct calculation of the spatial-domain
electric field and corresponding field-based Green’s functions due
to electric and magnetic current densities. In a similar procedure
involving (66), it can be shown that the magnetic field depolarizing
dyad is also removable and that the correct spatial magnetic field and
corresponding Green’s functions subsequently follows, the details of
which are not shown for the sake of brevity.

4. CONCLUSION

A scalar potential formulation for a uniaxial anisotropic medium
was derived through the exclusive use of Helmholtz’s theorem and
subsequent identification of operator orthogonality. The resulting
formulation was shown to be identical to prior published research,
with the notable exception that certain scalar fields not considered
in previous work were identified to not impact the field recovery
process. This derivation is new to the author’s knowledge and
constitutes an important contribution since it ensures field uniqueness.
In addition, it was discussed that both a physically expected and
unexpected depolarizing dyad appeared in the development. Based on
a Green’s function spectral domain analysis, it was shown that, for a
homogeneous uniaxial medium, the unexpected depolarizing dyad term
is removable (i.e., gets canceled) via careful application of Leibnitz’s
rule. Demonstrating the removal of the depolarizing dyad artifacts
constitutes a crucial contribution since it leads to a mathematically and
physically consistent theory and leads to the correct calculation of fields
and corresponding Green’s functions both externally and internally
to the source region. Future work will investigate depolarizing dyad
artifacts in gyrotropic media and will explore a possible proof of
whether the depolarizing dyad artifacts are generally removable for
inhomogeneous media.
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