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Abstract—This paper describes a novel permittivity measurement
technique using dual open ended coaxial sensors. The magnitudes
of the reflection coefficient from two open ended coaxial sensors were
used to determine complex reflection coefficients and permittivity of a
sample under test.

1. INTRODUCTION

Various admittance models of an open ended coaxial sensor have
been proposed to determine complex permittivity of materials. These
models include analytical models such as capacitance, admittance,
virtual line and rational function models [1] as well as numerical
techniques based on the finite element method, finite difference time
domain method and method of moment.

Unfortunately, all the opened ended coaxial models require
measured values of complex reflection coefficient to compute
permittivity of the material under test. Recently, there has been
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(a) (b)

Figure 1. Open ended reflection method, (a) coaxial sensor
terminated by a semi-infinite sample, and (b) capacitive equivalent
circuit at plane A-A′.

an increasing demand for a simple equipment to determine complex
permittivity of materials based on reflection measurements of open
ended coaxial sensors [2–7].

This paper presents a dual open ended coaxial sensor system
requiring only amplitude measurements of the reflection coefficients
from two different open-ended coaxial sensors to calculate the complex
permittivity of a sample. An improved capacitance model has been
derived to calculate the complex reflection coefficient which in turn is
used to determine the complex permittivity of a sample under test.

2. CAPACITANCE MODEL AND MODIFIED
CAPACITANCE MODEL

The measurement configuration of the open-ended coaxial sensor and
its capacitive equivalent circuit are illustrated in Figures 1(a) and (b),
respectively [8]. In this model, the capacitance consists of two parts:
C(εr) which is related to the dielectric properties of the sample, and the
fringing capacitance Cf which is independent of dielectric properties
of the sample.

The reflection coefficient, Γ, of the open ended coaxial sensor
at AA′ plane is related to the characteristic impedance, Z0, of the
measurement system and the complex relative permittivity, ε∗r, of the
sample under test in the form

Γ∗ = ΓejΦ =
1− jωZ0 [C(ε∗r) + Cf ]
1 + jωZ0 [C(ε∗r) + Cf ]

(1)

where C(ε∗r) = C0ε
∗
r, and C0 is the capacitance of the capacitor filled

with air, Cf the capacitance independent of the material, and ω the
operation angular frequency. The values of C0 and Cf are found by
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calibrating the open ended sensor with a standard sample of known
dielectric permittivity, such as deionized water [9].

Expanding the complex notation in Equation (1) gives:

Γ∗ = Γ′ + jΓ′′ =
1− jωZ0 [C0(ε′r + jε′′r) + Cf ]
1 + jωZ0 [C0(ε′r + jε′′r) + Cf ]

(2)

where the real and imaginary parts of complex reflection coefficient,
Γ∗, are expressed as:

Γ′ =
1 + Γ′′ωZ0C0ε

′
r + ωZ0C0ε

′′
r + Γ′′ωZ0Cf

1− ωZ0C0ε′′r
(3)

Γ′′ =
(1 + Γ′)(ωZ0C0ε

′
r + ωZ0Cf )

ωZ0C0ε′′r − 1
. (4)

From Equation (2),

ε∗r =
1− Γ∗

jωZ0C0 (1 + Γ∗)
− Cf

C0
(5)

where the real and imaginary parts of ε∗r are respectively

ε′r =
−2Γ′′

ωZ0C0

(
|Γ|2 + 2Γ′ + 1

) − Cf

C0
(6)

ε′′r =
|Γ|2 − 1

ωZ0C0

(
|Γ|2 + 2Γ′ + 1

) (7)

By substituting Equations (6) and (7) into Equations (3) and (4), they
can be represented as:

Γ′ =
|Γ|2 − 1− ωZ0C0ε

′′
r

(
1 + |Γ|2

)

2ωZ0C0ε′′r
(Real) (8)

Γ′′ =
(C0ε

′
r + Cf )

(
1− |Γ|2

)

2C0ε′′r
(Imaginary) (9)

Equations (8) and (9) suggest that the real and imaginary parts
of Γ are amplitude dependent and independent of the phase of the
reflection coefficient.

The fringing field capacitance Cf is independent of the
permittivity of material under tests ε∗r. Assuming Cf = 0 and
substituting Equations (8) and (9) into Equation (4) leads to

C0ε
′
app

(
1− |Γ|2

)

2C0ε′′app
=

(
1 +

|Γ|2−1−ωZ0C0ε′′app(1+|Γ|2)
2ωZ0C0ε′′app

)
ωZ0C0ε

′
app

ωZ0C0ε′′app − 1
(10)
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ε′r and ε′′r in Equation (4) are replaced with an apparent dielectric
constant ε′app and loss factor ε′′app , respectively in Equation (10).

Rearranging Equation (10) in the form
(
2ωZ0C0+2ωZ0C0|Γ|2

)
ε′′app+

(
ωZ0C0−ωZ0C0|Γ|2

)(
ε′2app+ε′′2app

)

=
(
|Γ|2 − 1

)
(11)

Allows matrix representation of two sets of measurement data
[
2ωZ0C01+2ωZ0C01 |Γ1|2 ωZ0C01−ωZ0C01|Γ1|2
2ωZ0C02+2ωZ0C02|Γ2|2 ωZ0C02−ωZ0C02|Γ2|2

][
ε′′app

ε′2app +ε′′2app

]

=
[|Γ1|2 − 1
|Γ2|2 − 1

]
(12)

Leading to

ε′′app=

(
C2

02 − C2
01

) (
|Γ1|2 − 1

)(
1− |Γ2|2

)

2ωZ0C02C01

(
C02

(
1+|Γ1|2

)(
1−|Γ2|2

)
−C01

(
1+|Γ2|2

)(
1−|Γ1|2

))

(13)
And

ε′2app+ε′′2app =
C02(|Γ1|2−1)(1+|Γ2|2)−C01(|Γ2|2 − 1)(1+|Γ1|2)

ω2Z2
0C02C01(C01(1−|Γ1|2)(1+|Γ2|2)−C02(1−|Γ2|2)(1+|Γ1|2))

(14)
where

ε′app =
√(

ε′app
)2 +

(
ε′′app

)2 − εapp
′′2 (15)

The real and imaginary parts of the complex reflection coefficient Γ
can now be calculated by replacing ε′′ with ε′′app and ε′′ with ε′′app in
Equation (8) and Equation (9) respectively,

Γ′ =
|Γ|2 − 1− ωZ0C0ε

′′
app

(
1 + |Γ|2

)

2ωZ0C0ε′′app
(Real) (16)

Γ′′ =
C0ε

′
app

(
1− |Γ|2

)

2C0ε′′app
(Imaginary) (17)

Hence both the real Γ′ and imaginary Γ′′ parts of the reflection
coefficient in Equations (16) and (17) can be calculated in conjunction
with Equations (13) and (15) by measuring only the magnitudes |Γ|2
of two different open ended coaxial sensors system.
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Figure 2. (a) Measurement block diagram. (b) Measurement setup.
(c) RG402 and RG405 open ended coaxial sensors.

3. MEASUREMENT SYSTEM

The measurement setup shown in Figure 2 consists of a Rohde-Schwarz
ZVA8 Vector Network analyzer (VNA) and two open ended coaxial
sensors fabricated from commercial RG402 and RG405 semi-rigid



32 Lee et al.

cables. The RG402 semi-rigid cable has inner and outer conductor
radii a = 0.4572mm and b = 1.5113mm, respectively. In contrast,
the RG405 semi-rigid cable has smaller inner and outer conductor
radii a = 0.2552mm and b = 0.8382mm. The VNA was in default
configuration setting with 201 points, 0 dBm, and CW mode. The
VNA was connected to both sensors via two LL142 50 ohm 18 GHz low
loss coaxial cables. The amplitude of the reflection coefficient, |Γ1|2
and |Γ2|2 for both the RG402 and RG405 coaxial sensors, respectively,
were measured in the frequency range between 300 kHz and 8 GHz. All
measurements were conducted in ambient temperature of 25◦C. The
minimum separation distance between the two sensors was kept more
than half wavelength of the operating frequency to avoid coupling.
Since it was difficult to calibrate at plane A-A′ of the sensor, the port
extension technique was applied to extend the calibration plane to the
reference plane. Both |Γ1|2 and |Γ2|2 were normalized values with
respect to the unloaded sensor (i.e., without sample).

All data storage and computation were implemented in the
computer-based VNA. The reflection coefficient magnitude and phase
of the sample can be calculated from the measured magnitude |Γ1|2 and
|Γ2|2 using Equations (16) and (17) in conjunction with Equations (13)
and (15).

For calculation of complex permittivity, the capacitance model
was used. Modified capacitance is used particularly for calculation
of apparent permittivity ignoring the fringing field capacitance Cf .
The modified capacitance model cannot be used because it will cause
some error since Cf is assumed to be zero. The calculated reflection
coefficients in Equations (16) and (17) were then used to determine
the permittivity of the sample under test using Equations (6) and (7).
The values of C0 = 1.953ε0(b−a) and Cf = 0.0404ε0(b−a) were used,
where b and a are outer and inner radii of the open ended coaxial
sensor.

For comparison purposes, a set of complex reflection coefficients
was measured using VNA. The VNA was calibrated using standard
two-port TRL calibration.

4. RESULTS AND DISCUSSIONS

The experimental and theoretical calculated reflection coefficients
for both RG402 and RG405 type sensors were compared to VNA
measurement results. Figures 3, 4 and 5 show the comparison
for water, methanol and ethanol, respectively. Theoretical means
calculated reflection coefficient of the sensor using Equations (16)
and (17) by permittivity values obtained from Debye model [10, 11],
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Figure 3. Reflection coefficient of water.
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Figure 4. Reflection coefficient of methanol.

while experimental (this work) means calculated reflection coefficient
obtained by Equations (16) and (17) using magnitude reflection
coefficient measured by VNA. And VNA means the complex
reflection coefficient measured by calibrated VNA. Magnitudes of the
experimental result were exactly the same as the VNA result since both
were measured by VNA. Theoretical calculated reflection coefficient
magnitudes have a slight difference due to permittivity values obtained



34 Lee et al.

0 1 2 3 4 5 6 7 8

x10 
9

0.5

0.6

0.7

0.8

0.9

1

FrequencyR
ef

le
ct

io
n 

C
oe

ffi
ci

en
t M

ag
ni

tu
de

METHANOL

0 1 2 3 4 5 6 7 8
x10 9

-3

-2.5

-2

-1.5

-1

-0.5

0

FrequencyR
ef

le
ct

io
n 

C
oe

ffi
ci

en
t P

ha
se

Theoretical RG402
Theoretical RG405

This work RG402

This work RG405

VNA RG402
VNA RG405

Figure 5. Reflection coefficient of ethanol.

from Debye model.
In Figure 3, theoretical calculated RG402 and RG405 sensors’

results are in good agreement with VNA measurement results. Errors
occurred in frequency less than 2 GHz for experimental results. The
high deviation between the experimental and theoretical calculated
reflection coefficient values at low frequencies was due to the limitation
of Equations (16) and (17). In Equations (16) and (17), the changes
in lower frequency are smaller and lead to difficulties in detecting
reflection coefficient magnitude differences between two used sensors.

Figure 4 illustrates that for reflection coefficients phase of
methanol there was good agreement between theoretical and VNA
measurement results. Same error occurred for frequency less than
3GHz in experimental results. The error of reflection coefficient
phase decreases with increasing frequency for both RG402 and RG405
sensors.

Figure 5 illustrates reflection coefficients for ethanol. Good
agreement between theoretical and VNA measured results is observed.
The error of reflection coefficient phase decreases with increasing
frequency. Similar to methanol in Figure 4, the reason for bigger
error in ethanol measurement is that it has lower permittivity value
compared to the methanol liquid. It can be clearly seen that the
accuracy for reflection coefficient phase increases with increasing
operation frequency and permittivity value.

The calculated complex reflection coefficient was used to
determine the relative permittivity of sample by using Equations (6)
and (7). It was in good agreement with Debye model for water
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Figure 6. Theoretical and measurements permittivity of water.
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Figure 7. Error of water permittivity measurements.

measurement above 2 GHz as illustrated in Figure 6. The error
at frequencies below 2 GHz is contributed by the error in reflection
coefficient phase calculation as discuss previously.

After 2GHz, the measured relative error of water permittivity ε′
(dielectric constant) and ε′′ (loss tangent) are less than 0.1 and 0.2,
respectively, as shown in Figure 7.

The measured complex permittivity of the methanol was in good
agreement with Debye model and VNA measurements as illustrated in
Figure 8. Both RG402 and RG405 coaxial sensors are able to perform
accurate permittivity measurement for frequency more than 3GHz.

The relative errors for frequency above 3 GHz are less than 0.25
and 0.1 for ε′ and ε′′, respectively, as shown in Figure 9. The error
decreases with increasing frequency.

The measured ε′ of the ethanol was slightly higher than VNA
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Figure 8. Theoretical and measurements permittivity of methanol.

0 1 2 3 4 5 6 7 8
x10 9

0

0.1

0.2

0.3

0.4

Frequency

R
el

at
iv

e
 E

rr
or

 o
f ε

'

METHANOL

0 1 2 3 4 5 6 7 8
x10 9

0

0.1

0.2

0.3

0.4

Frequency

R
el

at
iv

e
 E

rr
or

 o
f ε

"

This work RG402
This work RG405

Figure 9. Error of methanol permittivity measurements.

measurement and Debye model for both RG402 and RG405 coaxial
sensors as illustrated in Figure 10. The error decreases with increasing
frequency. On the other hand, for measured ε′ of the ethanol there was
good agreement between theoretical and VNA measured results. Both
RG402 and RG405 are able to perform accurate ε′′ measurement for
frequency more than 3 GHz.

The relative errors for ethanol measurements are typically 1.50
and 0.15 for ε′ and ε′′, respectively above 3 GHz as shown in Figure 11.
The error slowly decreases with increasing frequency.

Overall, the relative error for ε′′ remains low even the values of
sample’s permittivity are small. In contrast, the relative error in ε′
increases significantly when the permittivity of sample is decreased,
which shows that the constraint of this method which is less accurate
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Figure 10. Theoretical and measurements permittivity of ethanol.
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Figure 11. Error of ethanol permittivity measurements.

especially when the permittivity value of sample under test is low.
The ε′ produces higher error than the ε′′ due to higher accumulate
errors from both Γ′ and Γ′′ for dielectric constant calculation as in
Equation (6). On the other hand, only Γ′′ contributes to error for ε′′
calculation as in Equation (7).

5. CONCLUSION

It is found that the suggested dual open-ended coaxial technique
provides alternative method to determine complex reflection coefficient
by using two magnitude measurements. It is also shown that one is able
to determine permittivity of a sample using two magnitudes from two
different sizes of open ended coaxial sensors. The proposed solution
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is very attractive because of low cost and simple measuring devices.
This method, due to large measurement error, is only useful for the
measurements of liquids with high permittivity value or with water
content above 50%.
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