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Abstract—The scattering of an arbitrarily oriented dipole field by
a circular disk with surface impedance is investigated by using the
method of Kobayashi Potential (KP method). The dual integral
equations (DIE) are produced during formulation of the problem. The
solution of the DIEs is constructed in terms of set of functions which
satisfy the boundary conditions as well as required edge conditions.
At this stage, we applied the discontinuous properties of Weber
Schafheitlins integral and vector Hankel transform. After applying
the projection, the resulting expressions are reduced to the matrix
equations for the expansion coefficients. The matrix elements are given
in terms of the infinite integrals. The far field patterns for the scattered
wave are computed for different incident angles, disk sizes and surface
impedances for ρ-, φ- and z-directed dipole field excitation. To validate
the results we have obtained the results based on the physical optics
approximation and their comparison shows that they quite reasonably
match.

1. INTRODUCTION

The circular disk being a classical scatterer in the field of
electromagnetics has received much attention for a long time.
The solution of electromagnetic scattering problems satisfies the
Maxwell equations and boundary conditions. The surfaces with
large conductivity can be treated with surface impedance boundary
condition. The use of surface impedance boundary condition (SIBC)
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in such cases eases to solve [1] such problems. Shchukin [2] and
Leontovich [3] introduced the idea of SIBC in 1940s [4]. Lindell and
Sihvola [5] proposed the possible realization of such artificial surfaces
which obey SIBC. In impedance boundary condition, the tangential
components of electric and magnetic field are related through a relation

E− (n̂.E)n̂ = Zsn̂×H

where the Zs is the impedance of surface and n̂ the unit normal to the
surface.

A variety of methods have been applied to investigate the
disk problem [6–34]. In most of the earlier work, disk is taken
perfectly conducting and plane wave as source of excitation. However,
Inawashiro [22] and Hongo et al. [23] have excited the perfectly
conducting disk with dipole field. Jafri et al. [24] studied the scattering
of impedance disk using KP method and Sebak and Shafai [25]
investigated the arbitrarily shaped objects particulary impedance
sphere and finite circular cylinder developing the integral equation and
then applying the method of moments (MoM) [28] but both used the
plane wave as source of excitation. In this paper, we have investigated
the scattering of the field produced by an arbitrarily oriented dipole
from circular disk with surface impedance first time by applying the
KP method. This study is actually the extension of the work by Jafri
et al. [24]. The KP method [29, 30] was initially developed to solve the
potential problems associated with perfectly conducting disk and strip,
but later successfully applied to perfectly conducting circular disk and
circular disk with surface impedance [20–24] for time harmonic field.

The formulation of the problem starts with the defining the
longitudinal components of the vector potentials of electric and
magnetic types to express the scattered field in the form of Fourier-
Hankel transform. The imposition of the required boundary conditions
yields the dual integral equations (DIE). The equations may be
written in the form of the vector Hankel transform given by Chew
and Kong [31]. The DIEs solution is expanded in terms of a set
of the functions with expansion coefficients. These functions are
constructed by keeping in view the discontinuous properties of the
Weber-Schafheitlin’s integrals [35–37] and it is readily shown that
these functions satisfy the required edge conditions [38–40] as well as
boundary conditions. At this stage, we apply the projection using
Jacobi polynomials as basis of the functional space. Thus the problem
is reduced to the matrix equations for the expansion coefficient. The
matrix equations are solved to determine the expansion coefficients.
Numerical results for the far field patterns are obtained and compared
with those obtained through physical optics method. The comparison
shows that results match fairly well.
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2. EXPRESSIONS FOR INCIDENT WAVE

The geometry of the problem under investigation is shown in Fig. 1.
The dipole is located at (ρ0, φ0, z0) and “a” is the radius of the
disk. (ρ, φ, z) are the coordinates of the observation point. The
electromagnetic field due to the dipole is derived in [23] and [41] and
we just write the tangential components of the electromagnetic field
for the disk problem.(
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The expressions for the Fourier components defined in (1) at z = 0 are
given as follows.
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Figure 1. Scattering of an arbitrarily oriented dipole field by a circular
disk with surface impedance.
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2.2. φ-directed Dipole Field
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2.3. z-directed Dipole Field
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Y0 =
√

ε0
µ0

is the intrinsic admittance of free space and k the wave

number. Jm(x) and J ′m(x) are the Bessel function of the first kind and
its derivative with respect to the argument.

3. THE EXPRESSIONS FOR SCATTERED FIELD

Here we discuss how the KP method is applied for predicting the field
scattered by an impedance disk.

3.1. Spectrum Functions of the Fields on the Disk

The magnetic and electric vector potential corresponding to the
scattered field are defined in terms of unknown weighting functions
f̃(ξ) and g̃(ξ) which are to be determined so that they satisfy the
required boundary conditions.
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where the upper and lower signs refer to the region z > 0 and z < 0,
respectively.

The boundary conditions for this problem are stated as
(1) The tangential components of electric and magnetic fields are

continuous on the plane z = 0 for ρa ≥ 1.
(2) E+

ρ = −Z+
s H+

φ , E−
ρ = Z−s H−

φ , E+
φ = Z+

s H+
ρ , E−

φ = −Z−s H−
ρ for

ρa ≤ 1 where Z+
s and Z−s are assumed to be surface impedances
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Equation (8) is one set of DIEs, and the solution of these equations
must satisfy the Maxwell equations and edge conditions. The solution
of these DIEs is expanded in terms of such functions with expansion
coefficients by taking into account the discontinuous properties of the
Weber-Schafheitlin’s integrals and then unknown weighting functions
are derived in terms of these functions. This has been done in [24] and
we are here just writing the result.
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In the above equations the functions Ξ±mn(ξ) and Γ±mn(ξ) are defined
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3.2. Derivation of the Expansion Coefficients
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project the resulting equations into the functional space with elements
Pm

n .

x−m/2Jm(ξ
√

x) =
∞∑

n=0

2(m + 2n + 1)
Γ(m + n + 1)

Γ(m + 1)Γ(n + 1)
Jm+2n+1(ξ)

ξ
Pm

n

Pm
n =

Γ(m + 1)Γ(n + 1)
Γ(m + n + 1)

x−m/2

∫ ∞

0
Jm(ξ

√
x)Jm+2n+1(ξ)dξ

The normalized surface impedances of upper and lower surfaces are
taken equal, i.e., ζ± = Z±s
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The matrix equations for expansion coefficients (AH
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and Hm,p ∼ H ′
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m,p are defined below. The elements
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3.2.1. ρ-directed Dipole
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3.2.2. φ-directed Dipole
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p +1)Jm+2p+1(α)α−2

]
αdα(15b)

K
′(1)
m,p =

ζ

2πa2

∫ ∞

0

[
J ′m(αρ0a)2m(αm

p + 1)Jm+2p+1(α)α−2

+
m

αρ0a
Jm(αρ0a)(αm

p Jm+2p(α)− (αm
p + 2)Jm+2p+2(α))α−1

]

exp(−jhaz0a)αdα (15c)
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K
′(2)
m,p =

ζ

2πa2

∫ ∞

0

[
J ′m(αρ0a)(αm

p Jm+2p(α)− (αm
p + 2)Jm+2p+2(α))α−1

+
m

αρ0a
Jm(αρ0a)2m(αm

p + 1)Jm+2p+1(α)α−2

]

exp(−jhaz0a)αdα (15d)

3.2.3. z-directed Dipole

H(1)
m,p =− j

2πa2

∫ ∞

0

1√
κ2−α2

Jm(αρ0a)(αm
p Jm+2p(α)

−(αm
p +2)Jm+2p+2(α))α−1 exp(−jhaz0a)α2dα (16a)

H(2)
m,p =

j

2πa2

∫ ∞

0

1√
κ2−α2

Jm(αρ0a)

2m(αm
p + 1)Jm+2p+1(α)α−2 exp(−jhaz0a)α2dα (16b)

H
′(1)
m,p =− jζ

2πκa2

∫ ∞

0
Jm(αρ0a)(αm

p Jm+2p(α)

−(αm
p + 2)Jm+2p+2(α))α−1 exp(−jhaz0a)α2dα (16c)

H
′(2)
m,p =− jζ

2πκa2

∫ ∞

0
Jm(αρ0a)2m

(αm
p + 1)Jm+2p+1(α)α−2 exp(−jhaz0a)α2dα (16d)

3.3. Far Field Expression

The far field expressions of As
z and F s

z are obtained by applying the
stationary phase method of integration. The expressions given in (7)
can be written in the form

Int =
∫ ∞

0
P̃ (ξ)Jm(ρaξ) exp

[
−

√
ξ2 − κ2 za

]
ξ−1dξ

Application of the standard process of the method to the above integral
gives the result in the form given by

Int = exp
(

j
m + 1

2
π

)
exp(−jkR)

kR
P̃ (κ sin θ)

cos θ

sin θ
(17)
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If we apply this formula to the vector potentials given in (7), we get

As
z(r) = µ0a

2Y0
exp(−jkR)

kR

1
sin θ{ ∞∑

n=0

j

[
AE

0n

J2n+2(κ sin θ)
(κ sin θ)

− Z0 cos θDH
0n

J2n+3(κ sin θ)
(κ sin θ)2

]

−1
2

∞∑

m=1

jm+1
∞∑

n=0

{[
AE

mnΞ−mn(κ sin θ)−BE
mnΓ+

mn(κ sin θ)
]

+Z0 cos θ
[
CH

mnΞ+
mn(κ sin θ) + DH

mnΓ−mn(κ sin θ)
]
cosmφ

+Z0 cos θ
[−AH

mnΞ+
mn(κ sin θ) + BH

mnΓ−mn(κ sin θ)
]

+
[
CE

mnΞ−mn(κ sin θ) + DE
mnΓ+

mn(κ sin θ)
]
sinmφ

}}
(18a)

F s
z (r) = ε0a

exp(−jkR)
kR

1
sin θ{ ∞∑

n=0

j

[
Z0A

H
0n

J2n+2(κ sin θ)
(κ sin θ)

− cos θDE
0n

J2n+3(κ sin θ)
(κ sin θ)2

]

−1
2

∞∑

m=1

jm+1
∞∑

n=0

{
Z0

[
AH

mnΞ−mn(κ sin θ)−BH
mnΓ+

mn(κ sin θ)
]

− cos θ
[
CE

mnΞ+
mn(κ sin θ) + DE

mnΓ−mn(κ sin θ)
]
cosmφ

+cos θ
[
AE

mnΞ+
mn(κ sin θ)−BE

mnΓ−mn(κ sin θ)
]

+Z0

[
CH

mnΞ−mn(κ sin θ) + DH
mnΓ+

mn(κ sin θ)
]
sinmφ

}}
(18b)

In the far region we have the relations

Eθ = −jωAθ = jω sin θAz,

Hθ = −jωFθ = jω sin θFz = −Y0Eφ, Aφ = Z0 sin θFz
(19)

3.4. Physical Optics Approximate Solutions

Here we derive the physical optics solutions in order to compare with
the KP solutions. Since we assume the dipole is placed at φ0 = 0,
so ρ- and φ-directed dipole can be treated as x- and y-directed dipole
respectively.
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3.4.1. x-directed Dipole

The incident and reflected field are

Ai
x =

I0

4π

exp(−jkRp)
Rp

(20a)

Hi =
I0

4π

[
ŷz0 + ẑ(y′ − y0)

] [
jk +

1
Rp

]
exp(−jkRp)

R2
p

(20b)

Ei =−jkZ0I0

4π

{
x̂(x′−x0)

2+ŷ(y′−y0)(x′−x0)−ẑ(z0)(x′−x0)
R2

p

α+x̂β

}

exp(−jkRp)
Rp

(20c)

Hr = A
I0

4π

[−ŷz0 + ẑ(y′ − y0)
] [

jk +
1

Rp

]
exp(−jkRp)

R2
p

(20d)

Er =−A
jkZ0I0

4π

{
x̂(x′−x0)

2+ŷ(y′−y0)(x′−x0)+ẑ(z0)(x′−x0)
R2

p

α+x̂β

}

exp(−jkRp)
Rp

(20e)

where I0 is the strength of the dipole current, (x′, y′) the rectangular
coordinates of a point on the circular disk, (θ, φ) the spherical angular
coordinates of the observation point, R the distance of the observation
point from the center of the disk, and Rp the distance between the
source point and the point on the disk. R and Rp are given by

R =
√

x2 + y2 + z2, Rp =
√

(x′ − x0)2 + (y′ − y0)2 + z2
0 (20f)

In order to determine the current densities, we apply the SIBC
on the plane z = 0 and get the reflection coefficient as A =
ζ+γz0−α(x′−x0)2−βR2

p

ζ+γz0+α(x′−x0)2+βR2
p
, where

α =
3

k2R2
p

+
3j

kRp
− 1, β = 1− 1

k2R2
p

− j

kRp
, γ = Rp +

−j

k

In case, surface impedance becomes zero this leads to the case of
perfectly conducting disk as it should be giving the reflection coefficient
−1.

The current densities are
M=−n̂×Etot, J = n̂×Htot (21a)

M=
ζ+γz0

ζ+γz0+α(x′−x0)
2+βR2

p

jkZ0I0

2π
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{
ŷ(x′−x0)

2−x̂(y′−y0)(x′−x0)
R2

p

α+ŷβ

}
exp(−jkRp)

Rp
(21b)

J =
(α(x′ − x0)

2 + βR2
p)

ζ+γz0+α(x′−x0)
2+βR2

p

I0

2π
[−x̂z0]

[
jk+

1
Rp

]
exp(−jkRp)

R2
p

(21c)

The corresponding vector potentials are

Ax =− µI0

8π2R
exp(−jkR)

∫

S

(α(x′ − x0)
2 + βR2

p)

ζ+γz0 + α(x′ − x0)
2 + βR2

p

[
jk +

1
Rp

]

z0

R2
p

exp(−jkRp)× exp
[
jk sin θ(x′ cosφ + y′ sinφ)

]
dx′dy′ (22a)

Fx =− µI0

8π2R
exp(−jkR)

∫

S

ζ+γz0

ζ+γz0+α(x′−x0)
2+βR2

p

α
(y′ − y0)(x′ − x0)

R3
p

exp(−jkRp)

× exp
[
jk sin θ(x′ cosφ + y′ sinφ)

]
dx′dy′ (22b)

Fy =
µI0

8π2R
exp(−jkR)

∫

S

ζ+γz0

ζ+γz0+α(x′−x0)
2+βR2

p

(
α(x′−x0)2

R2
p

+β

)

exp(−jkRp)
Rp

× exp
[
jk sin θ(x′ cosφ + y′ sinφ)

]
dx′dy′ (22c)

3.4.2. y-directed Dipole

The incident vector potential is

Ai
y =

I0

4π

exp(−jkRp)
Rp

(23)

We obtain the current densities and corresponding vector potentials in
similar way as in x-directed case. The current densities are

M=
ζ+γz0

ζ+γz0+α(y′−y0)
2+βR2

p

jkZ0I0

2π
{
ŷ(x′−x0)(y′−y0)−x̂(y′−y0)2

R2
p

α−x̂β

}
exp(−jkRp)

Rp
(24a)

J=
(α(y′ − y0)

2 + βR2
p)

ζ+γz0+α(y′−y0)
2+βR2

p

I0

2π
[−x̂z0]

[
jk+

1
Rp

]
exp(−jkRp)

R2
p

(24b)
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The corresponding vector potentials are

Ay =− µI0

8π2R
exp(−jkR)

∫

S

(α(y′ − y0)
2 + βR2

p)

ζ+γz0 + α(y′ − y0)
2 + βR2

p

[
jk +

1
Rp

]
dy′

z0

R2
p

exp(−jkRp)× exp
[
jk sin θ(x′ cosφ + y′ sinφ)

]
dx′dy′ (25a)

Fx =− µI0

8π2R
exp(−jkR)

∫

S

ζ+γz0

ζ+γz0+α(y′ − y0)
2+βR2

p

(
α(y′−y0)2

R2
p

+β

)

exp(−jkRp)
Rp

× exp
[
jk sin θ

(
x′ cosφ + y′ sinφ

)]
dx′dy′ (25b)

Fy =
µI0

8π2R
exp(−jkR)

∫

S

ζ+γz0

ζ+γz0+α(y′−y0)
2+βR2

p

α
(x′−x0)(y′−y0)

R3
p

exp(−jkRp)× exp
[
jk sin θ(x′ cosφ + y′ sinφ)

]
dx′dy′ (25c)

3.4.3. z-directed Dipole

The incident vector potential

Ai
z =

I0

4π

exp(−jkRp)
Rp

(26)

The current densities are

M =
ζ+γ

αz0−ζ+γ

jkZ0I0

2π

{
ŷ(x′−x0)(z0)−x̂(y′−y0)(z0)

R2
p

α

}

exp(−jkRp)
Rp

(27a)

J =
αz0

αz0 − ζ+γ

I0

2π

[−ŷ(y′ − y0)− x̂(x′ − x0)
] [

jk +
1

Rp

]

exp(−jkRp)
R2

p

(27b)

The corresponding vector potentials are

Ax = − µI0

8π2R
exp(−jkR)

∫

S

αz0

αz0 − ζ+γ

[
jk +

1
Rp

]
(x′ − x0)

R2
p

exp(−jkRp)× exp
[
jk sin θ(x′ cosφ + y′ sinφ)

]
dx′dy′ (28a)

Ay = − µI0

8π2R
exp(−jkR)

∫

S

αz0

αz0 − ζ+γ

[
jk +

1
Rp

]
(y′ − y0)

R2
p

exp(−jkRp)× exp
[
jk sin θ(x′ cosφ + y′ sinφ)

]
dx′dy′ (28b)
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Fx = − µI0

8π2R
exp(−jkR)

∫

S

ζ+γ

αz0 − ζ+γ

α(y′ − y0)(z0)
R3

p

exp(−jkRp)

× exp
[
jk sin θ(x′ cosφ + y′ sinφ)

]
dx′dy′ (28c)

Fy =
µI0

8π2R
exp(−jkR)

∫

S

ζ+γ

αz0 − ζ+γ
α

(x′ − x0)(z0)
R3

p

exp(−jkRp)

× exp
[
jk sin θ(x′ cosφ + y′ sinφ)

]
dx′dy′ (28d)

Far field is obtained from the relation Eθ = −jω[Aθ + Z0Fφ] and
Eφ = −jω[Aφ − Z0Fθ] where Aθ = Ax cos θ cosφ +Ay cos θ sinφ and
Aφ = −Ax sinφ + Ay cosφ.

4. RESULTS AND DISCUSSION

To investigate the dipole field scattering characteristics of impedance
disk, expansion coefficients Amn ∼ Dmn needs to be determined. These
are determined through numerical computations and we have taken
m,n = 2 ∗ κ. The theoretical expressions for the far field are given
by (19) for the impedance disk. The dipole is placed at 2.5λ0 and
in xz-plane (φ0 = 0). Fig. 2 to Fig. 13 show the far field patterns
of the impedance disk in the φ-cut plane φ = 0, π for ρ-, φ-, and z-
directed dipole for different angle of incidence, disk sizes and surface
impedances. The normalized disk sizes are κ = ka = 3, ka = 5 and,
ka = 7 respectively. In all these figures, the normal incidence is for
θ0 = 0. In all results, the value of surface impedance (ζ = 0.3−j0.1) is
used except where the results are shown for different values of surface
impedances which are mentioned in figures explicitly. In these figures,
the field patterns obtained using the physical optics (PO) method
are also included for comparison. The PO results are obtained using

Figure 2. Comparison of KP and
PO methods for ρ-directed dipole.

Figure 3. Field patterns for
different incident angles for ρ-
directed dipole.



Progress In Electromagnetics Research, Vol. 132, 2012 419

Figure 4. Field patterns for
different disk sizes for ρ-directed
dipole.

Figure 5. Field patterns for
different surface impedances for ρ-
directed dipole.

Figure 6. Comparison of KP and
PO methods for φ-directed dipole.

Figure 7. Field patterns for
diffrent incident angles for φ-
directed dipole.

Figure 8. Field patterns for
different disk sizes for φ-directed
dipole.

Figure 9. Field patterns for
different surface impedances for
φ-directed dipole.
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Figure 10. Comparison of KP
and PO methods for z-directed
dipole.

Figure 11. Field patterns for
different incident angles for z-
directed dipole.

Figure 12. Field patterns for
different disk sizes for z-directed
dipole.

Figure 13. Field patterns for
different surface impedances for z-
directed dipole.

(22) ∼ (28). It is observed from the comparison that the PO and
KP results agree well for normal incidence (θ0 = 0) but the degree of
discrepancy increases as the angle of incidence becomes large. It is due
to the fact that the PO approximation inaccuracy increases for shadow
region contribution. The values of the normalized surface impedance ζ
(0.3-j0.1, 0.15-j0.09, 0.12-j0.07) are taken from [42] which correspond
to 5%, 10%, and 20% respectively gravimetric moisture content in San
Antonio Gray Clay Loam with a density of 1.4 g/cm3. We also observe
that the scattered field increases as the surface impedance of the disk
decreases and it approaches to perfect electric conductor (PEC) disk
scattering [23] case as the surface impedance leads to zero, as expected.
Because PEC boundary condition is a special case of surface impedance
boundary condition. But we see that this effect is more pronounced
for ρ-directed dipole as compared to φ-directed dipole. We observe
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through Figs. 3, 7 and 11 that the peak of the field patterns shifts as
the incidence angle changes and the side lobes become more prominent
as we increase the incidence angle.
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