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Abstract—Features of the spatial power spectrum (SPS) of
multiple scattered ordinary and extraordinary waves in randomly
inhomogeneous magnetized plasma are investigated using the smooth
perturbation method taking into account diffraction effects. Second
order statistical moments are derived for arbitrary correlation function
of electron density fluctuations at oblique illumination of magnetized
plasma by mono-directed incident radiation. Numerical calculations
have been carried out for anisotropic Gaussian correlation function
taking into account anisotropy factor and angle of inclination of prolate
irregularities with respect to the external magnetic field. It was shown
that SPS has a double-peaked shape. External magnetic field narrows
SPS for ordinary wave and the gap arises in the direction of prolate
irregularities. For extraordinary wave the gap increases with a distance
passing by the wave in anisotropic magnetized plasma, the width
broadens and maximum slightly displaced.

1. INTRODUCTION

Peculiarities of electromagnetic waves propagation in randomly
statistically isotropic media have been intensively studied [1,2].
However in many cases irregularities are anisotropic. Particularly,
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molecules of thermotropic liquid crystals havying characteristic spatial
scale about 20 angstrom the ratio of longitudinal and transverse sizes
equals 4 + 8 [3]. Chloroplasts of algae and plants are ellipsoidal
in shape with a diameter 1 + 5pm and length of 1 + 10um [3].
Polymer macromolecules are oriented in a liquid flow with velocity
gradient [4,5]. Random plasma inhomogeneities in the Earth’s
ionosphere are aligned along geomagnetic field [6].

The features of the spatial power spectrum (SPS) of scattered
radiation in magnetized anisotropic plasma in the complex geometrical
optics approximation using the perturbation method have been
investigated in [7-10]. Evolution of the angular distribution of
ray intensity at light propagation in random medium with prolate
irregularities has been considered in [11]. Numerical simulation has
been carried out by Monte-Carlo method. It was shown that strongly
pronounced dip exists in the angular spectrum of a single-scattered
radiation along the direction of prolate inhomogeneities caused due to
permittivity fluctuations. The same peculiarities have been revealed
analytically in the SPS of a multiple scattered radiation at oblique
illumination of medium with prolate inhomogeneities by mono-directed
incident radiation using the smooth perturbation method: the SPS
has a double-peaked shape, the location of its maximum weakly varies
and width substantially broadens with increasing distance passing by
electromagnetic waves in a randomly-inhomogeneous medium [12].

This paper is devoted to the analytical and numerical investiga-
tions of a double-peak shape SPS of multiple scattered ordinary and
extraordinary waves in anisotropic inhomogeneous magnetized plasma.
Diffraction effects are taken into account using the smooth perturba-
tion method. Numerical calculations are carried out for anisotropic
Gaussian correlation function of electron density fluctuations applying
experimental data.

2. FORMULATION OF THE PROBLEM

Initial is the vector wave equation for the electric field E:

82
(amam — Ady = kﬁgij(l‘)) Ej(r) = 0. (1)
1Ly

If an incident electromagnetic wave propagates along z axis and the
unit vector 7 of an external magnetic field lies in the yoz coordinate
plane (ko || z, Hp € yoz-principle plane), components of second-
rank tensor g;; of collisionless magnetized plasma have the following
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form [13]:
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where « is the angle between ko and Hg vectors; e,y = €.y, €22 =
—i€p2, u = (eHy/mecw)?, v = z,ul?j/w2 are the magneto-ionic parameters;
wp = (4rNe?/m)'/? is the plasma frequency; Qy = eHo/mec is the
electron gyrofrequency.

Dielectric permittivity of turbulent magnetized plasma is a

random function of spatial coordinates e¢;;(r) = 6§?) + ES)(I'),
|51(]1~)(r)] < 1. First component represents zero-order approximation,
second one takes into account electron density fluctuations; complex
phase fluctuations are of the order ¢ ~ 8531), g ~ 5( 2 Wave field

we introduce as Ej(r) = Ep; exp(po+ @1+ @2 +...), o =ik 1y +ikoz
(kL < ko).
In zero-order approximation we have wave equation

8?00 Do Do
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containing the set of three algebraic equations for Ey; (j = z, y, 2)
regular field components:

+ (2 4+ 3 )by — kel )] Eyj=0  (3)

(u2 +1- 53(6(;)) Ey, — za( )Eo + zs( )EOZ: 0,
i£Q) B, + ( (0 >> Fo, — (u + 5?(};)) Eo= 0, (4)
i&:g)z)EOx + <u + 6(0)) Eoy — (,u — z’:‘gz)) E()Z: 0.
Solution of determinant allows us to calculate parameter u = k /ko.

Taking into account inequalities characterizing the smooth
perturbation method [1,2, 14]:
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in the first approximation we obtain:

%01 Opo 01 D1 Dy 01 3@1

—kZe? )] o =0. (5)

where A = (9%¢1/022) + (0%p1/0y?) is the transversal Laplasian.
Two-dimensional Fourier transformation for the phase fluctuations
is

v1(x,y, 2z / dkgy / dky)(ky, ky, 2) exp(ikgx + ikyy),
For j = =z, y, z components from Equation (5) we obtain set of
stochastic differential equations:
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Mean electric field components are determined by well-known formulae:
(Eoy/Eoz) = iPj, (Eo./Eos) = iI'j, where polarization coefficients
are [13]:

2y/u(l —v)cosa
usin? o + /u2 sina + 4u(1 — v)2cos? a’ )
r.— vy/usin a + Pjuv sin a cos a
I l—u—v+uvcos’a
minus sign and index j = 1 correspond to the extraordinary wave, plus
sign and index j = 2 to the ordinary wave. Ordinary and extraordinary
waves in magnetized plasma generally are elliptically polarized.

P =
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Turbulence of the ionospheric plasma is caused by electron density
fluctuations, which are random functions of the spatial coordinates:
v(r) = vo[l 4+ n1(r)]. Substituting this expression in (2) we can easily
restore regular and fluctuating components of magnetized plasma
permittivity tensor.

Transverse correlation function of a scattered field has the
following form Wgg+(p) = (E(r)E*(r + p)). Taking into account
that the observation points are spaced apart at a small distances

p = {pz,py}, we have [12]

Wep-(p, k1) = E§ exp(—ipyk. ) exp B (@) + (1" (x+p)))

exp(2(2)) - exp [{¢1(r) i (r + p))], (10)
where Eg is the intensity of an incident radiation.
SPS of scattered field in case of incident plane wave W (k, k)
is easily calculated by Fourier transform of the transversal correlation
function of a scattered field [2]

o0

Wk k) = / dp, Wi (py k1) explikpy). (11)

—00
On the other hand, when the angular spectrum of an incident wave
has a finite width and its maximum is directed along z axis, SPS of
scattered radiation is given by the expression [12]:

[e.e]

1) = [ bW k) exp(- 2 6°) (12)

— 0o
where 3 characterizes the dispersal of an incident radiation, and k is a
transverse component of the wave vector of scattered field evaluating
by Fourier transform from the correlation function [1,2].

2.1. Second Order Statistical Moments of the Phase
Fluctuations

Two-dimensional spectral component of the phase fluctuation of
scattered electromagnetic field (6) along the direction perpendicular
to the principle plane (5 = z) in the first approximation satisfies
stochastic differential equation:
oY idy — do
— + ——— (kg k
dz T Ty + 2k ¥ e P 2)

ko 1 ~(1 ~(1
:*m {5§cx)(k?xakyaz)* Pﬁggy)(kx?ky»z)*Fﬁgﬂz)(kx’ky’z)}}a (13)
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where: di = ky(ky + k1) P; + kok,I'j, do = ky(ky + 2k, ). The solution
of the Equation (13) with the boundary condition ¢ (k,, ky, 2 =0) =0
is:

k2
borkpnz) = — 0 [ [k, k.
V(ks, by, 2) ijx-FQiko/ z {5331( ) y?z)
_[P,g(l)(k ky,2") =T ;W (ky k z’)]}-exp —M(L—Z/) (14)
jE€xy xRy, 7€xz Rz, Ry, ij‘x+2ZkO ’

where L is a distance traveling by the wave in a turbulent magnetized
plasma. Using Equation (14), taking into account that

<T<;kﬁ(’€, ") 7*5(/-;/ z”)> = Wéﬁﬁ(s(n, 2 —2"5(k + K,
(Top(k, 2)T55(K, 2")) = Wagqs(k, 2/ — 2")6(k — &),

where Wog~s (k, 2/ — 2”) is 2D spatial spectrum of electron density
fluctuations; indices denote the product of fluctuating components of
second rank tensor (2); d is Dirac delta function, changing the variables
2 —2" = p,, 2 +72" = 2n. We obtain second order statistical moments

of scattered electromagnetic waves:

(i) = Sir / s, / dk, (élf e 2 Ve + Vi + Vo
+2(Vaozwz—Vazoy — mem)]-{l—exp[(Gl —iGy)L]}. (15)
(12 + ) = T30 / d, / iy G Vi + Vi + Vi
+2(Vagor— Vazay Vx'y 22)] {1—exp[(G1+iG2) L]}, (16)
(rEite+ o)) = L / d, / Ay (Vi Vi + Vi
F2(Vh oo VarayVayaz)] -exp(=ikopo—ikypy), (17)
where correlation functions are: Viog.s = Vagqs(ka, ky,iGs — Gy),
Vas, «,55 iy Koy by, —iG3—Ga), Vg s =Vis s(ka, ky, —%;:%%ko)
Gi= 72 (r ki — Pjko)kyky, G2:2Tlc2 [T (Pjky + Djko)ks + 2kok]]

1
Gs= 12 (2T kg +2Pjkok 1 —Tky) by, Ga= e (PT k2 +4kok ) ky.
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In the absence of an external magnetic field the expressions (15)—
(17) are simplified and coincide with [12]. Contrary to the ray- (optlcsg
approximation, these correlation functions containing parameter k2 / kg
take into account diffraction effects. These effects become essentlal
if L > (I/\) is substantially big, [ is characteristic spatial scale of
electron density fluctuations, A-wavelength.

Using Equation (1), phase fluctuation in second order approxima-
tion satisfies differential equation

[( *pa 9o dpa Do a@o) e (32802 &g Jip2

9 20k
9w,0x; | Oz; Oz; | 0z Oz a2 a2 ey

s 89018901 01 dp1\’
)| mu= g | () + ()

}E0j~ (18)

From Equation (18) for j = x component we obtain stochastic
differential equation:
&2 9 Dpa  Opy 02 o
) P; il ki Pj+kol'; — 2k ———2ik
P gway TN gra, ~FLlitkols) 5= 75 2 =2k 2 == 2iko 75 =
dip1 Oy 91\
= —iP; 19
AP oy + oy )’ (19)
Using Fourier transformation to the Equation (19) we have
Re (pa(r) Re/dk /dk vi{L(Al—HBl) G2 &
. 1 .
[(AlGl *BlG2)+Z(BlG1 +A1G2)] — ﬁ(AQ‘i’lBQ) exp(GlL)}
Gi+G3
[V:’ca:,wx + ny,a:y + sz,a:z + 2(‘/:7:50,302 - Vxx,:cy - ny,a:z)] ’ (20)

where: A1 = *(Plekxkiy + ngig), A2 = (A1G1 — Bng) COS(GQL) +
(BlGl + A1G2) Sin(GgL), By, = le; — PjGQkxky, By = (BlGl +
A1Gy) cos(GaL) — (A1G1 — B1Gy)sin(GaL). In the absence of an
external magnetic field we obtain [12].

3. NUMERICAL CALCULATIONS

SPS of scattered radiation caused by electron density fluctuations
analytically and numerically will be investigated for anisotropic
Gaussian correlation function having in the principle yoz plane
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following form

121 K22kl k352
Walke, by k) = 07 =5 o xp(— L — o — k]

(21)
where: p; = (sin? g + x? cos? v9) M1 + (1 — x?)? sin? g cos ’}/Q/XQ]
p2 = (sin®y0 4+ x?cos®0)/x% p3 = (1 — x?)sinngcosy0/2x°, o
is variance of electron density fluctuations. This function contains
anisotropy factor of irregularities x = [/l (ratio of longitudinal and
transverse linear scales of plasma irregularities) and inclination angle
of prolate irregularities with respect to the external magnetic field .

Substituting Equation (21) into (17) we have:

(p1(r)pi(r +p)> =

02Q T3koL T
o XO / /dsexp [—4(p2m3:c + by —|—b3) exp(—i€x—ins),

-0 —00

(22)
where: bg = é+2p2m3m4+4p3m38 b3 = 1pas*H(pap+2p3) P Hprtpop®+

Apsp)s?, Q = = u) s[1 + up — 2\/up(sin @ — cos a + /g sin v cos o],

k
s = i v = %7 n = kopy, & = kops (pz — distance between

observation points spaced apart along direction perpendicular to the
principle plane), mg = 1[(s + p) P + I;]T;, ma = £(s? + 2sp).

Applying the saddle point method (T" = kol >> 1) Equation (22)
is reduced to the expression:

(o1 ()i (r + ) 2519;/ N

T2 .
eXp<—2 Lpzs + (popi+2p3)s® + (p1+pop® +4psp) D-GXP(—WS).

Similar calculations can be carried out using Equations (15)
and (16) having quite bulky forms. As a result from Equation (10)
for normalized correlation function of scattered radiation caused
by electron density fluctuations in turbulent anisotropic magnetized
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plasma, we obtain:

WEE~ T QT'B
EEEgn’u)_exp( mu GXP{ \/> 0/ \/F

2T2
4

exp {_ (Pl + pop® + 4p3,u)} + NG

(—1;2[4}025 +(popi+2p3)s® + (p1+pap® +4psp) s 2DerKI)(—inS)} -(23)

where: by = & 1p2(m3—2mops)+psmas, my = 3(20;+2P;u—T;s?),
mo = %PjI‘j, BO = J%%%.

This expression containes: angle a between wave propagation and
external magnetic field, parameter of anisotropy y, angle of inclination
o of prolate irregularities with respect to the external magnetic
field, non-dimensional plasma parameters vy and ug, distance between
observation points in the principle plane p,, distance L passing by the
electromagnetic wave in turbulent magnetized plasma.

Numerical calculation are carried out for 3MHz incident
electromagnetic wave, vg = 0.28, ug = 022, a« = 20° pu =
0.06; irregularities are streached along external magnetic field, 79 =
0°. Figure 1 illustrates dependence of real part of the normalized
correlation function of scattered ordinary wave in magnetized plasma
(solid line) and non-magnetized plasma (dotted line) with electron
density fluctuations (y = 180) versus nondimensional parameter 7 at

200 400 0 100 200 1 300

Figure 1. Dependence of real part of the normalized corralation
function of scattered field Wgpgs(n, u)/E3 versus non-dimensional
parameter n at: T = 4000, By = 1.88, x = 180. Solid line
corresponds to the ordinary wave in magnetized plasma, dotted line
— non-magnetized plasma.
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Figure 2. Dependence of SPS of scattered electromagnetic waves
versus non-dimensional parameter k in non-magnetized plasma, (a) 3D
picture of SPS at x = 190, By = 1.5; £ = kops, (b) profile of SPS for
different parameter By.

T = 4000 and By = 1.88. The curves are normalized on their maximum
values, have a symmetrical form; maxima are located at n = 0. With
increasing distance between observation points correlation function
fast decreases in non-magnetized inhomogeneous plasma, while in
magnetized plasma amplitude of this function slowly oscillates and
attenuates with increasing parameter 7.

Figure 2(a) gives 3D picture of the dependence SPS of scattered
electromagnetic wave versus both parameters and k for non-
magnetized plasma at y = 190, By = 1.5, T" = 4000. Values of SPS are
plotted in Figure 2(b) as a function of parameter k for various values
of the numerical distance By. The curves are normalized on their
maximum values. Increasing distance passing by electromagnetic wave
in anisotropic non-magnetized turbulent plasma, at fixed parameter of
anisotropy x = 170, T = 4000, amplitude of small hump increases,
while amplitude of big hump decreases. Maxima of both humps
weakly shift. These results are in a good agreement with the results
for 3D prolate inhomogeneities calculated by statistical Monte-Carlo
method [11]. Numerical analyses also show that that neglecting
diffraction effects, i.e., neglecting the term k; / k:g in the argument of 2D
spectrum of the correlation functions of electron density fluctuations,
“double-humping” effect in SPS disappears.

Figure 3 represents the dependence of SPS versus non-dimensional
parameter k in turbulent non-magnetized (solid line) and magnetized
plasma (dotted line) respectively, at fixed parameters x = 180 and
By = 1.6. Calculations show that a dip of the curve caused by electron
density fluctuations getting much more pronounced in non-magnetized
plasma than in the presence of an external magnetic field. Increasing
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Figure 3. Dependence of SPS versus non-dimensional parameter k,
(a) solid line corresponds to the non-magnetized plasma, dotted line
— ordinary wave in magnetized plasma, xy = 180, (b) ordinary wave
in magnetized plasma, solid line x = 150, dotted line y = 160.

0
(b)

Figure 4. Dependence of SPS (12) versus non-dimensional k
parameter for a finite width of an original mode § = 0. Figure 4(a)
represents SPS of ordinary wave at: xy = 100, T" = 4500, By = 0.8;
solid line — in magnetized plasma, dotted line — in non-magnetized
plasma. Figure 4(b) corresponds to the SPS of scattered extraordinary
wave in the anisotropic magnetized plasma for different parameters By
at fixed values y = 450, T' = 6500.

parameter of anisotropy x amplitude of SPS increases and weakly
displaced (Figure 3(b)).

Figure 4 describes dependence of SPS versus parameter k at § =
10; for ordinary wave: y = 100, T' = 4500, By = 0.8; for extraordinary
wave: x = 450, T = 6500, By = 0.6. SPS has double-hump shape.
Figure 4(a) shows that external magnetic field leads to narrowing of
SPS of the ordinary wave, maximum displaced and a dip decreases.
Maxima for ordinary wave are spaced symmetrically with respect to
k = 0; in non-magnetized plasma maxima are located at k = +0.22,
in magnetized plasma at k£ = £0.07. Dips in SPS for both cases arise



98 Jandieri et al.

at k = 0; I(k) = 0.06 and 0.26 in non-magnetized and magnetized
anisotropic inhomogeneous plasma, respectively. Figure 4(b) describes
SPS of the extraordinary wave in anisotropic turbulent magnetized
plasma. Calculations ahow that increasing distance travelling by the
wave in plasma a dip become more pronounced in the direction £k =0
and maxima are displaced. The depth of a gup increases in proportion
distance covered by ordinary wave in magnetized plasma: By = 0.6,
I(k) = 0.93; By = 0.65, I(k) = 0.41; By = 0.81, I(k) = 0.04; maxima
are located at: By = 0.6, k = £0.04; By = 0.65, k = +0.07; By = 0.81,
k = 40.12. All maxima are located symmetrically with respect to
k=0.

Physical reason of peculiarities of the spatial spectrum of scattered
radiation in random medium has been considered in [11]. At single
scattering of electromagnetic waves on smooth strongly extended
irregularities spectrum of scattered radiation has one narrow maximum
in the direction of an incident wave, second maximum — in the
direction of specular reflection with respect to a plane passing through
z axis, along which irregularities mainly are prolate. If an incident
wave propagates along z axis these maxima combine [1] and broaden
at multiple scattering of electromagnetic wave oblique incident with
respect to z axis. If an incident wave propagates along z axis, single
scattered field has a broadened spectrum with maximum in zero (along
z axis). Therefore inclined components arise. New maxima arise under
specular angles and the two-humped spectrum is gradually formed at
multiple scattering of radiation in random medium. This effect cannot
be obtained by smooth perturbation method [1,2]. If an incident
wave has a broadened spectrum with maximum in zero, increasing
distance travelling by wave in random medium, two-humped spectrum
arises [11]. This effect is revealed also in anisotropic turbulent
magnetized plasma using smooth perturbation method.

Statistical characteristics of SPS of multiple scattered ordinary
and extraordinary waves in anisotropic randomly inhomogeneous
magnetized plasma with prolate irregularities caused by electron
density fluctuations are considered for the first time.

4. CONCLUSION

Features of SPS of multiple scattered ordinary and extraordinary waves
in anisotropic magnetized plasma with electron density fluctuations
have been studied analytically and numerically. Investigation
has shown that strongly pronounced dip appears in SPS of
scattered electromagnetic waves along prolate irregularities at
oblique illumination of magnetized plasma by mono-directed incident
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radiation. SPS has a “double-hump” shape. External magnetic
field narrows the width of SPS for the ordinary wave weakly. SPS
for the extraordinary wave broadens and its maximum is weakly
displaced in proportion to a distance passing by the wave in magnetized
inhomogeneous plasma.

The obtained results will have applications at observations of
electromagnetic waves propagation in the upper atmosphere and
remote sensing.
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