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Abstract—A linearly constrained minimum variance (LCMV)
antenna array beamformer using finite data samples suffers from slow
convergence when the received array data contain the desired signal.
It has been reported that signal blocking techniques speed up the
convergence rate and increase the robustness of LCMV antenna array
beamformers. However, the reason of this improvement has not been
explored in the literature. Moreover, the existing formulas for the
output signal-to-interference-plus-noise ratio (SINR) are too rough to
realize the influence of signal blocking techniques on the performance.
In this paper, we show that the correlation due to finite samples causes
the redundant component (termed as the cross weight) embedded in
the weight vector of a LCMV beamformer even if the signal sources
and noise are independent. The cross power results from the cross
weight degrades the performance when the sample size is small. In
contrast, the cross weight and cross power can be fully eliminated when
a signal blocking technique is used. The theoretical results presented
in this paper provide a comprehensive description on the effectiveness
and the price of using signal blocking for antenna array beamforming.
Simulation results are also given for confirming the validity of the
theoretical results.
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1. INTRODUCTION

For an antenna array beamformer, several practical situations degrade
its performance. Among them, the finite sample effect is frequently
considered. This effect comes from the fact that the ensemble data
correlation matrix is usually unknown and is estimated by taking
finite data samples. In the literature, the finite data performance of a
linearly constrained minimum variance (LCMV) beamformer has been
analyzed in [1-3]. Wax and Anu [1] gave detail discussions for the
behavior of a LCMV beamformer under several special cases. Chang
and Yeh [2] derived the output signal-to-interference-plus-noise ratio
(SINR) of a LCMV beamformer under one desired signal and one
interferer. Reed et al. [3] analyzed a LCMV beamformer without
the desired signal in the received data. However, the existing results
can not be directly extended to the case with one desired signal and
multiple interferers.

The signal blocking technique was originally proposed by Widrow
et al. [4] to tackle the coherent problem. Due to its effectiveness, the
idea of removing the desired signal before computing the weights has
been widely applied for antenna array beamforming [5-10]. Notable
among them are [5,8]. In [5], the authors proposed an eigencanceler
constraining the weight vector to be orthogonal to the interference
subspace instead of the conventional LCMV criteria. Later, a
statistical analysis to this eigencanceler was presented in [8], where
a compensation matrix was proposed for eliminating the blocking
effect on the noise. It was shown that the eigencanceler can eliminate
interference efficiently and has a fast convergence rate. Nevertheless,
the signal blocking effect is still unknown in both [5] and [8].

Recently, an analysis of LCMV beamformers with and without
signal blocking under pointing error and finite sample effect was
presented in [11]. The derivations are based on the probability density
function of the weight vector given by [12,13]. The formulas presented
in [11] demonstrate the drawback of the one dimension loss when
signal blocking is used. Although the analysis in [11] provides accurate
formulas to describe the output SINRs, the robustness enhancement
and convergence rate improvement for signal blocking is, however,
invisible either from the derivations or the final theoretical results.
In addition, the effects of system parameters such as source directions,
signal powers, or array configurations on the output SINRs are still
unknown from the expressions.

In this paper, we consider the performance of LCMV beamformers
with and without signal blocking under finite samples and derive the
output SINR formulas for the LCMV beamformers with and without
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signal blocking. Based on the theoretical results, the merits and defects
of using a signal blocking technique can be described comprehensibly.
Besides, these theoretical results can be easily extended to the case
with multiple interferers. Simulation results confirm the accuracy of
the theoretical results.

This paper is organized as follows. Section 2 briefly describes the
principles of LCMV beamformers with and without signal blocking.
In Section 3 and Section 4, we analyze the performances of a LCMV
beamformer without and with signal blocking, respectively. Simulation
results are presented in Section 5 for confirming the validity of the
research work. Finally, we make a conclusion in Section 6.

2. PRINCIPLES OF LCMV BEAMFORMERS

2.1. A LCMYV Beamformer without Signal Blocking

Let ¢ independent narrowband signal sources including one desired
signal and (¢ — 1) interferers impinge on a conventional LCMV
beamformer with p array sensors, ¢ < p. The data vector received
by the array beamformer can be expressed as

x(t)=s1(ar+ > sp(Dag +n(t)=s (Hay+v(E), (1)
k=2

where s;(t) is the complex waveform of the ith signal source with zero
mean and variance azi; a; is the corresponding steering vector, i =
1,2,...,¢; v(t) is the undesired component including the interference
and noise. n(t) denotes the noise vector with zero mean and variance
02 and is independent of the ¢ signal sources. The ensemble correlation

matrix of x(t) is given by
R=FE [x(t)x" ()] = cZaial’ +Q, (2)

where the superscript “H” denotes the conjugate and transpose
operation. Q is given by

Q=F [v(t)vH(t)] = Z agkaka{;l + afLI, (3)
k=2

and I is the identity matrix with appropriate size. The weight vector
of the LCMV beamformer can be obtained by solving the following
optimization problem [14, 15]:

H

Minimize wRw  Subject to w'a; = 1. (4)
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The solution of (4) is given by [14, 15]

Rflal Qflal
Wo= "HR-1a, alO-la, (5)
aR1a; a;’'Q'a;
However, the ensemble correlation matrix R is not available in practice.
Its approximation computed by taking data samples is given as
follows [3, 16]:

R = Z;x(ti)xH (ts), (6)

where x(t;) denotes the ith data sample of x(t) taken at the ith time
=1,

instant, ¢ 2, ..., m. Hence, the solution of (5) becomes
R 'a
aj R~ la;

According to the result of [1], the sample correlation matrix R can be
expressed as follows:

~

R = 6§1a1a{{ +att + f'a{{ + Q, (8)

where 6% = (L/m) X7 [si (t)F Q@ = (1/m) S0, v (t) v (1),
and £ = (1/m) Y 1", s7 (t;) v (t;) are the sample mean of the desired
signal power, the sample version of Q, and the sample version of
the cross correlation between the desired signal and the undesired
component, respectively. Since the signal sources and noise are
mutually independent, we have

Bl = > Blsi (1] Bv ()] = 0. )
=1

2.2. A LCMYV Beamformer with Signal Blocking

Figure 1 depicts a LCMV beamformer with signal blocking. The signal
blocking matrix B is employed to block the desired signal with the
presumed look direction ay, i.e., [6,17]

Ba, = 0. (10)

Let the data vector after the blocking operation be xp(t;) = Bx(t;)
and B be of size N x p with N < p. The N x 1 weight vector required
for beamforming is given by [6, 7]

R;'ar
Wp=—P (11)
aRy'ar
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Figure 1. A LCMV beamformer with signal blocking.

where Rp is the N x N sample correlation matrix of xp(t) and given

by Rp = BﬁBH. Without loss of generality, we set a; to contain the
first N entries of ag, k =1, 2, ..., ¢. It follows from (8) that

Ry =B (&glala{f gt 4 pall 4 Q) BZ —BQB".  (12)
Equation (12) reveals that the cross terms a;# and #all in R due to

A A H
finite samples are removed. Let Qg = BQB ", (11) can be rewritten

as .
. Qp a1

WB = —fFa—7—- (13)
arlQpla

2.3. The Existing Analysis Results

In [11], the array output SINRs based on W and wp were derived to

2 JHR-1
osa R ag

INR = 14
SINEL tr(QR™1) m—p alR-IQR 'a; (14)
m—p+1 - m—p+1 "~ allR la;
and 2 HR-1
AR5
SINRp = T2 p A , (15)

— —
tr(QRB ) m—p+1 éflelQRBlﬁl
m—p+2 m—p+2 alR;'a;

respectively, where Q is obtained by removing the piA:h row and column
of Q, and R = BRB is the ensemble version of Rp. Although (14)



286 Chen and Lee

and (15) were derived without making approximations, it is not easy
to observe the pros and cons of signal blocking from (14) and (15). In
addition, the effects of system parameters such as source directions,
signal powers, or array configurations on the output SINRs can not be
observed directly from (14) and (15).

3. PERFORMANCE OF A LCMV BEAMFORMER
WITHOUT SIGNAL BLOCKING

Under finite data samples, the output of a LCMV beamformer is given
by y (t) = wHx (t). Using (1), (2), and (3), we have

q
Z agk ’v?/Hak’2
k=2
=P+ P, + P,. (16)

From (7) and (16), the output SINR of a LCMV beamformer without
signal blocking is given by

E[lyt)?]=E [agl \v‘vHalﬂ 4B +E 02w W]

. 2
P, E [azl ‘WHal} }
SINR = =
P’i + Pn d 2 ~ H 2 o2& Ha
E | o |WHa|"| + E[o2wH W]
k=2
2
= s1 . (17)
E [z o2, |v‘vHak\2] + E[o2wHWw]
k=2
The weight vector of W in (7) can be derived to [1, Eq. (20)]
A1
W= LM paly (18)
ay Q lay

where P = I — Q_lala{{/a{{Q_lal. The first term in (18) Wgo =

Q'a; / al Q_lal represents the weight vector without the desired

signal in the received data vector. The second term is related to
the cross correlation T between the desired signal and undesired
component. According to the analysis in [3], the difference between the
output SINRs of using Wg and the optimal w, is within 3 dB when the
number m of data samples is larger than twice of the number of array
elements. Then, Anu and Wax [1] extended this result and claimed
that the  in (18) captures the most finite sample effect as compared

with the other random quantities Q and P. For a moderate sample
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Figure 2. Output SINRs computed by three weight vectors. ‘o’: the
LCMV weight vector in (7). ‘x’: the weight vector in (18). ‘--": the
approximated weight vector in (19).

size m > 3p, it is also shown in [1, Eq. (21)] that W in (18) can be
approximated by

~ Qilal —1a ~
W R -P r=w,+ W, 19
g ia PO o+ W (19)
where . .
Q rajag ~1g
P=1I- and w,=-—-P 20

A trial with four parameter settings for the output SINRs computed
by (7), (18), and (19) are presented in Figure 2 for an eight-element
uniform linear array (ULA) with half-wavelength spacing. We observe
that the approximation used in (19) results in acceptable errors and
still preserves the most finite sample effect even if the output SINRs
have not reached the steady-state (i.e., optimal SINR). To facilitate
the following analysis, we adopt this approximation. Equation (19)
shows that a redundant component W, called cross weight is produced
when the finite sample effect exists.

3.1. Output SINR in Terms of Q
Substituting (19) into the term P; of (17) yields

q
zazmﬂakf]
k=2
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q
2 ~
o2 |[whag|” + E o E [W.] apall w,
k=2

2
-

_l’_

MQ

ol wlapall E[w,] —|—ZoskE Uw ay| } (21)
k=2 k=2

Using (9) and (20), we have F [W.] = 0 and

-NZUSk‘W ak‘ —i—ZUSkEUW ak‘ } = Pio + Pic. (22)

Then, substituting w, of (5) and W, of (20) into (22) yields the optimal
interference output power and the additional interference output power
due to finite samples as follows:

2
PiO = Zask

k=2

—1. 2
al’lQla;

a{{Q—lal

(23)
and

q
o=y o3 E[|iQ P ay || Zaskakm Ei1Q Py, (24)

k=2

respectively. Since

anH1 H _ Ysl
P = e 2 2 Pl v m vl =50Q (29
and P =1-Q 'ajaf’/ (af’Q'a;), (24) becomes
q Ho~14,|2
sl |ak Q al‘
P, = E s < |- 26
U k ( a{[Q_lal ) ( )
Similarly, substltutlng (19) into the term P, of (17) yields
P, ~ o2wlw, + 02E [WiW,] = Py + P (27)

Using w, of (5) and W, of (20), we obtain
,_[[Qtau”

P,,=o0
M @llQ )
and

P o=a,E[}"QT'PTPQ 7't =ortr (QT'PPQE [#27]), (29)
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where ||x||? denotes the squared norm of the vector x and tr(X) the
trace of the matrix X. From (25) and (20), we have P,,. given by

03 _ Q_lal 2

Using P;. of (26) and P,. of (30) and performing some algebraic
manipulations yields the additional power in the denominator of (17)
due to w, as follows:

2
g
PCEPiC—i—PnC:ﬁ(p—l). (31)

Since the cross weight produces a positive P, (called cross power) in the
denominator of (17), the effect of using finite data samples degrades
the beamforming performance. From (22), (23), (27), (28), and (31),
we can rewrite (17) as follows:

SINR; ~ ————5~
‘PiO + P’I’LO + PC
2
= 71 (32)
SO [ e T R (o N L e
=y FlalQa " (alfQ ta) "
3.2. Derivation of Q!
Assume a set of dummy variables K., r =1, 2, ..., q, defined as follows:
o1 r=1
_ T
K, = Sotaall + 021 2<r<gq - (33)
i=2
Hence, Q™! can be expressed as
_ _ -1
Q=K'= (Ks1+02a.a]) . (34)

Applying the matrix inversion lemma to (34), we obtain the following
recursive formula

Hyr—1
_ _ _ aqaq qul
Q'=K'=K! [I-— — 35
1 -1 Osq —l—aqu_llaq (35)
with K = 0,21 Tt follows from (35) that
Q= (o (1- el (el )

—2 Hye—1 —2 Hye—1

~~—— 0 tayKi as o3 tag Ky as
—1
Kl
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Hyc—1 q Hyc—1
1= Agag Kooy :0*21_[ I— aia—Kﬁl . (36)
o +allK la, "t o +al K a
Substituting (36) into (32) provides an explicit formula for computing

SINRy under any q interferers. Moreover, the recursive formula shown
by (36) facilitates the computation process.

3.3. Output SINR for Two Interferers

Substituting ¢ = 3 into (36) and performing some algebraic
manipulations yields
P4 0%,07 [(af 2o} - agall+o202 (alf s Iagaf]
0,2 e (allasallas)-I—(allasallas)-I—(allaz)-azal
2748 | _(aff g aqall +(aff as)asafl +(af as) aza

1
Q= 2 17 2 17 2 2 (H, 0 H, H.
[a,%—i—asQa%aQ ay+oZolatlaz+o%02% (a2 arajz ag—aj axa; ag)}

(37)

By letting d;; = (1/p)-aa; for i < j and using the fact that akHak =p,
k=1,2,3, (37) can be rewritten as

af‘lI—I—aggai (pI— agag) +a§302 (pI—agag)

O'n2 —|—O’§20'§3 [pQ (1—\d23| ) I- paga2 pagagl
+pd§3a3a£{+pd23a2a3 }

Q= 5 (38)
O+ PO%02 + po23ol 4+ p2oly02s (1 — |das| )
Based on (38), we obtain the following expressions:
oh+potol (1 |d12|>+p0330 (—\d13|>
2
Pow +pPotyoi, [1 — |das|* — |d12|* — |drs|?
a{{Qflal _ +2Re (dlgd’fgdgg)] (39)
of +po2,02 + poo? + p2ool, (1 — ]d23|2)
27 4 2 9 %
0, |opdia + poisorn (dia — dizd
a{{Q_lag_ D [ 12 T POg3 ( 12 13 23)} (40)
—|—p0820 —|—p08302 + p?o 2053 (1 — |das] )
274 2 9
o o-di3 + poioos (diz — diad
a{{Qflagz poy, [ nd13 + pogy0y (dis 12 23)] ’ (41)

2
op + ool + poisol + pol,oi (1 — |das] >
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o8 4+ polyon (po2y + 202) (1 - \d12|2>+pa§3aﬁ

X (poZs + 207) (1 — |dus] ) P o202

1) % [20%0% 4 20202 + podyo?; (1 - Jdasl) |

% [1 = |dog|? — |dia|? — |di3]? + 2Re (dlgd’{3d23)}

2202020t [2 ~Jdag|? — 2|dya]? — 2 |dus|?
+3Re (d12d}5da3)]

Doy,

lQ"a* =

2
2
+p0520 +p0530 +p 052053 (1_|d23’ )}
(42)
where Re{z} and {z}* denote the real part and complex conjugation
of z, respectively. Under adequate angular separation for each pair of
the incident signal sources and appropriate inter-element spacing, we

can assume that |d;;|> < 1 for i # j [2,8]. Using this assumption and
substituting (39)-(42) into Pj, and Py, of (32) yields

2 4.2 2 2 2 4.2 2 2
0500, ’O‘ndlz +p053d12’ + o330;, ‘O’ndlg + p052d13‘

(07 +po%)” (o7 +pol)
2 2
0230y |diz] 0230y |dis] (43)
= 2 2
(02 +poly) (02 +poZ)
and
o8+ 2 6 2 6
< p2otot+ploliol +2po2,08 +2potof )
P o~ +4p20520530 +p 052053+2p30520530 +2p 08208302
no ~ 2
p (UTZL + pgsZ) (0721 —|-p033)
o2
= (44)
p

respectively. Hence, the approximated expression of SINR; for ¢ = 3
is given by

2
Os1

SINRy, ~ (45)

3 2
chotldul | o2 -1k

= (02 +PU§1€)2 » m

As compared with the results given by (14) and (32), the output SINR
shown by (45) is expressed directly in terms of the system parameters.
The SINRy, for ¢ = 2 and 1 can be obtained easily by substituting
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02, = 0 and 0% = 02, = 0 into (45), respectively, as follows:
2

g
SINRp|4—n ~ 1 : (46)
ohoh|del® o2 (p-1)o}
2
(‘77214‘1?032) p m
‘7?1
SINRL|,—1 ~ . a7
S S T o
7+7
p m

To obtain an explicit output SINR formula for any 3 < ¢ <p, a value
of ¢ should be specified in the Q~! of (36). Then, we substitute the
Q! into (32) and perform the required simplifications. However, it is
not an easy task to derive the case for ¢ > 3 due to the complicated
algebraic manipulations. Instead, it is shown in Appendix A with
mathematical induction [18,19] that an approximation of SINRj for
any 2 < q < p is given by

2
Os1 Os1

Pio + Pno + Pe i o2 0l |dyg|? Lon ek '
2
i (02 +po%) p m
(48)

Note that the condition of ¢ < p is required to satisfy |d;;|> < 1 for
i # j in order to derive (45). For convenience, the derived formulas
and corresponding assumptions are summarized in Table 1.

SINR;, ~

4. PERFORMANCE OF A LCMV BEAMFORMER WITH
SIGNAL BLOCKING

4.1. Output SINR in Terms of Qp

Following the approximation Q ~ Q in W, Qp in (13) can be
approximated by

A A_H
Qs =BQB ~BQB" = Q3. (49)
Hence, we have

a’Qp'ar
Comparing (50) and (19), we note that the signal blocking replaces
w, with wp and eliminates Ww.. Since W, is the term caused
by finite samples, the analysis of Wg reduces to the infinite sample
scenario under the same condition m > 3p and approximation Q ~ Q

1
W Qal _ . (50)
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considered in Section 3. This reveals that the condition m > 3p
is sufficient for a LCMV beamformer with signal blocking achieving
to its infinite performance. To confirm this, a trial for the output
SINRs computed by (11), (13), and (50) are plotted in Figure 3, where
the four parameter settings are the same as those in Figure 2. The
blocking matrices are produced by the “null” function in MATLAB
to satisfy (10). We see from Figure 3 that most errors caused by the
approximation used in (50) are within 1dB or even less. This confirms
that the exact performance of Wg is insensitive to the data sample size
m as compared with that of Ww.

Similar to (17), the output SINR of a LCMV beamformer with
signal blocking is given by

oh oo

SINRp = = 51
P P s+ P L2 (51
k=2

+ E [o2WE W]

Table 1. The summary of the derived output SINR formulas.

SINR; | SINRp Assumptions
1. 2 < q < pfor SINRy,
2 < q< N for SINRp
(32) (54) 2. W~ w, + W, and
Wp ~ wp are valid
3. B satisfies (10)
l.g=3
2. WX w, +Ww,. and
(45) (68) Wg ~ wp are valid
3. |dij P <1, |dijs? < 1
4. B satisfies (10) and (59)
1. 2< q < pfor SINR;,
2<q < N for SINRg
Explicit SINR (48) (69) 2. W R W, + We a.nd
for general ¢ wp ~ wp are valid
3. |di|? < 1, |digB|* <1
4. B satisfies (10) and (59)
1.2<q<N
2. WB ~ WpRB is valid
3. di? < 1, |dij* < 1
4. Duvall’s B

SINR in terms
of Q or Qp

Explicit SINR
forg=3

Explicit SINR
for the Duvall N/A (80)

beamformer
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with
d 2
= |3k ol
k=2
a alQzlay ?
E Zaik\wgak\] Zask‘WBak‘ —Zoﬁk iHQB - (52)
k=2
and
—1—112
Prp=B (o2 is] mo2 [whws] =02 [wpl =02 128 T
(ar"'Qp'an)
(53)
Substituting (52) and (53) into (51) yields
o? o2
SINRp = sL = . (54)
PotPon " Taragt gl

—I-a

flafQplar| " (@t Qylar)

Comparing (32) and (54), we observe that the cross power P, produced
by the cross weight W, is eliminated and the output power F;,
and P, produced by the optimal weight w, are replaced with F; g
and P, p, respectively when using signal blocking. If the sample
size m is small or the desired signal power o2 is large, the cross
power P. in the denominator of SINR; will dominate and affect the

k=2

25

N
3
T

0=[11-36 -37 -55 12](°) 2=[20 10 10 0 0)(dB)

>

Output SINR (dB)

=
T
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8=[11-36-37 - 5512]\ ) @ [B 201510 B]\dB)

5 . . , , , I
(] 50 W0 150 200 250 300 350 400 450 500
Number of snapshots

Y

Figure 3. Output SINRs computed by three weight vectors. ‘o’
the weight vector in (11). ‘Xx’: the weight vector in (13). ‘--’: the
approximated weight vector in (50).
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performance of a LCMV beamformer. On the contrary, no cross power
is present in SINRp. Hence, a LCMV beamformer with B alleviates
the finite sample effect on its performance. This leads to the fact
that a LCMV beamformer with B converges faster than the same
beamformer without B especially for large arrays or strong desired
signal environments.

4.2. Derivation of le

Analogous to the derivation of Q~!, we derive an expression for le
as follows. Let a set of dummy variables L., r =1, 2, ..., q, be given
by

o2BBH r=1

_ T
Lr=4% o2BaallB” + 02BB 2<r<q
=2

(55)

Q;l can be expressed by
- - -1
Qz' =L,' = (L1 + 02, Baga)/B") . (56)
Using the matrix inversion lemma, we have le given by
-1
Baq,:aufB[“[L(F1 57)
o5 +al/BHL, ! Ba
59 q q—1 q

Q' =L, =L, <I B
with L' = o772 (BB#) ™. Tt follows from (57) that

Q:! = o2 (BBH>_1 < _ BaaiB"L;! ) (I_ Bazal’BL;! )
B — Yn
D e ——

—2 H —1 —2 H —1
0 +aBPL] "Bay 0.4 +aiBAL; Bas

-1
Ll

—1
L‘Z

L—l

3
I Baja,B”L_,
N o +alBPL_ ! Ba,

14 Ba;a/'B"L;!
=02 (BB? I- — - . 58
on ( ) g( g;2+a{IBHL;11Ba¢> (58)
Substituting (58) into (54) yields an explicit formula for computing
SINRp under any q interferers.

4.3. Output SINR for Two Interferers

In direct form beamformers, the blocking matrix usually possesses the
property [5, 8]
Bay =vag, k=2,...,q (59)
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in addition to (10), where the scalar 74 depends on the category of
B. The constraint of (59) preserves the directions of all interferers,
so that Wp can put the nulls in the direction angles 65, ..., 6, [5].
A systematic methodology to design the blocking matrices satisfying
both (10) and (59) is presented in [8], which is appropriate for a ULA.
Here, we consider the blocking matrices in [8] and derive SINR g under
two interferers, i.e., ¢ = 3.
The steering vector a; of a ULA is given by

ap=[1 exp(ipr) exp(i2¢f) ... exp(i(p—l)gok)]T
2[1 2 z,% zi_l}T, (60)

where zr, = exp (ivk), ¢r = 27 (d/\)sinb. d is the inter-element
spacing, A the signal wavelength, and 6, the direction angle off
broadside for the kth signal source, k = 1, 2, ..., ¢. The superscript
“T” denotes the transpose operation. Setting ¢ = 3 in (58), performing
some algebraic manipulations, and utilizing the relationship of (59), we
obtain

o4 (BB) !+l %02 [ (%" (BBY) @)
.(BB") "' - (BB") 'mas!! (BBY) |
+al* 02 sl 02

(a2 (BB) ' agag’! (BBY) 'a3)- (BB) '

+ s o%0? [(a5 (BBY) ' a5) - (BBY)
- (BB") 'y’ (BB") |

Qp= — 2 (61)

oo hoa (BBY) g+ "0 %02as(BBY) a5
—_— -1_____ -1__

+ 2?02 sl 0% (azH (BBY) " aaz (BBY) a3

_a73H (BBH) -1 %H (BBH) -1 a—g)

Let dyjp —a' BBY)'a;/ (/& (BB~ [a;’! (BBY) &), i <
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j. Based on (61), it is straightforward to derive the following terms:

(Tna1 (BBH) ai + ")’2‘ afganal (BBH> ai
37 (BBY) &g (1 |dig,s|?) + s asganal " (BBY)~
o, ” ﬁH (BBH)71f3 (1 — |di3,B]| ) + |72\ o2 |’Y3| o2gart!
(BBH)_IﬁH (BBY) ' azag” (BB")” ‘g
X [1 — |das, B|? = |di2,5|> — |di3,8]|* + 2Re (di2,Bd}3 pdas,B)]

1

 H~—1—
a; Qpar= s
7 an+\w|oszanaz (BBH) ‘w3l olptas” (BBY) &g
+ 1af* o sl* 02" (BBY) aas ™ (BBY) &5 (1—|das. %)
(62)
4\/ A(BB")" 1a1\/a2H (BBH)71£d123+|W3|2 023 ]
o | o2a” (BBY) 'as/ai (BBY) 'ary/a (BBY) ‘&
d —d d
A Qe — (di2,B 11,3 23,B)H — - — T —
O'n-f—")/2| O'SQUnaQ (BB )" @+ |ys|® o20nas” (BBY)
az+ 2’0 bl oZam (BBH)71a2a3 (BBY)~ 1as,( —\d23,3|2)_
(63)
ohyfa” (BB7) L ary " <BBH>*a*3dm 5+ ol
0'772 gfganag (BBH) asz X (BBH)
B (BBH)7 a73(d133—d12,3d23,13)
ai QB az = )

on + 72|’ ohonaz™ (BBH) a2+|73| UfsaiasH

(BBH)7 az + |72‘ 02 |’73| o238 (BBH) az
—H (BBH)71T3 (1 o |d23,B|2)

ok (BBY) " ar+paf* oot (a2 (BBY) @) (BBY) ' ar

_ <a72H(BBH)*1ai1>,(BBH)*1a72] + al? 0% sl 02

w"(BB") wm(BBY) ' a5 (1-|d.5l’) (BB a7

_TgH(BBH)*lfg\/EH(BBH)—lg\/aH (BBH)_lfl

ot || (dizp — dos pdisp) (BBY) @y (BBY) ey

H(BBH)ilaflx \/7 (BBH)71?3

(dis,p — dia, Bd23 B) (BBH) as

+|ysl* o2s0n [( " (BBH)™! > (BB") 'ar

S Gl o R

on + el ohhonm” (BBY)  a + ral’ oloyas”
1
(BBH) a3 + 12?02 s’ oz 7 (BBY)  azaz”

(BBY) &3 (1 — |das,5]?)

2

(65)
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Substituting (62)-(65) into (54) under ¢ = 3 and |d;; 5|*> < 1, i # j,
we obtain

2 4-—H (BBH) -1 arn |d1k,B|2

3
Z O'SkO' ak

=i (BBY) a1 |0 + [ul* o2 a! (BBY)

(66)
_1a7;} 66

and

—H H\—1 Hy—1 —
oy SEE (ER) 1y
)]

Therefore, the output SINR of a LCMV beamformer with B
satisfying (10) and (59) is approximately given by

(67)

o3
& ohoim(mB") wlins]
o) o, ) o]
,art (BBY) ' (BB¥) 'ay
(o - 5
a1 (BB7) "]

Note that P; p and P, g of (68) reduce to P, and P, of (45) if B, 74,
ay, and ay, are replaced by I, 1, ay, and ag, respectively, which confirms
the validity of (68). Similar to (45)—(48), it is shown in Appendix B
that the SINRp in (68) can be generalized to the g-interferer case, 2
< g < N, as follows:

2

g
SINRp = ——2sL__
B P g+ P,B

2

Os1
. (69
d o%oha (BBY) agdi p|’ %)

Z —
k=2 ar’ (BBH)" al[”2+lvk| 02,8, (BBY) 1@}2
sarf!(BBY)~ (BBH) Yar
n [ (BBH) 1a1]2

Q

The generalized result of (69) is reasonable when the approximation
used in (50) and |d;; p|* < 1, i # j, hold. An example with common
source directions and moderate sample size is presented in Section 5
to confirm the accuracy of (69) and the following formulas.

4.4. The Duvall Beamformer

To see the details about the effect of the signal blocking on P;, and P,
of (48), we consider the following B used by the Duvall beamformer [4]:
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2z 1 0 0 07
0 —z 1 0 0
B=| 0 0 -z 1 (70)
L0 0 o 0 =z T,
and
Ve = 2 — 21 = exp (ipg) — exp (ip1) - (71)

Based on the blocking matrix of (70), we can further derive the terms
all(BB) 'a;, al/(BB¥)~'a;, and aff(BBY)~"!(BB¥)~'a; in P, 5
and P, g of (69). Followmg the well-known Gauss-Jordan elimination
algorithm [20] and performing some algebraic manipulations, we have
the term (BB)~! given by

p—1 p—-2 p—3 1
. p—2 2(p—2) 2(p—-3) ... 2
(BBH)_l _*lp-3 2(»p-3) 3(p-3) ... 3
1 2 3 p—1
[ 1 2 (22 . ()P
21 1 2 (2P
Q| 22 =z . E : (72)
: : . k2
zf_Q zf_3 .2 1

where “®” denotes the Hadamard product. It follows from (72) and
some necessary algebralc manipulations that

a.” (BBY) &
p2—1 1 22

=" 3—2 p—t=1) (p—t) (p—t+1)cos [t (o — 1)]. (73)
t=1

We show in Appendix C that (73) can have a closed-form expression
as follows:
H (BBH)—la—k:pz [1—cos(pr — %)Hcos{p(sﬁ/z—sm)] 1
2p[1 — cos (pr—p1)]
Based on (74), we can substitute k = 1 and apply L’ Hopital’s rule to
obtain
1 p(*-1)

7(BBY) a= — (75)
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Moreover, since the square of the absolute value of dy; can be simplified
to
1 — cos [p (¢ — 1)]

p?*[1 = cos (pr — ¢1)]
according to (60), the condition |diz|? < 1 is equivalent to 1 —
cos[p(pr — ¢1)] < p?[1 — cos(pr, — 1)]. Hence, we have the following
approximations for af (BB )~'ay, of (74) and |yx|?all (BB)~'a;:
p
21[1 — cos (pr — ¢1)]
— -1__
and |yt &gt (BBY) " a; ~p. (77)
Next, we consider the term ar”’ (BB#)~1(BB)~'a;. Using (60)
and (72), we have
(507 s
=[P -2z (p-3)2 .. Fp-3)A " (p-2)40 AT (1)
Note that the ith and (p—4)th entries of (78) have the same coefficients.

The closed-form of a7’ (BB )~! (BB )~'aj can be obtained by taking
the squared norm of (78) as follows:

di* = (76)

%

;! (BBY) &

p(p*—1)
120

Substituting (75), (77), and (79) into (69), we have an explicit
expression for the output SINR of the Duvall beamformer as follows:
2

ar” (BBY) ' (BBY) 'ay = (79)

g
SINRp = ——=L
P’i,B + Pn,B
2
~ Is1 ; . (80)
& ; el o eeren
=, (P?—1)[1—cos(pr—p1)] (ggﬂwgk)? p  5(p?-1)

The summary of the derived SINR formulas in Sections 3—4 is presented
in Table 1.

Unlike (14) and (15), the comparison of (48) and (80) provides
insights into the influence on performance when the blocking matrix
of (70) is used. From (48) and (80), it is apparent that P, p is always
larger than P,,. Comparing P;, and P; g, the main difference between
them is the ratio 6,/{(p?—1)[1—cos(¢r —1)]} in each summation term.
|d1|? and |dqx p|? are assumed to be tiny and have almost the same
scale. More details about |dyx g|? are presented in Appendix D. Since
all sources are assumed to have distinct incident angles with enough
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angular separations, 6/{(p? —1)[1 — cos(p — ¢1)]} is normally smaller
than one. Therefore, it is possible for P; p to be smaller than P;,, but
this improvement is slight due to the fact that P, is relative marginal
as compared with P, [2]. Besides, it is reasonable that P; p + P, p is
always larger than P;, + P,, owing to the loss of the degree of freedom
(DOF). As aresult, inserting the blocking matrix operation into LCMV
beamformers eliminates the cross power P, at the price of changing
]Dio +Pno to -P'i,B + Pn,B‘

5. SIMULATION RESULTS

In this section, we present simulation results for confirmation and
comparison. For all simulation examples, an eight-element ULA
with inter-element spacing equal to half of the signal wavelength is
considered. The numbers of Monte Carlo runs and data snapshots
are set to 100. The background noise is spatially white and complex
Gaussian with zero mean and unit variance. To evaluate the benefit
of using B for a LCMV beamformer, we define a gain factor which is
the ratio of SINRp and SINR}, given as follows:

SINRBi Pio+Pno Pc
SINR;,  Pp+P.p Pop+Pup

When the blocking matrix is designed properly without enlarging
P, + P,, too much, P; p + P, p can be roughly approximated to
P,, + P,,, especially when the cross power is dominant. Hence, (81)
can be approximated by

_ SINRg | P,
T SINR, © ' Pip+P.p

Moreover, the theoretical results in (14) and (15) provided by [11] are
also plotted for comparison.

Ezample 1: Three independent complex Gaussian sources are
impinging on the array with direction angles [11° — 36° 49°] off array
broadside and powers [8 20 15] (dB), where the first one denotes the
desired signal and the others the interferers. B is set to the blocking
matrix in [8] with order equal to 2 (i.e., N = p — 2). The theoretical
results of (14), (15), (45), and (68) are plotted for comparison.
Figures 4-6 show the output SINR, the related power terms derived
in Sections 3 and 4, and the gain factor in dB of (81)-(82) versus the
desired signal power. In Figure 4, it is seen that the curves of using
(45) and (68) are close to those simulated by data snapshots and those
of using (14) and (15), which explains the validity of the derivations
and approximations. The output SINR without signal blocking sticks

G =

(81)

(82)
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o SINR_simulation
--- SINR_computed by (45)
30H s SINR| Of [11]

o SINRg simulation
— SINRg computed by (68)
= SINRg of [11]

3

Output SINR (dB
ke

3

B ]

@

The theoretical terms (scale)

e
o

L L L L L L L L L L
15 20 25 -10 5

10 5 10
Desired signal power (dB) Desired signal power (dB)

Figure 4. The output SINR Figure 5. The theoretical terms
versus desired signal power for versus desired signal power for
Ezample 1. Ezxample 1.

@ Difference of simulated SINR(dB) and SINR, (dB)

— Computed by (81)
-=- Computed by (82)

Gain (dB) _

Output SINR (dB)

_______ e a SINR_simulation
I i B --- SINR, computed by (45)
5L SINR, of [11]
o SINRg simuiation
— SINR computed by (68)
- - SINRg of [11]

5 10 15 20 25 0 500 1000 1500
Desired signal power (dB) Number of snapshots

Figure 6. The gain factor Figure 7. The output SINR
of signal blocking versus desired versus number of data snapshots
signal power for Example 1. for Fxample 1.

to 12dB even when the desired signal power is larger than 14dB. In
contrast, the output SINR with B increases almost linearly as the
desired signal power increases. This phenomenon can be seen from the
results shown by Figure 5 where P; g and P, g do not vary with the
desired signal power and approach P;, and P,,, respectively. However,
P, does increase as the desired signal power increases. In Figure 6,
the gain of using signal blocking is smaller than zero for desired signal
power smaller than —1dB due to P, + P, < P;p +P,p. Since
the cross power P, increases with the growth of the desired signal
power, its significance is also increased. When the desired signal power
is stronger than —1dB, SINRp starts transcending SINR; and the
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gain factor in (81) is larger than 0dB. For the desired signal power
larger than 11dB, the term P./(P;p + P, p) is dominant in (81),
and the curves plotted by using (81) and (82) are almost the same.
Next, we depict the output SINR, the related power terms derived in
Sections 3 and 4, and the gain factor in dB of (81)—(82) versus the
number of data snapshots for SNR = 8 dB in Figures 7-9, respectively.
The simulated SINRpg is almost invariant with the number of data
snapshots in contrast to SINR, as expected. The scale of P. is large
and the gain of using signal blocking is substantial for data sample
size smaller than 250. However, the scale of P, becomes tiny and the

The theoretical terms (scale)

L L
500 1000 1500
Number of snapshots

Figure 8. The theoretical terms versus number of data snapshots for
Ezample 1.

@ Difference of simulated SINR(dB) and SINR, (dB)
— Computed by (81)
== Computed by (82) 16-

0 500 1000 1500 12,

5
The dimension of the blocking matrix N

Figure 9. The gain factor of Figure 10. The output SINR
signal blocking versus number of versus dimension of the blocking
data snapshots for Example 1. matrix for Fxample 1.
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output SINR without B starts surpassing the one with B when the
number of snapshots is larger than about 750. To observe the effect of
the dimension N of the blocking matrix on the system performance,
the SINRp and the theoretical terms P; g and P, g with varying N are
depicted in Figures 10 and 11, respectively. Notice that the proposed
formula of (68) still predicts the simulated output SINR well. As we
see from Figure 10, the output SINR is increased with the growth of
N because the DOF for adaptive beamforming is also increased. Since
more DOF is beneficial to eliminating the noise component, the P,
is decreasing in Figure 11, while the P; p is tiny and almost invariant
with N. In spite of the loss of DOF, increasing the order of the blocking
matrix may alleviate the performance degradation due to steering angle
error [8].

Ezample 2: Here, seven independent BPSK signals with bipolar
rectangular waveforms are considered for the case of ¢ > 3. The
direction angles and the powers of the sources are [11° —36° 49°
—55° 32° 78° —64°] off array broadside and [8 20 15 10 8 3 5] (dB),
respectively, where the first one denotes the desired signal. The
blocking matrix of (70) is used, and the theoretical results of (48)
and (80) are plotted instead of (45) and (68), respectively. First,
the output SINRs versus the number of signal sources are shown in
Figure 12 for the number of elements equal to 8 and 16, respectively.
The differences between the theoretical results and the simulated ones
are all within 1 dB. This confirms the accuracy of the closed-forms given
in (48) and (80). Considering the SINRp for p = 8, we note that the
errors between the theoretical results and the simulated ones are more
significant for higher ¢’s. However, the errors become smaller when the

- P,
‘8 A4 T
- P
035

o SINR_simulationp=8 o
48),

L
5 6 7 2 3 4 5 6 7
‘The dimension of the blocking matrix Number of sources g

Figure 11. The theoretical terms Figure 12. The output SINR
versus dimension of the blocking versus number of sources for
matrix for Fxample 1. Ezxample 2.
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@ SINR, simulation
computed by (48)

, simulation
— SINR computed by (80)
25 -.m SINR of [11]

a SINRL simulation

: --- SINR, computed by (48)
) SINR of [11]

o SINR simulation

o — SINRg computed by (80)
= SINRg of [11]

20 2 o 500 1000 1500 2000 2500

EO 5 [ 5 10 15
Desired signal power (dB) Number of snapshots

Figure 13. The output SINR Figure 14. The output SINR
versus desired signal power for versus number of data snapshots
Ezample 2. for FExample 2.

number of elements is increased to 16 because the assumptions |d;;|>
< 1 and |d;; p|* < 1 become more reasonable. On the other hand,
the prediction errors for the SINR; are almost uncorrelated with q.
Comparing the SINR; for p = 8 and p = 16, we observe that the
overall errors are increased when the number of elements is doubled.
Because P, and P,, are usually much smaller than P, for deficient
sample size, the approximations for generalizing P;, and F,, to the
case with multiple interferers are relative marginal. The errors for
the SINR}, are mainly due to the approximation used in (19) which is
valid when m/p > 3. Since the ratio m/p becomes smaller when p is
doubled, the theoretical results of p = 8 are more accurate than those
of p = 16 as expected.

Next, we consider the 8-element array impinged by the first five
signal sources (i.e., ¢ = 5) mentioned above. The output SINR versus
the desired signal power using 100 data snapshots and the output
SINR versus the number of snapshots for SNR = 8dB are presented
in Figures 13 and 14, respectively. The reason for the performance
difference between LCMV beamformers with B and without B is
similar to that discussed in Fzample 1. As shown in Figures 13 and 4,
the difference between SINRp and SINR;, for ng < —4 dB (i.e., P.is
weak) becomes smaller. This is due to the increase of one DOF when
the order of B is reduced from 2 to 1. The results computed by (48)
and (80) are still close to those of simulation and those computed by
(14) and (15) for ¢ = 5. Again, we observe that the validity of the
theoretical work is confirmed in this case.
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6. CONCLUSION

This paper has analyzed the finite data performance of LCMV
beamformers with and without signal blocking. The presented
formulas are more comprehensive than the existing formulas in the
literature and provide insights into the effect of using signal blocking.
Based on the analytical formulas, we can see that the signal blocking
operation does not only block the desired signal but also eliminates
the cross weight component caused by the correlation due to finite
data samples. This provides the detailed explanation to the fact that
a LCMV beamformer with signal blocking converges faster than the
same beamformer without signal blocking, especially when the number
of array elements or the desired signal power is large. Furthermore, the
explicit formulas have been extended to a general situation with one
desired signal and multiple interferers. The validity of the theoretical
work is confirmed by simulations. The extension of our theoretical
work to the case with broadband signal sources is currently under
investigation.

APPENDIX A.

Here, we apply the well-known mathematical induction [18,19] to
prove (48) is a reasonable approximated result of (32) after expanding
Q. First, substituting ¢ = 2 into (48) yields the result of (46), which
is shown to be true in Section 3.3. Next, we suppose that (32) can be
derived and simplified to (48) for ¢ = r. Then, we have

Z%k 2@ ~ 3 Tkl |d1k|22 (A1)
Q(r)al i (02 +pol)
and )
locia]” o«
Pno(r) =0n> 2~ Ja (A2)
(af' Q) "

where the subscript (r) denotes the particular case of ¢ = r. Based

n (Al) and (A2), we then show that the output SINR of (48) can be
derived from (32) under ¢ = r+ 1.

Since the analysis in Section 3.1 is suitable for a general ¢, we
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apply (23) to obtain the P, for ¢ = r + 1 as follows:
r+1 HN—1 2

Al (1) @k
Pig(r41)=)_ 0ok H(fl)

2

_ _ 2
- 2 a{{Q(T+1)ak: 9 a{{Q(Ti_l)ar-&-l
:ZUSk -1 +Us(r+1) H—1 . (AS)
a Q(r+1)al a Q(’r+1)a1
Using the recursive formula of Q=1 in (35), we have
H (-1
a7"+1a'r+1Q r
Q (r+1) — Q(r ( 2 > : (A4)
s(r—i-l) + aT+1Q aT+1
From (A4), we obtain
allo-! H (-1
_ _ a Q ar+1ar+1Q ~al
a{IQ(Til)al = an(T§a1 () (A5)
(r+1) + aT-HQ r)ar‘f'l
and
HAO-1 H o-la
_ _ a;' Q r ar+1ar+1Q -
a{{Q(Ti_l)ak = a{{Q(T;ak - (r) () (A6)

as(r+1) + a7’+1Q(r ar+1

Now, consider the optimal weight vector w,; = Q(T)al without the

normalized scalar. Since Q(,) contains the 2nd to rth signal sources,
the directions of a;, a,11, and ag, £k = 2,3, ..., r, are regarded as
the desired signal, noise, and interference, respectively. The responses
of w,1 in the three directions are different and in general, nglal >

wha, 1 > whap. That is,
a{{Q(_éal > a{{Q(_rlaTH > an(%ak. (A7)

On the other hand, if the steering vector of the desired 51%11&1 becomes
a1, the accordlng optimal weight vector is wyo = Q( )1 As to
Woyo, the directions of aj, a,11, and ai are identified as the noise,
desired signal, and interference, respectively. Similarly, we have

a1Q a1 > al Q an > a1 Qjay. (A8)
Note that (A7) and (A8) hold because the 1st and (r + 1)th sources
are excluded from Q) and all the (r + 1) sources are assumed to be
separate enough so that |d;;|*> < 1, i # j. Combining (A7) and (A8)
yields

a{IQ(_T:;al ~ aTI:I+1Q(_T§a7‘+1 > a{IQ(_T%ar—H

a,{ilQG;al > afIQ(_T;ak ~ aﬁlQ(_r%ak. (A9)

Q
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According to (A9), a{{Q(;il)al in (A5) and a{IQ(;lJrl)ak in (A6) can
be approximated as follows:
a{{Q(;iLl)al ~ a{{Q(r%al (A10)

and allQ ! ~allQ ! All)
1 (r+1)ak ~ (r)aka (

respectively. Using (A1), (A10), and (A1l), the summation term on
the right-hand side of (AS) can be approximated as follows:

allq! 2 Qular | I o020 [dyif?
Zm s ~Z PRI i AU NS
Q(r+1 a’Q 1| = (92 +po2)
Further, applying the results of (A10) and (A11), we have
ai' Q! a1 ~ af' Qjai (A13)

and H—-1 HA-1
a;' Q. art1 ~ar Q a1, (A14)

where Q(r) is obtained by removing one of the 2nd to rth sources from
Q(r41)- Analogous to each term of (A12), the second term on the
right-hand side of (A3) can be derived to

HN—1 2 HA-1 2
a Q(r+1)ar+1 9 aj Q(T)ar—i-l
o ———| =~ _
s(r+1) HA—1 s(r+1) HA-1
a7 Qi A Qa

- Ui(m)aﬁ }dl(ﬂrl)

2
<Uv% + pa?(r+1)>
It follows from (A12) and (A15) that Pio under ¢ = r + 1 is given by

‘ 2

(A15)

- r+1) <« oo ldikl
zo (r+1) Z Osk all ~ % (A]_G)
Q (r+1)31 i (08 + o)
Next, consider the P,, in (28) for ¢ = r+ 1 as follows:
Jogt o[
Pno(rJrl) =0, ) (Al?)

n (a{{QGil)al)Q’
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where the squared norm of Q(ﬁrl)al can be derived to
2

-1
e

—2 H —1
Js(TJrl) +a7”+1Q(r) ar41

H -1
21 Qa1 Ho-10-1
—2Re| — — a;’' Q. Q. a1 | (A18)
(O—S(z+1)+a£-1Q(r;a"‘+l (r) =)
according to (A4). Again, utilizing the relationship of (A9), Eq. (A18)
can be approximated to
2 2
-1 ~ |la-1
HQ(T-H)alu ~ HQ(T)alH . (Alg)
Substituting (A19) and (A10) into (A17) and utilizing (A2) yields
2 2
—1 —1
, et %Uquwﬂﬂ

Pno(rJrl) =0y o1 2 n ol 2
(afQ ) (alfQqja)
From the P, in (A16) and P, in (A20), we have the output SINR for
q = r+ 1 given by

ol = lagia |+

2
g,

~ . A20
) (A20)

2
Os1

+1 2 ’
02,08 ikl o2 + (p—1)o2,
p

k=2 (U%ﬂ"’gk)? "

which is the same as (48) with ¢ replaced by r 4+ 1. Therefore, it is
proved by mathematical induction that the approximated SINR; in
(48) is valid for 2 < ¢ < p. Since the approximated error exists in
each stage of the recursive expression, the proposed formula in (48)
may be inaccurate for greater ¢ due to error propagation. However,
our experiment in Section 5 shows that the errors are acceptable even
ifg=p—1.

SINRL(T+1) ~ - (A21)

APPENDIX B.

In this appendix, we apply the mathematical induction [18,19] to
prove (69) is a reasonable approximated result of (54) after expanding
Qp, where the blocking matrix B possesses the properties of (10)
and (59). First, substituting ¢ = 2 into (69) yields
o3
o2yohazt (BBH)71372|d12,B |2
ar” (BB) &t |03+ %,a3" (BBY) 'ag)
" (BBY) " (BBY) 'm
In =H Y112
[al (BB ) al]

SINRp ~

(B1)
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Since (B1) is a special case of (68), the result of (69) is true for ¢ =
2. Assume that (54) can be derived and simplified to (69) for ¢ = r.
Then, we have

2
-1 = _ -1 -1__
HQBWH a1 (BBY) ! (BBY) 'a
1\ _ —1__72
(TlHQB%r)al> [alH (BB*) al}
where the subscript (r) denotes the particular case of ¢ = r. Based
n (B2) and (B3), we then show that the output SINR of (69) can also

be derived from (54) under ¢ = r+ 1. It follows from (52) that the
P; g for ¢ = r + 1 is approximately given by

, (B3)

n,B(r) ~Yn

r+1 a-HO-1 =2

- ar Qp(41)ak
ZB r+1) Z sk 7H 1 —
a QB r+1)a1

2 —HA-—1 2

N ZO_ ar QB r+1)ak‘ 2 a QB(7-+1)aT+1 (B4)
sk 7H s(r+1)] =—HAN—-1 — :
QB(r—H)al a1’ Qp A

Using the recursive formula of Q3" in (57), we have

H pHQO-1
Q:l . —qQil [1- Barniar BTy . (BY)
B(r+1) B(r) U;(i+1) + a,ﬂlBHQEb)BarH

Pre-multiplying a;” and post-multiplying aj and ay, k=2, 3, ..., 7,
to QE%TH), we obtain

A me 77*HQ§} BarﬂaﬂlBHQ; ar
al QB(T+1) 1=a1 QB(T)al Lol BH Q Ba . (B6)
s(r+1) r+1 B(r) T+

and
7HQ§1 BaH_1 ag—lBHQB%T)Tk

s(r+1)+a7“+1B QB yBary .

a1"Qp )38 =31 Q8 (B7)



Progress In Electromagnetics Research, Vol. 130, 2012 311

For the weight vector wg; = ng)ail, the directions of a7, Ba,4

(= vr+1ar+1), and @ are respectively regarded as the desired signal,
noise, and interference, respectively. On the other hand, for the weight
vector wpy = QE%T)BaTH, the directions of ay, Ba,1, and a; are

regarded as the noise, desired signal, and interference, respectively.
Similar to (A7)—(A9), we obtain the following relationships:

a71HC2§%,,)E‘Tl %aﬂlBHQEb)Bar+1 > TlHQE%T)BaT+1
~aB7Qy a1 >a"Qy(, a ~al B"Qy/, . (BS)
Note that (B8) is valid when all the (r + 1) sources are assumed to be
separate enough so that |d;; g|* < 1 for i # j. According to (B8), the
aTHQB%TH)aT in (B6) and leQB%T+1)Tk in (B7) can be approximated
to

ar' Qg a1 ~ & Qpar (B9)

and HA-1 Ho-1
ap QE;(T_H)aik%ail Qé(r)fk, (B10)

respectively. Using (B2), (B9), and (B10), the summation term in (B4)
can be approximated to

2 — HA—-1 —12
ZU ar’Qy a1 Qpi) @ - ar Qg ar
k| — k| AT —
’ HQB (r+1)31 = alHQB(r)al
o~ o2onaptl (BBY) ™ ak’dlk,B|2 (B11)
~ 5.

i=ar” (BBY) &y [+l %@ (BBY) ' a]
Further, applying the results of (B9) and (B10), we have
ar" Q)@ ~ AT QAT (B12)

and

ailHQgér+1)aT+l ~ a71H(Q;%Tflr%h (B13)

where Q B(r) 18 obtained by removing one of the 2nd to rth sources from
Qp(r+1)- Analogous to each term of (B11), the second term of (B4)

can be derived to

2 2

—H N—1

aj QB(T)aT+1
—HA—1 —
al QB(T)al

2

—H-1
ar Qp(qq)@rtl

— HA—1 —
ai” Qp(11)a1
2 45—H H\~ 1 _ —

Us(r+1)aﬂar+1 (BB ) Ar+1 ‘dl(r+1),B‘

7H(BBH> a [O’ +|’Yr+1| r+1)ar+1 (B:BH)_1 ar+1]

Os(r+1) ~ Os(r+1)

5. (B14)
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It follows from (B11) and (B14) that P; p under ¢ = r + 1 is given by
NT—H skJ ak (BBH) ak ‘dlk,B|2
7,B(r+1) NZ

=& (BB ) & o2+ |y Lo ar (BB ) &y

Next, consider the P, g in (53) for ¢ = r + 1 as follows:

5. (B15)

Rl
(@ Q)

where the squared norm of ng H)aT can be derived to

Pn7B(r+1) ~ o, (Blﬁ)

2
Q. ar
B(r+1)<1

2

HQB(T)BaT'HH

al B7Qp, a1
TS +aﬁlBHQ§b)Bar+1

—2Re ( f{*‘lBHQTBI ap
oy s(r+1) +a7“+1BHQBlr)BaT+1

according to (B5). Again, utilizing the relationship of (B8), Eq. (B17)
can be approximated to

L2 I
|ty a| ~ | Qta] (B18)
Substituting (B18) and (B9) into (B16) and utilizing (B3) yields

-1 — 2
= | Qzty=| +

HQE%T) QE%T) Bar+l> (B 17)

N L G

(al QB( )al) [ (BB ) ]2

From the P; g in (B15) and P, g in (B19), we have SINRp for ¢ = r+
1 given by

Pr ey~ (B19)

2

g
SINR ~ sl , (B20
Br+1)~" o2 ohar (BBH) 'ag|diy o (B20)

k=2 ar’ (BBH)~ 131[ 24wl *o? @ (BBH)
! (BB7) " (BB) m
n [ (BBH) 131]2

—1__
ag

which is the same as (69) with ¢ replaced by r + 1. Therefore, it is
proved by mathematical induction that the approximated SINRp in



Progress In Electromagnetics Research, Vol. 130, 2012 313

(69) is valid for 2 < ¢ < N. As we discussed in Appendix A, the
proposed formula in (69) may also be more inaccurate for greater ¢
due to error propagation. However, our experiment in Section 5 shows
that the errors are acceptable even if ¢ approaches the number p of
array elements. Especially, the approximated errors are tiny for small

q/p-

APPENDIX C.
Define F (t) = f(t+1) — f(t) = Af (t). Then we have [21]

p—2
SSF@=f-1)-f(1). (c1)
t=1
From (73) and (C1), we can let
F)=@-t=1)(p—1)(p—t+1)cos(ipk), (C2)
where pr, = ¢ — ¢1. The corresponding f(¢) can be found as follows:
f&)y=2a""F (), (C3)

where the operation “A~1" is given by [22]. Some common formulas
of A=1 about trigonometry are given as follows [22]:

sin (at+b— %)

AT =
cos (at + b) 25 2 +C
_ tLp_a
and A7 lsin(at +b) = s (a - +a :) +C, (C4)
2sin 5

where C is a constant. Utilizing “summation by parts” [22] and (C4),
we have

AT (p—t—1)(p—1t) (p—t+ 1) cos (pt)

(p—t=1)(p—1)(p—t+1)sin (pet - 2

2sin >

AT (p—t—1)(p—1)sin (put + %) + 0. (C5)

2sin £F
Similarly, we have

AT p—t=1) (p—1)sin (put + 5F)

-1
:m(p—t— 1) (p —t) cos (pit)
1
o A7 (p—t —1)cos (ppt + pr) + Co (C6)

Sin 5
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and
A~ (p—t—1)cos (pxt + p)
Pk 1
(p—t=1)sin(put + 5 )= f - cos (out i)+ (CT)

ZQSinp;
Substituting (C7) into (C6) yields

N o Pk
A7 (p—t—1)(p—t)sin (Pkt +5 )
1

(p—t—1) (p—t) cos (pit) + ——g 08 (pit+pr)
4 sin 5

2sin &
1
2

Then substituting (C8) into (C5), we obtain the function f(¢) as

follows:

AT (p—t=1)(p—1t)(p—t+1)cos (pxt)

_ i _ _ _ P
_QSin%’“(p t—1)(p—1t)(p t—I—l)sm(pkt 2)
3
— oo P —t=1)(p—1t)cos(pit)
4sin® 2k
3 Pk 3
m (p—t—1)sin (pkt—i— ) mcos(pkt—kpk)—kc%,
f(t). (C9)
From (C1)-(C3) and (C9), it is easy to find that
p—2
Y (p—t—=1)(p—1t)(p—t+1)cos(tp)
t=1
1

3 3 ) )

g st~ U+ s~ oG -1

As a result, (74) can be obtained by substituting (C10) and pp =
3).

Or — Q1 into (7

APPENDIX D.
Following the definition of d;; g, |dix g|* can be expressed by

ak)
i, p|* = : D1
s 5] ar” (BBY) 'ama;” (BBY) & (D1)

-1
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The unknown term a; (BBH ) - ay, can be derived with some algebra
manipulations and Calculus of Finite Differences [21, 22], respectively.
The results are given as follows:

g -1 _p_l 1 . 1
Re[al (BB ) ak]_4+8sin3"2’“ sm[(—z Pk

8$ipﬂ’2+%p+bamkp —1) pil}, (D2)
2
1

- — +1
3 ] 22 2L
m|ay ( ) ay, 48in%kcos 5 SSinQ%’“ sin [(p—1) p]

by o el ) 0

where Im{z} denotes the imaginary part of = and py = i — @1 is the
same as that in Appendix C. Based on (D2) and (D3), we obtain

2
‘ (BBY) &

:{Re [al (BBY)~ 1ak}}2+{1m[ H (BBH)~ 1@]}2
{{p2+1+(p21) [cos (ppk) — cos pi] }

—(p—1)2cos k) COS P — 2P COS —1) pr
_ e ) cos (ppr) cos p p3 [(p—1) px]} | (D)
8 (1 — cos p)

Substituting (74), (75), and (D4) into (D1) yields

{p2(1 —cospg)+1—cos(ppr) +cos pi[1—cos (ppk)]}

9 +p? cos(ppr) (1 —cos pi,) —2psin (ppx) sin (px.)
|dik B = 0

— 1) (1 — cos pg) [p? (1 — cos px) + cos (ppg) — 1] (D3)

It follows from (76) that the assumption |djx|? < 1 for a ULA is
equivalent to 1 — cos (ppr) < p*(1 —cospg). Thus, |digp|* can be
approximated as
ik, 5"
3 [p? (1—cos p)+p? cos (ppy) (1—cos pi) —2psin (ppy.) sin (py)]
P2 (p? = 1) (1 = cos py.)?
3 [1 + cos (ppx)] 6 sin (ppy,) sin (o) (D6)

TP -1 (I —cospr)  p@p?—1)(1— cospp)?

when |dix|? < 1 holds. It can be seen from (D6) that |dix p|? is in
general much less than 1 for a moderate number of array elements.
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