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Abstract—Time reversal focusing of electromagnetic waves is
investigated in case of source motion. We extract analytical
formulation of uniformly moving source in presence of ideal time
reversal cavity (TRC) and a more realistic model, time reversal mirror
(TRM). Similar to the acoustic case, it has been observed that in case
of moving point source spatial focusing is still achievable. Furthermore,
we also investigate super resolution effects on time reversal (TR)
focusing of moving source in continuous random media. Results shows
that an increase in (multipath) leads to better focusing resolution of
the time-reversed signals.

1. INTRODUCTION

The concept of Time Reversal Mirror has become a foundation
of numerous studies in both acoustics and electromagnetism [1, 2].
The capability of time reversal method in focusing waves attracts
many applications ranging from remote sensing, imaging or wireless
communication [3–11]. Since the need for tracking of moving targets
in strongly cluttered environments arises in many radar applications,
including intruder detection systems and through the wall microwave
imaging [12–20], the effect of source motion on time reversal focusing is
critical. In this paper, we address the problem of time reversal focusing
of electromagnetic waves in case of moving source.

Underwater acoustic experiments and theoretical analysis have
demonstrated that in case of non stationary source the focusing
can still be achieved [21–23]. It was shown that, in the presence
of a uniformly-moving point source, focusing of acoustic waves is
obtained along the time-reversed trajectory [23]. Based on this result
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an approach for handling Doppler shifts in coherent time-reversed
underwater communications was proposed [22]. Furthermore, in [24] a
single antenna scenario was investigated for multipath compensation in
the presence of Doppler shifts due to target motion in a dense multipath
environment. In [25] two time-reversal algorithms were introduced
for tracking moving targets in clutter. The first algorithm classifies
existing scatterers into stationary versus moving targets by means of
analyzing multistatic data matrices (MDMs). The second algorithm
yields real-time selective tracking of each moving target by means of
differential time reversal.

From a theoretical point of view, most prior work on imaging non
stationary objects focused on techniques and only a few works are
specifically devoted to the theory of time-reversal of electromagnetic
waves through disordered media. Recently, De Rosny et al. [26]
developed the theory of monochromatic time-reversal mirrors for
electromagnetic waves in frequency domain. In this paper we extend
the theory to explain the efficiency of time-reversal in case of uniformly
moving source. In first step we assume homogeneous background
media and time-harmonic fields. However, effects of clutter on TR
array performance for moving source have not been considered. Under
such conditions, clutter can contaminate transmitted signal, which may
mask source position. Effects of background clutter from continuous
(inhomogeneous) random media (where volumetric scattering effects
are important) on standard TR have been examined for EM waves
in [27, 28]. Thus, in next step we address the problem of moving
source in continuous random medium and the effects of first and second
order random medium statistics on the focusing performance. The
investigation is done via numerical simulations employing the finite-
difference time-domain (FDTD) method.

The remainder of the paper is organized as follows. In Section 2
the concept of idealized “closed” time reversal mirror, i.e., time reversal
cavity is applied to the moving source problem. We then extend the
problem to more realistic time reversal array in Section 3. In Section 4,
in order to investigate properties of moving point source in continuous
random media numerical simulation is performed by means of finite-
difference time-domain (FDTD) method as outlined in [27]. Finally,
conclusions are drawn in Section 5.

2. MOVING POINT SOURCE IN TR CAVITY

The basis of Time reversal cavity (TRC) concept has been provided
both for acoustic and electromagnetic waves [29, 30]. The time domain
Green function of time reversed field is driven for scalar waves as
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follows,

GTR(r, rs, t) = G(r, rs,−t)−G(r, rs, t) (1)

In this equation no reference is made to the closed surface; that is, the
field generated by the closed TRC is independent of the size, shape
and location of TRC. In [17] the effect of acoustic source motion on
focusing has been taken into consideration. For the point source f (t)
with constant speed v the time reversed field is

ψTR(r, t) =
f(τ−)− f(τ+)

4πR(−t)
√

1− β2 sin2 θ−t

(2)

where

τ± = −t + γ2R(−t)/c

(
−β cos θ−t ±

√
1− β2 sin2 θ−t

)
(3)

β =
v

c
; γ =

1√
1− β2

. (4)

In Equation (2) R, (t) is the distance between source and the
observation point at time t, θt is the angle between the source velocity
vector and the vector connecting the source to the observation point
at time t. It can be concluded that the spatial separation between the
focal point and the moving source is zero at the instant of transmission
that is, the focus occurs at the point of transmission.

In this letter we show that this result can be extended to
electromagnetic waves. The electric field obeys vector wave equation

∇×∇×E(r, t) +
1
c2

∂2

∂t2
E(r, t) = −µδ(r− rs)

∂

∂t
J(t) (5)

The dyadic Green function obeys a similar equation:

∇×∇× ¯̄G(r, r′; t) +
1
c2

∂2

∂t2
¯̄G(r, r′; t) = −δ(r− r′)δ(t)¯̄I (6)

where ¯̄I is the unit dyadic and the dyadic Green function is expressible
in terms of scalar Green function as follow

¯̄Gret(r, r′; t) =
(

¯̄I− ∇∇
c2∂2

t

)
gret(r, r′; t) (7)

where gret is the scalar Green function [31]. In case of free space the
scalar Green function has the solution

gret(r, r′; t) = −δ(t− |r− r′|/c)
4π |r− r′| (8)
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By introducing dipole moment p (t) as

J(t) =
∂

∂t
p(t) (9)

The relationship between electric field and initial dipole source, with
dipole moment p (t), located at position rs is

E(r, t) = µ
∂2

∂t2

∫

R3

+∞∫

−∞

¯̄Gret

(
r, r′; t− t′

)
p

(
t′
)
δ
(
r′ − rs

)
dt′dv′

= µ
∂2

∂t2
¯̄Gret(r, rs; t)∗tp(t) (10)

In [26], De Rosny et al. showed that dyadic Green function of time
reversed vector field has the same form as scalar Green function. In
that,

¯̄Gtr(r, rs; t) = ¯̄Gret(r, rs;−t)− ¯̄Gret(r, rs; t) (11)
By introducing the dyadic kernel distribution

¯̄K(r, rs; t) =
(

¯̄I− ∇∇
c2∂2

t

)[
δ(t + |r− rs|/c)

4π |r− rs| − δ(t− |r− rs|/c)
4π |r− rs|

]
(12)

Such that the time-reversed electric field in cavity takes a very simple
form

Etr(r, t) = µ
∂2

∂t2
¯̄K(r, rs; t)∗tp(−t) (13)

Although, in case of moving source results take different form. The
time reversed electric field due to initial dipole source movement with
constant velocity v is

Etr(r, t) = µ
∂2

∂t2

∫

R3

+∞∫

−∞

¯̄K
(
r, r′; t− t′

)
p

(−t′
)
δ
(
r− vt′

)
dt′dv′ (14)

Integrating (14) over the co-ordinates yields:

Etr(r, t) = µ
∂2

∂t2

+∞∫

−∞

¯̄K
(
r,vt′; t−t′

)
p

(−t′
)
dt′=µ

∂2

∂t2

+∞∫

−∞

(
¯̄I− ∇∇

c2∂′2t

)

[
δ(t−t′+|r−vt′|/c)

4π |r−vt′| − δ(t−t′−|r−vt′|/c)
4π |r−vt′|

]
p(−t′)dt′ (15)

Using the property of the Dirac delta-function:

δ(F (x)) =
∑

i

δ(x− xi)
|F ′(xi)| (16)
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It is reduced to the form

δ(t− t′ +
∣∣r− vt′

∣∣/c) =
δ(t′ − τ±)√
1− β2 sin2 θt

(17)

where the retarded time τ± is the solution of the equation:

t− τ − |r− vτ |
c

= 0, (18)

From (15) and (17) we have

Etr(r, t) = µ


R(−t)×

(
R(−t)× ∂2

∂t2
[p(τ−)− p(τ+)]

)

4πR(−t)
√

1− β2 sin θ−t




+η

[
3R(−t)

(
R(−t) · ( ∂

∂t [p(τ−)− p(τ+)]
))− ∂

∂t [p(τ−)− p(τ+)]
4πR2(−t) (1− β2 sin θ−t)

]

+
1
ε

[
3R(−t)((R(−t) · ([p(τ−)− p(τ+)]))− [p(τ−)− p(τ+)]

4πR3(−t) (1− β2 sin θ−t)
3/2

]
(19)

where R (t) is the unit vector between source and the observation
point at time t. The first terms in Equation (19) represent “far-field”
contribution. The time reversed magnetic field is:

Htr(r, t)=
R(−t)× ∂2

∂t2
(p(τ−)−p(τ+))

4πcR(−t)
√

1−β2 sin θ−t

−R(−t)× ∂
∂t(p(τ−)−p(τ+))

4πR2(−t)(1−β2 sin θ−t)
(20)

Equations (19) and (20) show that in the presence of a uniformly-
moving dipole source, electromagnetic field focusing only obtained
when R(−t) = 0, i.e., along the time-reversed trajectory. Previous
result can be best illustrated by the visualization of the time-domain
progress of the backward propagations as in Fig. 1. The numerical
computation is performed with a TRC made of 40 dipoles uniformly
distributed over a 16 wavelength radius circle. The initial source,
a uniformly moving dipole with constant velocity v = c/10 in −y
direction, is at center of the circle and its polarization is perpendicular
to circle plane. The simulation is carried out using FDTD. In first step
the electric fields were recorded at the array antennas of TRC. Then
time-reversed fields are transmitted back into the same homogeneous
medium.

In Fig. 1 the snapshots of the electric field (Ez) propagation
in discrete TRC taken at different times are shown for backward
propagation. As can be seen in snapshots before spatial focusing,
the wave front intensity is localized in −y direction due to Doppler
effect. This phenomenon is visible in subsequent snapshots but in
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Figure 1. Snapshots of the backward electric field component (Ez)
propagation when the time reversed fields recorded at the array
antennas of TRC are transmitted back into the same homogeneous
medium. At t = 4010 nsec, focusing around the original source location
occurs.
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Figure 2. Amplitude of the z-component of the time reversed electric
field with respect to the distance to the initial moving dipole source
along the x-axis. The continuous line corresponds to the numerical
(2D-FDTD) TRC simulation made of 40 emitters uniformly distributed
on a 16-wavelength radius sphere and the dashed line corresponds to
analytical formulation.

opposite direction. It is observed that although only a limited number
of antennas (40 dipoles) is used to receive and record the propagating
signals, it is enough for the back propagated signals to focus around
the moving point source initial location and the focusing spot size is
dictated by the classical diffraction limit [32]. Fig. 2 illustrates time
reversed electric field with respect to the distance to the initial moving
dipole source along the x-axis. According to Fig. 2 there is a good
agreement between numerical simulation and analytical formulation.

3. MOVING POINT SOURCE IN TR MIRROR

We have developed the concept of TRC in order to provide a better
understanding of the time reversal focusing in presence of moving point
source. A cavity as described above cannot be realized experimentally.
Therefore, in this section we extend the concept to a more realistic
model, i.e., time reversal mirror.

Consider a single target is moving with a constant velocity v.
Assume a linear array of K receivers, the ith receiver located at ri,
and a time domain pulse ps (t), dipole moment, is emitted from sth
transmitter at rs.

The electric fields incident on the target at r due to the source are
represented as:

Ei(r, t) = µ
∂2

∂t2

K∑

s=1

¯̄Gret(r, rs; t)∗tps(t) (21)
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In case of point like target it can be characterized by an equivalent
current (dipole) element

JV(r, t) =
∂

∂t
pV(r, t) = (ε− ε0)

∂

∂t
Ei(r0(t), t)δ(r− r0(t)) (22)

where,
r0(t) = vt. (23)

The backscattered field incident on the ith antenna is:

Es(ri, t)=µ
∂

∂t
¯̄Gret(ri,r0(t); t)∗tJV(t)=µ

∂2

∂t2
¯̄Gret(ri,r0(t);t)∗tpV(t) (24)

Es(ri, t)=µ
∂2

∂t2

+∞∫

−∞

¯̄Gret(ri, r0(t′); t−t′)pV(t′)dt′ (25)

By assuming that the target is far from time reversal mirror far field
approximation can be used:

Es(ri, t)farfield = µ


Ri(t)×

(
Ri(t)× ∂2

∂t2
pv(tr)

)

4πRi(t)
√

1− β2 sin θt


 (26)

where Ri (t) is the unit vector connecting moving point source and
receiver located at ri. tr is the retarded time obtained by solving
Equation (18). Now time reversed fields recorded at the array antennas
of TRM are transmitted back and the time-reversed source distribution
becomes

Ji(r, t) =
Es(ri,−t)

η
δ(r− ri) (27)

The backward electric field propagating due to TRM radiation is:

Etr(r, t) =
1
c

∂

∂t

K∑

s=1

¯̄Gret(r, ri; t)∗tEs(ri,−t) (28)

In the far-field:

Etr(r, t)farfield =
R(t)× (

R(t)× ∂
∂tEs(ri,−t)

)

4πcR(t)

=µ
R×

[
R×

{
Ri(−t+R/c)×

[
Ri(−t+R/c)× ∂3

∂t3
p(tr(−t+R/c))

]}]

(4π)2cRRi(−t+R/c)
√

1− β2 sin θ−t+R/c

(29)

where R (t) is the unit vector between transmitter located at ri and
observation point. Again it can be observed that the electromagnetic
field focusing only obtained along the time-reversed trajectory.
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4. MOVING POINT SOURCE IN RANDOM MEDIUM

A uniformly moving electric dipole and a linear array of electric dipoles
are located in a lossless random medium with spatially fluctuating
relative permittivity as introduced in [27]. The random medium
is characterized by correlation length (ls) and variance (δ), and is
generated using the procedure discussed in [33]. At each point in space,
the fluctuating permittivity is a Gaussian random variable with zero
mean and probability density function given by

Pεf (ζ) =
1√
2πδ

exp
(−ζ2

2δ

)
. (30)

The correlation function between the permittivities at two points is
also given by a Gaussian function as follows:

C(r̄1 − r̄2) =
〈
εf (r̄1)ε∗f (r̄2)

〉
= δ exp

(
−|r̄1 − r̄2|2

l2s

)
. (31)

The simulation is carried out using a two-dimensional FDTD with a
uniform space discretization size of ∆s = λs/10. As antenna array
40 transceivers are used, spanning with inner spacing d = λs/2 and
parallel to the x-axis. The UWB time domain excitation is the first
derivative of Blackmann-Harris pulse [34] at f = 1GHz. The current
source is located at the center of the domain setup and moves with
constant velocity v = c/10 in −y direction. The average relative
dielectric permittivity is 5.5.

4.1. First-order Medium-statistics Effects

The effect of the variance of the random medium on the focusing
properties of the time-reversed signals in the TMz case is taken into
consideration. The variance is changed from δ = 0.01εm to δ = 0.08εm

while the correlation length is fixed at ls = 5∆s. The results of four
different simulations are shown in Fig. 3, where the z-component of the
electric field distribution (snapshot) is plotted at the time of refocusing.
Fig. 4 shows the directivity pattern of the refocused field for different
variances. It can be observed from the plot that as the variance
increases, the spot size of the focused field is reduced, characterizing
super resolution.

4.2. Second-order Medium-statistics Effects

Similar simulations are performed to assess the effect of different
correlation lengths on the resolution for the case. The correlation
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Figure 3. Spatial distribution of the time-reversed z-component of
the electric field (Ez ) at the time of refocusing when the variance (δ)
of the random media is changed for fixed correlation length of ls = 5∆s.

length is changed from ls = 4∆s to ls = 15∆s for fixed variance of
δ = 0.08εm. Results are shown in Fig. 5, where it is seen that increasing
the correlation length degrades the focusing properties.

5. DISCUSSION

Prior works on imaging non stationary objects using time reversal
method are based on assumption of slowly varying targets in a sense
that frequency distortion of transmitting signal could be neglected [25].
Therefore the time reversal operator decomposition (DORT) [8, 16],
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and the time reversal multiple signal classification (TR-MUSIC) [15],
which are frequency based methods, can be implemented. Although
this is not the case in general and methods based on frequency domain
processing fail due to Doppler frequency shift. Thus, in this paper time
reversal focusing of uniformly moving target is investigated via time
domain analysis. Equation (29) shows that focusing of time reversed
fields is achievable in non stationary targets and time reversal imaging
can detect moving target location. This method is not limited to
homogeneous media and its performance in continues random media
is investigated in this paper.

6. CONCLUSION

Time reversal focusing of electromagnetic waves is investigated in case
of source motion. Analytical formulation of time reversed electric field
due to uniformly moving source is extracted. Numerical simulation
is performed via FDTD to support analytical results which shows
that in case of moving point source spatial focusing is still achievable.
Furthermore, Effects of background clutter from continuous random
media on focusing properties of non stationary source is investigated.
Similar to the standard case, it has been observed that an increase
in multiple scattering effects leads to better focusing resolution of the
time-reversed signals.
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