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Abstract—Multi-refraction effects with one polarization in a two-
dimensional triangular photonic crystal (PhC) were systematically
studied by theoretical analysis and numerical simulation. The more
complicated refraction behaviors can be excited in the higher band
regions based on the intricate undulation of one band or the overlap
of different bands. A novel non-handedness effect is proposed for
the first time with group velocity perpendicular to phase velocity.
Furthermore, triple refraction phenomena and special collimation
effects of symmetrical positive-negative refraction with the loose
incident conditions have been found in different band regions of this
PhC. These unique features will provide us with more understanding
of electromagnetic wave propagation in PhCs and give important
guideline for the design of new type optical devices.

1. INTRODUCTION

Photonic crystals are a class of periodically modulated dielectric
materials, which can be applied to manipulate light at the wavelength
scale [1–9]. More recently, negative refraction [10–12] in PhCs has
attracted much attention for their potential application in many
fields, such as focusing imaging [13–15], microcavity [16] and beam
splitting [17–24]. In contrast to negative index materials (NIMs) [25–
28] with simultaneous negative electrical permittivity and magnetic
permeability, negative refraction in PhC is based on the special
dispersion relations of photonic bands, instead of strong resonance
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mechanism, so the loss could be much smaller than the former. Beam
splitting is one of important effects in the negative refraction of PhCs.
Higher-order diffractions with different polarization states [17, 18, 24]
and the incident beam with different wave vectors [19, 20] can be
used to realize beam splitting. For the same polarization state, beam
splitting based on the positive-negative refraction was first reported
by Luo et al. in the square PhC [21]. Afterward, positive-negative
refraction based on the overlap of the second and third bands in
square PhCs has been studied by theoretical analysis and numerical
simulations [22, 23]. However, up to now, the refraction effects of
the higher bands in PhC have never been investigated systematically.
Their remarkable properties are the main topic of our study here.

Compared with square PhCs, triangular PhCs display the better
photonic band gap (PBG) properties and the more complex dispersion
characteristics [29]. In this paper, by utilizing a 2D triangular
lattice PhC, we analyze the necessary conditions of multi-refraction
in PhC and demonstrate the possible multi-refraction behaviors at
different frequencies. The plane-wave expansion method and the finite-
difference time-domain (FDTD) method were used to calculate the
band structure of PhC and simulate electromagnetic wave propagation
with perfectly matched layer (PML) boundary conditions. Due to the
desired conditions for the case under study, only the TM modes are
considered here with electric field E parallel to the dielectric rods.

2. LATTICE AND BAND STRUCTURES

The lattice structure studied in this work is a 2D triangular PhC
composed of connected hexagonal Si rods in air background with a
refractive index of n = 3.4, as shown in Fig. 1(a), whose preparation
method has been proposed in our previous work [30]. In order to
avoid higher order Bragg diffractions out of the PhC, the condition of
wave vector k ≤ 0.5 × 2π/as (where as is the surface lattice constant
along the ΓK direction, here as = a) should be satisfied. Hence, the
lowest seven bands for TM polarization are shown in Fig. 1(b) with
the frequency normalized quantity of a/λ or ωa/2πc (a is the lattice
constant), the inset represents the first Brillouin zone of triangular
PhC with three high-symmetry lattice points, and the point Γ is the
Brillouin zone center.

3. MULTI-REFRACTION IN A SINGLE BAND

According to the k-conservation relation in wave-vector diagram [31],
two or more modes at the same frequency with different refractive
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Figure 1. (a) Schematic of the 2D triangular lattice PhC with
hexagonal dielectric rods in air; (b) Lowest seven band structures of
this PhC for TM polarization.

behaviors need two or more equal frequency contours (EFCs) to validly
intersect the k-conservation line, which means a single band should
have at least one frequency up and down out of three given high-
symmetry points. As identified with the circles in Fig. 1(b), the fourth,
sixth and seventh bands of the PhC satisfy this condition of multi-
refraction in a single band and should be the ideal candidates to induce
multi-refraction effects.

3.1. Numerical Calculation and Analysis

In Fig. 1(b), the fourth band has one undulation circled by the green
ring around the frequency of ω = 0.36a/λ. In order to gain a clear
idea of its refractive characteristic, the corresponding band surface
and EFC plot in the first Brillion zone are shown in Fig. 2(a) with
the red and blue to distinguish the different regions with high and low
frequencies. Its band surface looks like six triangular peaks connected
by six concave valleys around the center point Γ.

Figure 2(b) gives the wave vector diagram with the incident angle
of θinc = 25◦ at the frequency of ω = 0.36a/λ, where the blue circle
represents the air EFC, the orange arrows denote the wave vectors K ,
and the blue arrow denotes the group velocity vector in air. According
to the k-conservation relation, the dashed line means the conservation
of the parallel components of wave vectors which intersects the EFC of
0.36a/λ with two intersections at the points A and B. By the definition
of group velocity V gr = ∇kω, the group velocity vector (i.e., energy
vector) is always oriented perpendicular to the EFC in the frequency-
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Figure 2. (a) Band surface and EFC plot of the fourth band; (b)
Wave vector diagram at the frequency of 0.36a/λ with the incident
angle of 25◦.

increasing direction. The red and green arrows denote the directions
of positive and negative group velocity vectors, respectively. The
necessary condition for left-handed (LH) material is K · V gr < 0,
which can be used to distinguish the left and right-handedness (RH) of
EMW. However, in this case, the group velocity vectors of both positive
and negative refracted beams are almost perpendicular to their wave
vectors (i.e., phase velocity vector) with K · V gr = 0, which denote
their rightness effects are hardly distinguished with non-handedness.
Moreover, their refractive angles can be modulated within the scope
from 10◦ to 35◦ for the positive refracted beam and the scope from
−39◦ to −50◦ for the negative one by adjusting the incident angle
from 5◦ to 50◦. When θinc < 20◦, a third refracted beam with a large
refractive angle will be excited by the third intersection between the
k-conservation line and the EFC of the fourth band at ω = 0.36a/λ.

Obviously, in Fig. 1(b), the sixth band has two undulations circled
by the red rings. Its band surface with the hexangular volcanic vent
surrounded by concavities at six corners and the corresponding EFC
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Figure 3. (a) Band surface and EFC plot of the sixth band; (b) Wave
vector diagram at the frequency of 0.46a/λ with θinc = 30◦.

plot are illustrated in Fig. 3(a). Within the frequency range from 0.44
to 0.47a/λ, the PhC has dual parallel EFCs with opposite curvatures
for the same frequency. With the frequency increasing, the inner EFC
expands, whereas the outer shrinks gradually. As an example, when
the working frequency is chosen to be 0.46a/λ, the wave vector diagram
with θinc = 30◦ is illustrated in Fig. 3(b). According to the definition
of group velocity V gr, it is clear that the group velocity of the inner
EFC points outward with K · V gr > 0 and the group velocity of
the outer EFC points inward with K · V gr < 0. Hence, the LH−
and RH+ refractive waves can be excited simultaneously at the same
frequency. Due to the parallel inward and outward EFCs, the positive
and negative refracted waves have the symmetrical refractive angles
of ±30◦ and their separating angle should be nearly stationary at 60◦
within a wide scope of incident angle.

The seventh band has more frequency undulations circled by the
blue rings in Fig. 1(b). In Fig. 4(a), its band surface looks like an
approximately round volcanic vent surrounded by six triangular peaks
at six corners, and the corresponding EFC distribution is shown with
the 0.01 step. It is clear that the more frequent undulations on the band
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Figure 4. (a) Band surface and EFC plot of the seventh band; (b)
Wave vector diagram at the frequency of 0.49a/λ with θinc = 20◦.

surface will lead to the more closed EFCs within the frequency scope
from 0.488 to 0.50a/λ. For instance, the wave vector diagram at the
frequency of 0.49a/λ with θinc = 20◦ is illustrated in Fig. 4(b), where
two EFCs surrounding the center point Γ have the almost opposite
curvatures and intersect the k-conservation line at two valid points of
A and B with the inward and outward group velocities respectively.
Based on the sign of K · V gr, we know that the refracted wave
excited at point A is LH− and the one excited at point B is RH+.
Simultaneously, the k-conservation line also intersects the corner EFC
of ω = 0.49a/λ at the third point C, which may excite the second RH+
refracted beam. Therefore, the more intricate triple refraction may be
excited in the seventh band.

3.2. Numerical Simulation and Result Analysis

In order to verify the above analysis results, a continuous Gaussian
wave source with the spatial width of 10a is located in front of the
PhC slab with the thickness of 30 layers, which can be regard as a
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plane wave. Fig. 5 shows the schematic diagram of positive-negative
refraction with the source EMW incidenting at a certain incident angle
θinc from air upon the surface of PhC slab cut along the ΓK direction.

When the source wave of ω = 0.36a/λ is incident at θinc = 25◦,
the FDTD simulation of distribution pattern of electric field is shown
in Fig. 6(a), where the black and yellow arrows denote the directions of
energy transmission and phase velocity respectively, and two parallel
outgoing waves indicate the separate transmitted waves originating
from the same source wave. Obviously, the incident EMW is divided
into negative and positive refracted waves with different refractive
angles in the PhC slab with their wave fronts approximately paralleling
to the direction of EMW propagation. Since the wave vectors are
perpendicular to their wave fronts, the condition of K · V gr = 0 is
satisfied in this case without evident rightness of LH or RH. The further
simulation results show that the refractive angle can vary gradually
with the changing of incident angle. When the source wave is incident
at θinc = 13.3◦, as Fig. 6(b) shows, the spatial wavelength of refracted
waves become greater than before due to the reduced wave vectors,
and the third refracted beam with a large refractive angle is excited in
the space of positive refraction.

For the sixth band, we choose the EMW of ω = 0.46a/λ as the
wave source to incident upon the surface of PhC slab with θinc = 30◦.
The simulation pattern of electric field is shown in Fig. 7(a) with the
incident wave divided into the symmetrical positive and negative waves
with a stationary separate angle of 60◦. Its remarkable characteristic
is that the change of incident angle within the limited range from 6◦
to 53◦ scarcely has any impact on the symmetrical refractive angles

KΓ

M

Figure 5. Diagram of EMW transmission from point S to points of
A and B through the interfaces between air and the PhC slab.
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Figure 6. The FDTD simulations of electric field distributions with
(a) θinc = 25◦ and (b) θinc = 13.3◦ at the frequency of 0.36a/λ in the
fourth band.

(a) (b) 

Figure 7. The electric field distribution with the incident angle of
(a) θinc = 30◦ at the frequency of 0.46a/λ and (b) θinc = 20◦ at the
frequency of 0.49a/λ.

due to the dual parallel EFCs with opposite curvatures at the same
frequency. This unusual collimation effect of symmetrical positive-
negative refraction may have a series of exciting potential applications,
such as self-collimated beam splitter [32], spatial light modulator [33]
and optical collimator [34].

Figure 7(b) shows the simulated electric field distribution in PhC
slab with the incident EMW of ω = 0.49a/λ at the incident angle of
20◦. It is clear that the incident EMW is split into negative and mixed
positive refracted waves in this PhC slab with three separate parallel
outgoing beams, which indicate there are two positive refracted waves
in the positive space. This result well corresponds with the previous
forecast of dual-positive and negative refractions for the seventh band.

The above results of numerical simulations agree well with the
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previous theoretical analyzes, which demonstrate that the higher single
band can excite the more complicate multi-refraction effects at the
same frequency, such as non-handed refraction, collimation effect of
symmetrical positive-negative refraction and triple refraction. They
will provide significant potentials for the development of technological
application.

4. MULTI-REFRACTION BASED ON OVERLAPPING
BANDS

In the overlapping region of different bands, the PhC have two or
more EFCs corresponding to different bands and each EFC yields one
refracted beam, hence, more than one refractive mode will be excited at
the same frequency. Based on this theory, the dual-negative refraction
effect based on the overlapping of the second and third bands has been
reported in our previous work [29]. In that case, the rightness effects
of both two negative refractions are LH with K ·V gr < 0.

It can clearly be seen in Fig. 1(b) that the fifth and sixth bands also
overlap each other in a wide frequency region, which can be utilized to
excite multi-refraction. The corresponding EFCs of the fifth band are
shown in Fig. 8(a) with the six-pointed star contours surrounding the
point Γ whose outward gradient will induce negative refraction. It can
be seen from the EFCs of the sixth band in Fig. 3(b) that positive
refraction can be excited in this PhC slab with the frequency less
than 0.44a/λ. In their overlapping region, the highlighted wave vector
diagram of 0.42a/λ with θinc = 20◦ is shown in Fig. 8(a) to analyze
the related rightness effects of two refracted waves. The analysis result

(a) (b) 

Figure 8. (a) Wave vector diagram for the overlap of TM5 and TM6
bands; (b) Electric field distribution at the overlapping frequency of
0.42a/λ with θinc = 20◦.
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shows that the sixth band can excite a RH+ refracted wave and the
fifth band can excite a RH− refracted beam simultaneously. The
simulation pattern has been shown in Fig. 8(b) to verify this analysis
result. Just like the effect of positive-negative refraction in the sixth
band, two symmetrical refracted waves with the collimation effect are
re-excited at the frequency of 0.42a/λ based on the overlap of TM5
and TM6 bands.

5. CONCLUSION

In summary, we systematically investigated the multi-refraction effect
of the higher bands in the 2D triangular PhC. The various multi-
refractions have been found at different frequencies in the PhC. Two
ways are utilized to realize the multi-refractions with one arising from
a single band with intricate undulations and another resulting from
the overlap of different bands. Furthermore, the relation between the
refraction and the rightness effect has been investigated thoroughly.
The unique features of non-handed refraction, collimation effect of
symmetrical positive-negative refraction and triple refraction have
been found in this work, which also can be extended to other PhC
configurations. Since the PhC has more design flexibility, these
characteristics of multi-refraction can be engineered easily with a large
freedom. These original research results may bring important impact
on electromagnetic transmission.
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