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Abstract—A simple method and structure to design a dual-band filter
by using λ/4 stepped impedance resonators (SIRs) is presented in this
paper. This filter has enhanced performance, including a good rolloff
in the stopband and good insertion-loss response. The structure is
compact and easy to fabricate. The circuit is investigated with the
even-odd mode theory to prove the existence of transmission zeros.
The dual-band response is analyzed by using SIR theory and the
parallel-coupled line theory. Based on the proposed filter topology, two
dual-band filters center operating frequency at 2.4GHz and 5.2 GHz
respectively with different configurations have been designed and
one of them was tested, which validates the diversity of the filter
configuration. Experimental results show that the measured and
simulated performances are in good agreement. The overall area of
the fabricated filter is 12 mm ∗ 12mm.

1. INTRODUCTION

As known to all, communication technologies have been developing so
fast that the demand of filters with two operating frequencies increases
dramatically, and various dual-band filters have been extensively
exploited and applied [1–13]. A good design of dual-band filter with
planar structure should have advantages of compact size and steep
selectivity for both bands. There are many methods to design a dual-
band filter like combining two single-band filters which operate at
different frequencies [1, 2], cascading a dual-band filter and a bandstop
filter [3]. However, these methods would not effectively reduce the size
and cost. Recently, more and more filters have been designed with
stepped impedance resonators (SIRs) [5–13] due to the advantages of
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size compactness to the flexibility in controlling the ratio of the first and
the second resonance frequencies. However, the dimensions of previous
works are still large because the SIRs are arranged by the electrical
coupling on the substrate. Therefore, the task of designing a dual-
band bandpass filter (BPF) with compact size and good performance
is still a challenge.

In this paper, a miniaturized dual-band filter using SIRs is
proposed. An analysis of the generation of transmission zeros near the
passband is made in Section 2 by using the even-odd mode theory. The
filter design is described in Section 3, where the experimental example
of the second-order SIR filter is designed. Since the filter has a better
diversity in circuit layout which can be bended in more different styles,
another filter with different configuration is shown. The simulated
and measured results of the filter are shown in Section 4. Finally, a
conclusion is given is Section 5.

2. ANALYSIS OF THE TRANSMISSION ZEROS

In Figure 1 is a filter centered at 2.4 GHz which is composed of two
parallel-coupled (input and output) lines and two λ/4 resonators with
sinuous configuration shaped as the letter “S” in order to reduce the
size of the filter. The two SIRs are connected to each other by a via
hole shorting to the ground. In this structure, electrical coupling is
adopted since two ends of the resonators shorting to the ground are
bent into parallel.

Shown in Figure 2 is an equivalent transmission line model of the
structure in Figure 1. Since the structure is symmetric with respect
to S, the even- and odd-mode theory may be applied to analyze this
filter [4].
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Figure 1. Configurations of the single-band filter and its simulated
response.



Progress In Electromagnetics Research C, Vol. 31, 2012 19

Figure 2. Equivalent transmission line model of the filter.

For the even-mode equivalent circuit in Figure 3(a), which has a
short-ended coupling stub of impedance Zoe, it’s input impedance can
be formulated as

Ze
in·U = jZoe tan(θ0e) (1)

Ze
inL = Zo

Ze
inU + Zo tan(θ2)

Zo + jZe
inU tan(θ2)

(2)

where Zoe is the characteristic impedance excited at even mode. θoe is
the electric length excited at even mode.

As presented in [5], the characteristic modes are named c mode
and π mode in an asymmetric coupled line can be adopted. The even-
mode impedance matrix [Ze

L] of pair L (with the condition I2 = 0;
I4 = 0) is found as:

Ze
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Figure 3. Even and odd-mode equivalent circuits of the proposed
filter. (a) Even-mode and, (b) odd-mode, (c) pair V.

where Rc and Rπ are the c mode and π mode voltage ratios; θc and
θπ are the c mode and π mode electric lengths; Zc1, Zc2, Zπ1, and Zπ2

are the c mode and π mode characteristic impedances.
Thus, the one-port input impedance

Ze
in = Zo

Ze
inV + Zo tan(θ4)

Zo + jZe
inV tan(θ4)

(7)

The even-mode input admittance can be attained as

Y e
in =

1
Ze

in

(8)

By using the same procedure mentioned above, the odd-mode input
admittance Y o

in can be obtained by setting the short-circuited condition
on axis S. The admittance matrix of the filter can be expressed in
terms of Y e

in and Y o
in as

[Y ] =
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Y11 Y12
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With the derived admittances, one may solve the condition for the
transmission zeros by equating Y e

in and Y o
in to obtain the transmission

zeros from the equation Y12 = 1/2(Y e
in − Y o

in) = 0
As for an example of the filter with the dimensions of w1 = 1 m,

w2 = 0.5mm, h1 = 3.5mm, h2 = 10 mm, h3 = 12mm, h4 = 5 mm,
S = 0.3mm on the substrate with dielectric constant εγ = 2.55, loss
tangent δ = 0.0029, and thickness h = 0.8mm, the relation of Y21 is
obtained as shown in Figure 4 with the formulas mentioned above. As
shown in Figure 4, the transmission zeros appear at 1 GHz, 4.2 GHz
and 5.7 GHz respectively.

3. DESIGN OF THE DUAL-BAND SIRS FILTER

In Section 2, we have used the even-odd mode theory to analyze
transmission zeros. In this section, we use the coupling coefficient
method to determine the circuit dimensions. The procedures are
outlined below.

(1) Select a low-pass prototype with order N , we then have prototype
elements gi, with i = 0, . . . , N + 1. The fractional bandwidth
is defined as B = ∆/fo, where ∆ is the bandwidth of passband
and fo is the central frequency of passband. A dual-band filter
at 2.4GHz with 8% fractional bandwidth was designed. Its
circuit is derived from the second-order prototype (N = 2) with
g0 = 1.0000, g1 = 0.8430, g2 = 0.6220, g3 = 1.3554.

(2) Calculate the input and output external quality factor Qe1, QeN

and inter-coupling coefficients between two resonators

Qe1 =
g0g1

B
(10)

QeN =
gNgN+1

B
(11)

Mi,i+1 =
B√

gigi+1
, i = 1, 2, . . . , N − 1. (12)

For the second-order filter (N = 2), Qe1 = 10.54, Qe2 = 10.54
and M12 = 0.11.

(3) Determine line impedance of the SIRs, the spacing between the
feeding line and resonator, and the spacing between SIRs.

The basic structure of a λ/4 microstrip SIR is shown in Figure 5.
It consists of two segments of lines with different characteristic
impedances Z1 and Z2 and of electrical lengths θ1 and θ2. It’s observed
that space between the fundamental and spurious frequencies can be
controlled by the value of RZ in this case in [6]. In this study, the
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Figure 4. Transmission zeros of
the single-band filter.

Figure 5. General structure of
λ/4 SIR.

(a) (b)

Figure 6. λ/4 transmission line, (a) the original one, (b) the bent
one.

resonator (λ/4 transmission line) is bended, which not only reduces
the size of the filter but can obtain some other characteristics.

As shown in Figure 6, the input impedance of the original
resonator can be expressed as

Zin1 = jZo tan(θ1) (13)

The impedance matrix of the remaining two-port may be written as

Z11 = Z22 = j
Zoe

2
cot θe + j

Zoo

2
tan θo (14)

Z12 = Z21 = −j
Zoe

2
cot θe − j

Zoo

2
tan θo (15)

Zin2 = Z11 +
Z12Z21

ZL − Z22
(16)

where ZL = 0. Zoe and Zoo are the even and odd mode characteristic
impedances, and θe and θo are the even and odd mode electric lengths
for coupled-transmission-line section.
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(a) (b)

Figure 7. Plot of the characteristic functions of (17) and (18). (a) The
characteristic functions of (17), (b) the characteristic functions of (18).

From mechanisms the resonator resonates, its input admittance is
set to be zero.

Yin1 =
1

Zin1
= 0 (17)

Yin2 =
1

Zin2
= 0 (18)

By setting the center frequency of the two resonators at 2.4 GHz, we
can get from Figure 7 that the second order mode is shifted after being
bended.

As shown in Figure 7, the second resonant frequency of the
original resonator is at 7.5GHz but at 5.8 GHz with the bented one.
Therefore, the second resonant frequency can be shifted down by
bending the transmission line, with smaller ratio of line impedance
of SIRs obtained. The smaller ratio of the line impedance can get the
required ratio of the resonant frequency of the higher to the resonant
frequency for the λ/4 SIR. This property makes it easy to fabricate
since width of a microstrip line of characteristic impedance Z2 is too
narrow to be fabricated only adopting SIR theory.

Considering the two factors mentioned above, the stepped-
impedance ratio RZ is selected as 1.4 for θ1 = θ2.

The output external quality factor Qe1 and QeN can be determined
as follows:

Qe1 = QeN =
ψ1

J2
01/GA

(19)

ψ1 = Y2 arctan
√

RZ (20)
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Zoo
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2
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c
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where ψ1 is the susceptance slope parameter; J01 is the admittance
inverter parameter between feeding line and the resonator; RZ is the
ratio of the impedance; Y2 is the admittance of line in Figure 5. Zoe and
Zoo are the even and odd mode characteristic impedances for coupled-
transmission-line section; θc is the electric length.

The space ‘S’ between feeding line and SIR can be obtained from
ZOO and ZOe. Coupling coefficients with the spacing between adjacent
SIRs can be obtained in Figure 8, in which εγ = 2.55, loss tangent
δ = 0.0029, and thickness h = 0.8mm. Thus, the spacing are selected
as s = 0.2mm, s1 = 1.3 mm.

The schematic of the proposed bended SIRs filter is shown in
Figure 9(a) and the frequency response is shown in Figure 10(a). From
Figure 10(a) that the third transmission zero shifts downward when the
uniform impedance resonator (UIR) changes to SIR.

To validate the diversity of the filter configuration, another
bended configuration of the SIRs dual-band passband filter is shown
in Figure 9(b). And the simulated frequency responses of the two
configurations are shown in Figure 10. As shown in Figure 10, both
the filters have the same and good performance. The overall areas of
the two models are 12mm ∗ 12mm and 9 mm ∗ 14mm respectively.
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Figure 8. Coupling coefficients of the dual-band filter at different
frequencies. (a) f0 = 2.4 GHz, (b) f0 = 5.2GHz.
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(a) (b)

Figure 9. Configurations of the SIR dual-band passband filter.

(a) (b)

Figure 10. Simulated frequency responses of the two filters.
(a) Frequency response of Figure 9(a), (b) frequency response of
Figure 9(b).

4. SIMULATED AND MEASURED RESULTS

A sample BPF (Figure 9(a)) circuit design using the above method
was fabricated and measured using Network Analyzer for performance
demonstration. The main physical dimensions of the filter in
Figure 9(a) are denoted as follows: W1 = 1 m, W2 = 0.5mm,
W3 = 0.5mm, S1 = 1.2mm, L2 = 8 mm, L3 = 2.8 mm, L4 = 1.8mm,
L5 = 4.5mm, S = 0.2mm. The filter is etched on a substrate with
dielectric constant εγ = 2.55, loss tangent δ = 0.0029, and thickness
h = 0.8mm.



26 Lu et al.

Figure 11. Simulated and
measured results of the proposed
dual-band filter.

Figure 12. Photograph of the
fabricated filter.

The simulated and measured responses are shown in Figure 11.
It is seen that the measured and simulated performance are in good
agreement. As shown in Figure 11, the passbands exist at 2.4GHz
and 5.2 GHz and the relative 3-dB bandwidths are 8.1% and 9.6%.
The filter with first resonant frequency at 2.4 GHz has less than
1.8 dB insertion loss and greater than 12 dB return loss. The second
resonant frequency at 5.2 GHz has less than 2.1 dB insertion loss and
greater than 15 dB return loss. In addition, three transmission zeros
are generated in both low and high stopband and a good rolloff is
demonstrated in the stopband. Two transmission zeros are at 1.5GHz
and 3.1 GHz on both sides of the passband. The third transmission
zeros at 4.8 GHz is observed. The suppression on both sides of
2.4GHz is greater than 45 dB, and the filter at 5.2 GHz reaches 30-
dB suppression, a high out-of-band rejection obtained.

Figure 12 shows a photograph of the proposed filter, and the
overall area is about 12mm ∗ 12mm.

5. CONCLUSION

In this paper, a simple and effective method for designing a dual-
band filter is proposed, and a sample filter is fabricated. Dual-band
responses is generated by adjusting the impedance ratio of SIRs and
the bent structure. The existence of transmission zeros is proved, which
improves the band selectivity. A design procedure is given for the filter
design, and two filters are implemented. The characteristics of the
dual-band filter are studied, and the advantages, such as compact size,
sharp rolloff, simple and flexible structure, are demonstrated through
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simulation and experiment. The circuit size is reduced about 50%, and
the design is easy to carry out compared with the filter in [11] and [12]
with the similar specifications.
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