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Abstract—This paper presents a design methodology of wide-band
bandpass filters based on short-circuited multi-conductor transmission
lines with bonding wires between alternated strips. General design
guidelines, based on analytical equations, are derived and a left-
handed behaviour of the multiconductor structure is inferred and
studied. Analytical equations are assessed by means of full-wave
electromagnetic simulations and experimental work. A very good
agreement between theoretical results and measurements is achieved,
that allows both the design and performance analysis of filters without
the need for costly electromagnetic simulations. In addition, the
equations presented yield a compact design of the filter with a left-
handed behavior.

1. INTRODUCTION

Nowadays, with the development of broadband communication
systems, bandpass filters play an important and crucial role. At the
transmitter side, filters are used to guarantee the transmitted signal
meets a particular power spectral density mask, and at the receiver
side, to eliminate the out-of-band noise. In this sense, bandpass filters,
based on the transmission line approach of left-handed materials [1],
have been presented in [2–6].

Realizations of composite right/left handed (CRLH) transmission
lines by means of structures consisting of series capacitors and shunt
inductors have been reported using different topologies and geometrical
models, where the right handed behavior is consequence of parasitic
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series inductor and shunt capacitor [7]. Besides, the design of such
structures normally relies on electromagnetic simulations to calculate
their proper dimensions.

Therefore, in this paper, the analytical design of a bandpass
filter with left handed (LH) behaviour is given. The use of coupled
lines to design artificial CRLH transmission lines are given in [8–10].
Here, the unit cell used to synthesize the bandpass filter consists of a
short-circuited wire-bonded multiconductor transmission line (MTL)
(Fig. 1). This element, when simplified to a pair of coupled lines, can
be found in [11–13], but focused on the magnitude of its frequency
response. However, the approach here is different. On the one hand,
the analysis is extended to multi-conductor structures, and thus, the
number of strips can be higher than two. On the other hand, we are
interested in the magnitude of the frequency response (insertion and
return losses), but also in the phase (dispersion curve) of the filter.
Furthermore, the theory developed in this work, where the MTL is
fully characterized by means of analytical equations, can be applied
for other structures as those given in [14–16], as well as the rat-race
coupler shown in [17]. In addition, by means of the proposed unit cell,
some prototypes are fabricated and measured.

2. THEORY AND DESIGN

2.1. Theory

The layout of the proposed unit cell, consisting of a wire-bonded multi-
conductor MTL with two of its ports short-circuited to ground, is
shown in Fig. 1. This two-port device can be characterized using
the four-port admittance matrix given in [18] and imposing the short-
circuit condition. Thus, if the MTL is assumed to be lossless, the
following admittance matrix is obtained

[Y ] =
1

sin θc

[−jM cos θc jN
jN −jM cos θc

]
, (1)

...1 2

WS

Figure 1. Structure of the
proposed unit cell consisting of
a short-circuited wire-bonded
MTL.

Ys=  -Y21

Yp= Y11+ Y21 Yp= Y11+ Y21

Figure 2.
∏

-type two-port circuit.
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where θc is the electrical length of the conductors, and M and N are
defined by [18]

M =
k

2
Y11 +

(
k

2
− 1

)
Y 2

12

Y11
, N = (k − 1)Y12. (2)

Admittances Y11 and Y12 are calculated as

Y11 =
1
2

(Yoo + Yoe) , Y12 = −1
2

(Yoo − Yoe) , (3)

where Yoo and Yoe are the odd and even modes admittances
respectively, of a pair of adjacent lines and k relates to the number
of lines for conductors. When no losses are considered Yoo and Yoe are
real numbers and M > 0, N < 0 and M2 > N2.

Furthermore, using matrix (1), parameters of Π equivalent circuit
of a two-port circuit shown in Fig. 2, can be computed as

Ys = −jN csc θc (4a)
Yp = j (N csc θc −M cot θc) . (4b)

Considering (4), it is straightforward to analyze the frequency
responses of both admittances, Ys and Yp. An example of such
admittances is shown in Fig. 3. As seen, the series admittance pass
from capacitance to inductance at θc = π, and the behavior of the shunt
admittance is conditioned by the same singularity and two zeros, θz1

and θz2 , respectively. By operating on (4b), θz1 can be expressed as

θz1=arccos
(

N

M

)
=arccos

(
(k − 1)(1− u2)

2u+(k−1)(1 + u2)

)
, (5)

where u=Zoe/Zoo and θz2 =2π−θz1 . Therefore, the different operating
bands are clearly defined by

θc ∈
{ ( 0, θz1) LH Band

[θz1 , θz2 ] Stop-band
(θz2 , 2π) RH Band

. (6)

Furthermore, using the expression for the coupling coefficient c of a
quarter-wavelength k-line coupler, given as [19]

c =
(k − 1)(u2 − 1)

2u + (k − 1)(u2 + 1)
, (7)

it is easy to verify that

θz1 = arccos (−c) , (8)

what establishes a simple and direct relation between the left-handed
bandwidth and the coupling coefficient.
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Figure 4. θz1 and u as a function
of the coupling factor for several
number of strips k.

By means of (5) and (8), Fig. 4 represents θz1 and u as a function
of the coupling coefficient c for several number of conductors k. As
shown, as the lines become more tightly coupled both, θz1 and u raise.
Furthermore, for a particular value of c, the greater k, the lower the
value of u. In addition, increasing the number of strips allows using
a lower u = Zoe/Zoo ratio to achieve a particular LH bandwidth,
which is directly related to greater widths W and spacing S between
conductors. This implies to relax the manufacturing process and obtain
wider dimensions for practical microstrip fabrication.

Cascading the short-circuited wire-bonded MTL of Fig. 1, the
propagation constant γ` = (α+jβ)` of the resulting periodic structure
can be calculated as [20]

cosh γ` =
√

Y11Y22

Y21
=

M

N
cos θc, (9)

that can be simplified to

(α + jβ)` = α` + jθ = cosh−1

(
−cos θc

c

)
. (10)

From this expression, the stop-bands are clearly identified as the
frequencies where | cos θc/c| > 1 and thus, where the propagation
constant pass from being pure imaginary to pure real.

Furthermore, by simple transformations of (1) [20], the S11 and
S21 parameters can be expressed as

S11 =
Z2

0 + K2P

D
S21 = −j

2KNZ0

D
, (11)
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where Z0 is the reference impedance and the variables P , K and D are
given by

P = M2 cos2 θc −N2 (12a)

K =
sin θc

P
(12b)

D = K2P − Z2
0 − j2KZ0M cos θc. (12c)

2.2. Design

By means of (10) and (11) both, the magnitude and phase of the
frequency response of the bandpass filter, can be easily evaluated.
Nevertheless, although by means of these expressions the MTL is
characterized, further analysis is desired to get a better control on
the performance of the structure.

The image impedance of the wire-bonded multiconductor TL can
be calculated as [20]

ZI

Z0
=

(
sin2 θc

N2 −M2 cos2 θc

)1/2

, (13)

that allows the calculation of the required even and odd mode
impedances as

Zoe

Z0
=

∣∣∣∣
u(k − 1 + u)(1 + (k − 1)u))

(1 + u)2
csc2 θo

−
(
2u + (k − 1)(1 + u2)

)2

4(1 + u)2

∣∣∣∣∣

1/2

(14a)

Zoo = Zoe/u, (14b)

where θo stands for the electrical length where S11=0.
Figure 5 shows the magnitude of S11 (11) as a function of u and

θc for k = 2, using as design parameters θo = 90◦ (Fig. 5(a)) and
θo = 70◦ (Fig. 5(b)), respectively. By inspection of both figures, it is
seen that depending on θo there is one or two electrical lengths where
the matching is ideal and that the higher the value of u, the broader the
operating frequency band. This property is most noticeable in Fig. 6
where curves are particularized for only two values of u.

Therefore, by increasing u the operating bandwidth broadens and,
according to Fig. 4, the LH-band also extends. Besides, as seen in
Fig. 4, the higher the number of conductors, the less stringent is the
coupling coefficient for a particular value of u.
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Consequently, for each value of u and k, there is a pair of values
of Zoe and Zoo to obtain perfect match at a particular θo. If θo = 90◦,
(14) can be simplified as

Zoe

Z0
=

(k − 1)(u− 1)
2

, (15)

that is equivalent to the equation given in [13] as

Zoe

Z0
=

c

1− c
(16)

to calculate the even mode impedance as a function of the coupling
coefficient when the termination impedances at both sides of the
multiconductor element are equal to Z0 and k = 2. Nevertheless, it is
important to highlight that (16) is only valid for k = 2 and θo = 90◦.
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Furthermore, it can be proved that when the same coupling factor
is considered, the S-parameters are equal regardless the value of k.
Fig. 7 depicts the standing wave ratio (SWR) for several coupling
factors and two θo, 90◦ and 70◦. These curves, as mentioned before,
do not depend on k and show how increasing the coupling value the
operating band broadens. Besides, as expected, the matching is perfect
at θo, and for θo 6= 90◦, the lower the coupling factor, the greater the
mid-band SWR at θc = 90◦.

Once the magnitude of the frequency response of the multicon-
ductor structure has been analyzed, Fig. 8 depicts, by means of (10),
the dispersion of a lossless unit cell for several coupling levels. As seen,
by increasing the coupling value the slope of θ decreases. Besides, it is
important to remark that these curves do not depend on neither k nor
θo.
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Finally, using (13), Fig. 9 represents the normalized real part of the
image impedance for two design values of θo, 90◦ and 70◦ respectively.
As expected, curves are equal to one only for θc = θo and as seen, the
image impedance is a pure real impedance inside the band delimited
by θz1 . In addition, from Fig. 4 and Fig. 8, it is deduced that only
the coupling level conditions the operating bandwidth, but from Fig. 5
and Fig. 7 it is proved that the magnitude of the frequency response
depends on both, the coupling factor and the selected θo.

10
0

10
1

0 3π/2  π/ 2  π/ 4 π

 
(
Z

I
/Z

0
)

c (rad)

c=-6 dB
c=-3 dB
c=-2 dB

(a)

10
0

10
1

0 3π/ 2 π/ 2 π/4 π

 
(
Z

I
/Z

0
)

θ c (rad)

c=-6 dB
c=-3 dB
c=-2 dB

(b)

θ 

Figure 9. Normalized real part of the image impedance as a function
of θc for two design values of θo, (a) 90◦ and (b) 70◦, and several
coupling factors.

50 100 150 200 250 300 350

20

40

60

80

100

120
W (µs) S (µs)

c (dB)

k=2

k=4

k=6

Z0=45 Ω

Z0=50 Ω

Z0=55 Ω

100

200

50

200

-7
-6

-5
-4

-3
-2

Zoe (Ω)

Z
o
o

(Ω
 )

Figure 10. Achieved even and odd mode impedances as functions of
the width W and spacing S on the substrate RO4350B with εr = 3.66
and thickness of 30 mil. Design values of both impedances for k = [2,
4, 6], θo = 90 degrees and Z0 = [45, 50, 55] Ω are also depicted. The
design values, calculated for coupling factors ranging from −7 dB to
−2 dB, are labeled with circle, square and triangle marks.



Progress In Electromagnetics Research Letters, Vol. 31, 2012 9

3. IMPLEMENTATION AND MEASUREMENTS

In this section, to validate the theory presented in Section 2, some
prototypes are fabricated and measured on Rogers 4350B substrate
with relative permittivity of 3.66 and thickness of 30 mil.

Figure 10 represents, by means of [21], the achieved values of
Zoe and Zoo when W and S range from 50µm to 500µm. The
shaded region determines the values of impedances that are achievable
using 100µm as limit of fabrication for both, the width and spacing
between conductors. This limit is a typical technical requirement for
etching plastic substrates. Then, with (14), the design values of Zoe

and Zoo are depicted for θo = 90◦, k = [2, 4, 6], three reference
impedances Z0 = [45, 50, 55] and several coupling factors c. In this
figure, advantages by increasing the number of conductors are clearly
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noticeable and curves can be easily drawn for others values of such
variables.

Magnitude of S11 and S21 as well as the dispersion diagram are
drawn in Fig. 11 and Fig. 12 for two unit cells with k = 6 and
using Z0 = 45 Ω as reference impedance. The first one is designed
for θo = 90◦ with c = −3 dB, while the second one has θo = 63◦
and c = −2.5 dB. The value of Z0 = 45 Ω has been selected because,
for c = −3 dB, the required values of W and S are upper our limit
of fabrication, as shown in Fig. 10. Furthermore, this fact it is not
important because the goal here is to validate the design equations
derived in previous section regardless the value of Z0.

As seen, there is a good agreement between simulated, measured
and theoretical results and curves are consistent with the theory
developed in Section 2. The measured 3 dB fractional bandwidths are
127.4% and 137.1% at a center frequency of 3.5GHz for c = −3 dB
and c = −2.5 dB, respectively. These results are in concordance with
curves presented in Fig. 7 and Fig. 8, where it is appreciated as the
higher the coupling factor, the broader the bandwidth.

Finally, three unit cells of the first design for θo = 90◦, are
cascaded and measured. Fig. 13 draws the performance of such
prototype, and as expected, the operating band is reduced but
the frequency selectivity is improved. In this case, although the
measurements fit properly the theoretical curves, greater discrepancies
are appreciated at high frequencies because of the even and odd mode
phase velocities dispersion. The 3 dB theoretical fractional bandwidth
is 91.4% while the measured one is reduced to 61.7%. Nevertheless, it
should be noted that all prototypes have been designed by means of
equations given in Section 2 and there has not been any optimization
process during the simulation phase. The reduction of operating
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1 2

Figure 14. Photograph of three unit cells designed for k = 6, θo = 90◦,
Z0 = 45 Ω and c = −3 dB.

bandwidth, because microstrip is inhomogeneous, is a well known
problem and can be managed by equalizing the phase velocities. A
photograph of the three unit cells prototype is drawn in Fig. 14.

4. CONCLUSION

A set of novel closed-form analytical equations have been obtained
in order to design wide-band bandpass filters based on wire-bonded
multiconductor transmission lines. The unit cell, composed of a
multiconductor TL with two of its ports short-circuited to ground has
been fully characterized as a function of both, the number of conductors
and the coupling factor. Hence, a bandpass filter can be designed
at a particular center frequency and, its magnitude (maximally flat
response or ripple response) and bandwidth can be controlled by
means of the coupling level of the multiconductor structure. The
validity of the design equations have been assessed by means of full-
wave electromagnetic simulations and measurements. Furthermore,
the good agreement between measured and theoretical results allows
the design of prototypes without the need for costly electromagnetic
simulations. Therefore, thanks to the theory developed, a simple
and time-saving design procedure has been presented. In addition,
it is important to remark that the analytical design study of the
multiconductor structure carried out in this work, can be also applied
to the design of hybrid rings, rat-race couplers, broadband baluns and
other devices.
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