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THE PERMITTIVITY FOR ANISOTROPIC DIELECTRICS
WITH PERMANENT POLARIZATION
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Abstract—A new permittivity is defined for anisotropic dielectrics
with permanent polarization, which allows obtaining simple connec-
tions between the quantities of electric field. As an application, using
the defined quantity, we will demonstrate advantageous forms of the
refraction theorems of the two-dimensional electric field lines at the
separation surface of two anisotropic dielectrics with permanent polar-
ization, anisotropic by orthogonal directions.

1. INTRODUCTION

We know that [1-3], for dielectrics with permanent polarization, the
connection law, among electric flux density D, electric field strength
FE and polarization P, is given by

D =¢eyE+ P, + Py, (1)
where gq is permittivity of the vacuum. The separation in temporary
(P;) and permanent (P,) components is unique only if P, is
independent of F, and P, — which is depending on E — is null
at the same time with E. From (1) follows that, for materials with
permanent polarization (P, # 0), the relation between D and F
(which for materials with Fp = 0 represents the classic permittivity) is
not univocally determined by material, because Fp could have several
values. In the case of the ferroelectric materials, for various electrical
hysteresis cycles, the value of D for F = 0, i.e., remanent electric flux

density o o
D, =D|g_y = Py, (2)

may have multiple values, depending on the considered electric
hysteresis cycle (Figure 1).
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Figure 1. Remanent electric flux densities-specification.

In this context it is useful to define another permittivity (for
dielectrics with permanent polarization), with which the equations
have advantageous forms, and it is possible to identify some useful
analogies with simpler case of the materials without permanent
polarization.

2. ANOTHER PERMITTIVITY FOR ANISOTROPIC
DIELECTRICS WITH PERMANENT POLARIZATION

The temporary polarization value of anisotropic materials depends on
electric field, and the temporary polarization law is

PT = 60§8E7 (3)

where, for the nonlinear materials, the components of electric
susceptivity X, depend on electric field intensity.

Consequently, in case of the dielectrics with permanent
polarization, nonlinear and anisotropic, (1) becomes

D=c(T+%.)E+Dr, (4)

where the tensor’s components are nonlinear functions depending on
the components of F.
If we introduce the calculation quantity

D,=D-D,=D— Py, (5)
(4) becomes
D, = < (T + z) E. (6)
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From (4), (5), (6), the relative (g,,) and absolute (£,) calculation
permittivity tensors of anisotropic dielectrics with permanent
polarization are defined with these equations:

Erp=1+4+Xe; Ep=E0Erp- (7)

By defining the vector D, (in (5)) and new absolute permittivity

gp (in (7)), for anisotropic dielectrics with permanent polarization we
obtain

D, =%&,E. (8)
With classical quantities [1-3], for anisotropic dielectrics with
permanent polarization, we have D = EE + P, so (8) is a more

concentrated expression and simpler. o o
Formally, (8) is similar with the classical equation D = EE, but

the latter written for the materials without permanent polarization.
For isotropic materials, even if they are with permanent

polarization, (8) becomes D,, = ¢, F which shows that the spectra lines

of D, and E are the same in this case. We know that for materials
with permanent polarization (even if they are isotropic) the spectra
lines of D and E are different [1,2, 4].

Following the polarization main directions, tensor Y, has only
three components [1-3]. If we note these directions (that in many
cases are rectangular) with z, y, z indices, from (4) we have

Dy, = ¢ (1+Xeu)Ev+Drv; v=x,Y, Or %2, (9)
and all the three components of tensor &, are

D, —D D
Erpy = UEOEU ™= Eog;; v=ux, v, 2. (10)
Because (10) also contains the components of permanent polarization
P, (which means the components of D,.), with that new permittivity
we have taken into account, in advantageously way, the nonlinearity of
the depolarization curves of the dielectric with permanent polarization,
any minor electric hysterezis cycles, i.e., for any P, = D,.

If the source of electric field is considered, a dielectric with
permanent polarization for the operating point is obtained, D < D,
(for components: D, < D,,) and E < 0 (for components: E, < 0).
The depolarization curve is the part from the second quadrant of the
hysteresis cycle; the terminology is similar to that used in the magnetic
field. Therefore, the components of tensor &,, are positive scalars.

It is interesting to specify that we should determine the nonlinear
functions e,p,(E) following the procedure used by the author for the
permeability of permanent magnets in [5], if we know all the three
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electric hysteresis cycles following the polarization main axes. For these
three main directions x, y, z the nonlinear function plots have similar
forms, but they will be quantitatively different, as the depolarization
curves following the three main directions of the anisotropic dielectric
are different.

The numerical solution for the electric field problem in systems
with permanent polarization is obtained with an iterative process,
because the systems are, generally, nonlinear. The parameter used to
control the convergence of the problem can be the relative permittivity
defined with (10). For anisotropic materials, it is clear that the
convergence of the calculation is made with the components of
tensor ., following the polarization main axes. Trough this defined
calculation quantity we take, univocally and advantageously, into
account the nonlinearity of the depolarization curves, no matter how
the permanent polarization is (i.e., remanent electric flux density).

Obviously, if lacking the permanent polarization (P, = 0), D,
is identical to D, and the calculation permittivity g, is identical to
classical g, i.e., & = &,. If the temporary polarization is negligible,
from (1), (6) and (8) follows that all the components of tensor g, are
approximated with 1.

Xz

Figure 2. Refraction of D,,.
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3. APPLICATIONS FOR THE REFRACTION
THEOREMS

Consider two different dielectric media 1 and 2 at rest, with permanent
polarization, separated by smooth surface Si2, without free electric
charge. The demonstration refers the electric field lines of E and
the calculation flux density D, (defined by (5)), for two-dimensional
(2D) field, in dielectrics with permanent polarization, anisotropic
by orthogonal directions. For medium 1, main directions of the
polarization are noted with (x1, y1) and unit vectors (i1, j;) and for
medium 2 are noted with (z2, y2) and unit vectors (i, j,) (Figures 2
and 3).

In order to express the normal and tangent components of the
electrical field at the separation surface Si2, in point 0 (where the
refraction is analyzed) we attach the rectangular system ((n,t), with
unit vectors 7, ¢). The main axes of polarization in both media —
therefore rectangular systems (x1, y1) and (z2, y2) — are different
from each other and different from the system (n, t).

In order to write the projections on axes of quantities ﬁp and F,

Xz

Figure 3. Refraction of E.
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X1

Figure 4. Components of ﬁp.

we introduce the angles (see Figures 2 and 3):
a>\2<(ﬁp>\,ﬁ), A=1lor2;
BA:<I(E>\, ﬁ), A=1lor2; (11)
er=<(ir,m), A=1lor2.
Since the media in contact was anisotropic considered, the spectra

lines of D, E and P, are different, therefore also the spectra lines of

D,, and E are different. Consequently, generally o # 3y (A =1, 2).

If we take into account the local form of electric flux law
for a discontinuity surface without free electric charge, the normal
components of electric flux density D at the separation surface Sis
are preserved, which means

D1y, = Doy, = Dy, (12)

From the local form of electromagnetic law for the considered
conditions result, the conservation of the components of F,

Eyy = By = E4. (13)

For 2D field in anisotropic media with permanent polarization, if
we write (8) for both media, we obtain the following relation:

Dy =EnEx, A=1,2, (14)
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where E,0 = |leprzepryll are the tensors of calculation absolute
permittivity in both dielectrics with permanent polarization. If we
emphasize the components following the main directions (see also (10),
where €9grpy = €pu), (14) becomes

Dp/\y = 5p)\vE)\Ua A= 1, 2 and v = T,y (15)
We remark that between D, and E components, we can write relations

similar to (15) only following the polarization main directions (v =
x or y), but not following n and t directions. We must specify that

Dy, and E), are the projections of vectors D,y and E), following
the polarization main directions, i.e., for the cases of 2D field showed
in Figures 2 and 3 and the notices (11), we can write these equations
(see also Figures 4 and 5):

Epl = Dpl:rgl + Dp1y31
- T —
= Dpi cos (a1 — 1) i1 + Dy cos (a1 — 1 + 5) 71

= Dy [cos (a1 — ¢1) i1 — sin (a1 — 1) 3] ;
Ep2 = Dp21g2 + Dp2y32
= T\ =
= Dy cos (421 —p2) ia+Dpa cos <a2+27r—<p2+§) Jo
= Dypy [cos (2 — a2) 12 + sin (g2 — az) jy] ;
E1 = Ewin + Eiyjy

- ™\ =
= Ejcos (1 — ¢1) 41 + Ei cos (51 — @1+ 5) J1

= By [cos (B1 — 1)1 —sin (b1 — ¢1) J1] ;
Ey = Eagiy + Egyjy

= T\ —
= Epcos (B2 +2m — p2) iz + E2 cos (ﬂz+27r—g02+§>j2

= E [cos (w2 — f2) i + sin (o2 — B2) Jo] -
It is obvious that Dy1, Dp2, E1 and Ea are the modules of vectors, so
they are positive scalars. The components Dy, and Ey, (A =1, 2;
v = x, y) are positive or negative scalars, as result of (16), Figures 4,
and 5, i.e., for the case considered, we obtain the following relations:

D1z = Dpicos (a1 — 1) > 0;  Dpry=—Dpy sin (a1 — 1) < 0;

Dpoz = Dpacos (g2 — az) < 0;  Dpay=Dpasin (g2 — ag) > 0;
FEi, = Ejcos (61 — (,01) < 0; Ely:—El sin (ﬁl — gol) < O;
FE5, = E5cos (302 — ﬂg) < 0; EQyZEQ sin (QDQ — ﬁz) > 0.

In Figures 2 and 3, only the components following the axes (n,t)
are represented. In Figures 4 and 5 (at another scale and without

(17)
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unit vectors), the components following the polarization main axes
(x,y, z) are also represented. Figures 4 and 5 illustrate the components
of vectors bpl and Epg, respectively F1 and FEs, which appear in
relations. o o

If we write the vectors D)y and E depending on their components

following the rectangular system (n, t), we could write the equations:
Ep)\ = Dp)\nﬁ + Dp)\tf; (18)
E\=Exn+ Ext, A=1,2,

where the components may be positive or negative, depending on the
considered case.

3.1. The Refraction Theorem of Electric Field Strength
Lines E

The normal component of electric flux density D in medium 1 can
be written as sum of projections on normal direction of the two
components following the polarization main directions (Di, and Dy,):

Dln = Dl:cn + Dlyn- (19)

Figure 5. Components of E.
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Writing (5) for medium 1 (D1 = Dy + Pp1), the two components
are:
Dl:cn = Dpl:cn + Pplxna Dlyn = Dplyn + Pplyna (20)

where Dy, and Dpiyy are the projections on normal axe (n) of the
components Dy, and Dp,, of the calculation electric flux density D,
following the polarization main directions (z1, y1) in medium 1; Ppizp

and Py, similarly, but regarding the permanent polarization P, of
the medium 1. These are illustrated in Figure 4 and Equation (21) —
for D)y — and in the Equation (22) for Py;.

Dy1 = Dpiz + Dpiy,

Dpl:v = pl:cgl = l)pl:cnﬁ + Dpla:t% = Epl:z:n + Eplxt; (21)

Dp1y = Dp1yji = DpiynTt + Dpiyet = Eplyn + ﬁplyt;
Ppl = Pplx+Pp1y;
Fplx = plxgl = Pplxnﬁ + Pplxta (22)

Pply = plyjl = Pplynﬁ + Pplyt%-

The permanent polarizations are not represented in Figures 4 and 5,
because their normal/tangent components are not preserved. Their
values and directions are generally arbitrary.

From (19) and (20), we obtain

Din, = (Dpran + Dpiyn) + (Ppizn + Ppiyn) , (23)
where, for Figure 4, the components are:
Dpizn = Dpizcosp1 >0,  Dpiyn = Dp1ysingy < 0.
Taking into account these equations and (15), (23) becomes
D1y, = Dpig cos 1 + Dpiysin 1 + (Ppizn + Ppiyn)
= ep1abiz cos o1 + epiy By sin o1 + (Ppign + Ppiyn) . (24)

For normal component of electric flux density in medium 2, we
can write
D2n = D2:cn + D2yn‘ (25)

Writing (5) for medium 2 (Dy = D2 + Pp2), the two components

are:
D2xn = Dprn + Pp2xna D2yn = Dp2yn + Pp2yna (26)
where Dpogyn and Dpoyy, are the projections on normal axe (n) of the

components Dy, and D), of the calculation electric flux density 51,2
following the polarization main directions (z2, y2) in medium 2; Ppozp

and Py, similarly, but regarding the permanent polarization P,y of
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medium 2. These are illustrated in Figure 4 and (27) — for Dyy —
and in (28) for Pps.
Dyy = Dpoa + Dpay,
Dyos = Dpagia = Dpoenm + Dpogtt = Dypoan + Dp2uts (27)
Dyoy = Dp2yja = DyaynTi + Dp2yat = Dpayn + Dipoye;
Py = Ppow + Ppay,
Ppoz = Ppozis = PpognT + Ppouit, (28)
P19211 =F p2y32 = BpoynT + Ppoyit.
From (25) and (26), we obtain
Do = (Dp2rm + Dp2yn) + (Pp2ﬂm + Pp2yn) ) (29)

where, for Figure 4, the components are:

>

Dyogn = |Dpag| cos (w2 — ) = — | Dpag| cos pa > 0;
™ .
5) = Dyoy sin g < 0.

Taking into account these (where —|Dp,| = Dp2, < 0) and (15), (29)
becomes

Dp2yn = Dp2y COs <902 -

Do, = Dp2m COS 2 + Dp2y sin p2 + (Pp2rn + Pp2yn)
= 5p2xE2ac COS Y2 + €p2yE2y sin g2 + (Pprn + Pp?yn) . (30)
By replacing (24) and (30) in (12), we obtain

(ep1aE1z cos 01 —Epae Fay cos @2) + (ep1y 1y Sin 1 — 2y Foy sin o)
+(Pp1xn - Pp2m) + (Pplyn - Pp?zm) =0. (31)
If we emphasize the projections on normal direction of the vectors Ey
(A =1, 2), from (31) we write
(epraFraon — €p2aFown) + (EptyEryn — €p2yFoyn) + (Ppizn — Ppoan)
+(Bpiyn — Bpayn) =0, (32)
where:
Fign = Eipzcospr > 05 Eopy = Eaz cospa > 0;

. . 33
Eryn = Erysingy < 0;  Eay, = Eoysins < 0. (33)

The components Dpxpn, Exon and Ppayn, (A = 1, 2; v = z, y) are
positive or negative depending on the particular laying of vectors Ep 2

FE) and PpA in comparison with the axes systems. We must remark that
the sign (> 0 or < 0) of scalars D), and E),, could be easy to find
for particular cases considered in Figures 4 and 5. Alike, we should



Progress In Electromagnetics Research M, Vol. 23, 2012 273

proceed also with Ppy,,, the components of permanent polarization

P, of the two media. P,),, are no longer represented because of the
reasons specified previously (please see the explanations included after
relation (22)).

_ Consequently, the normal components of the electric field strength
E (components which are not conserved) follow (32); this relation
will be named the refraction theorem of the 2D electric field strength
lines, in media with permanent polarization, anisotropic by orthogonal
directions.

3.2. The Refraction Theorem of Calculation Electric Flux
Density Lines D,

The tangent component of electric field strength in medium 1 could
be written as a sum of projections on tangent directions of the two
components following the polarization main directions (Ei, and Eqy):

By = Frgt + By (34)

Regarding the meaning of Fq,; and Ey., the case of Figure 4, as
well as (15), (34), becomes

1x

sin 1 + Y cosp1. (35)
Eplx Eply

Eyp = —FEipsingy + By cospr = —

Alike, for the tangent component of E in medium 2, we can write
the following relation:

T
Eoy = Eoyy + Eoy = |E2y| cos (902 -7+ 5) + B3y cos @2

D D
= —FE3; sin o+ Ea,, cos o = _ P2 in <p2+ﬂ cos 3. (36)
Ep2x Ep2y

By replacing (35) and (36) in (13), the following relation is obtained:
D D D D

(—plz sin g1+ P2% in g02> + <p1y cos 1 — P2V cos gpg) =0. (37)
Epla €p2z Eply €p2y

If we put into evidence the projections on the tangent of the
components following the magnetization main axes for Dyy (A = 1,
2), from (37) we obtain:

<Dp1xt . Dp2xt> + <Dp1yt . Dp2yt> _ 0’ (38)
Eplx Ep2x Eply Ep2y

where:

Dplxt = _Dplm sin p1 < 0; Dp2xt = _Dme sin p2 < 0; (39)
Dp1yt = Dprycosp1 <05 Dpays = Dpay cos o < 0.
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Components Dpy, and Exye (A = 1, 2; v = x, y) are positive or
negative depending on the particular laying of vectors D, and E) in
comparison with the axes systems.

Consequently, the tangent components of calculation electric flux

density D), follow (38); this equation will be named the theorem of 2D

refraction of calculation electric flux density D, lines, in media with
permanent polarization, anisotropic by orthogonal directions. Since
the materials are anisotropic, we can observe that the spectra lines
of D, and E are different. We should remark that the theorem (38)
has a simpler form (see also [4], Equation (20)) than the refraction
theorem of the electric flux density lines where we have considered
the classical quantities (D and ). So, in addition to the advantages
shown in paragraph 2, the introduction of new quantities (D, and &)
are helping us to express the refraction theorem in a simpler form.

If we write (5) for the normal components, in the two media, we
obtain the relation

Dpln = Dp2n - (Ppln - Pp2n)a (40)

which reveals that, for different normal components of the permanent
polarization in the two media (Ppi, # Ppn), the normal components

of vector D, are not preserved, even if the separation surface Sio has
no free electric charge (under these conditions, the relation (12) was
written).

4. PARTICULAR CASES OF THE REFRACTION
THEOREMS

4.1. 2D Field in Isotropic Media with Permanent
Polarization

For isotropic media, the calculation permittivity in the two materials
is:

Eplz = Eply = Epl;  Ep2x = Ep2y = Ep2- (41)

If we take into account (41), the theorem (32) for refraction of electric
field strength lines becomes

Epl (Elam + Elyn) - 5p2(E2xn + E2yn)
+ [(Pplarn + Ppiyn) — (Pp2an + Pp2yn)] =0. (42)
Considering the significations of (32), (42) may be written in this way:

5p1E1n - 5p2E2n - (Ppln - Pp2n)' (43)
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In case of isotropic dielectrics, (5) and (8), written for both media,
become: EI»\ = D, — Fpk = Ep)\E)\. In this case, between the
normal components we can write Dpy, = eppnExn = Dxp — Ppy, or
Dyn = epxExn + Ppan, (A =1, 2). Consequently, after a regrouping of
the theorems, from (43) we track down (12), as we expect.

Alike, taking into account (40), the theorem (38) for refraction of

calculation electric flux density lines becomes

1 1
?(Dplxt + Dplyt) - ?(Dprt + Dp2yt) = 0. (44)

pl D2
Considering the significations of (38), (44) can be written in a more
concise form:
Dpe _ %' (45)
Epl Ep2
Equations (43) and (45) represent the theorems of refraction for
FE and ﬁp in 2D fields, for isotropic dielectrics with permanent
polarization. We can remark that, for the tangent components of
D,, the theorem (45) of refraction in dielectrics with permanent
polarization has a similar form (but another content) with the classical
theorem of refraction in materials without permanent polarization.

4.2. 2D Fields in Isotropic Media without Permanent
Polarization

In this case, for P, = 0, from (5) we obtain D, = D. Also, from (8),
for isotropic media we can write ¢, = D,/E = D/E. So €, = ¢, which
means that the calculation permittivity is identical with the classical
permittivity. Particularizing (43) and (45) for this case and taking into
account the previous observations, we obtain

ept _ Dpie _ Eon €1 _ Dy

(46)

ept Dpy Eiwn €2 Dy’
that is the classical form of the refraction theorem for electric field
lines (2D field, without permanent polarization, isotropic dielectrics).
We should mention that in this case the lines spectra of the electric
flux density D and of the electric field strength E are identical and
refracting in the same way.

It is easy to remark that, from the general expression of the
refraction theorem of D, and E or the particular forms already
mentioned, we can also obtain other particular forms. Such cases could
be those in which one of the media has permanent polarization and
the other one does not, when the permanent polarization vectors have
particular orientations, etc.
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5. CONCLUSIONS

The introduction of a new relative permittivity for dielectrics with
permanent polarization (as described in Section 2 of this paper) is
a useful operation, because the solution of field problem for nonlinear
systems with permanent polarization can be obtained more easily. The
relations obtained are more concise, so simpler. Also, it is possible to
make useful analogies with the simpler cases of the materials without
permanent polarization.

As an application, for anisotropic materials with orthogonal main
directions of polarization and also with permanent polarization, the
author has demonstrated new refraction theorems for 2D electric field,
which are given by (32) (for electric field strength E)), and by (38) (for
calculation electric flux density D,). Starting from these general forms
of the theorems, some particular forms have been deduced: for 2D
field in isotropic dielectrics, with permanent polarization, respectively
for isotropic dielectrics without permanent polarization (par. 4), and
another are possible.

Similar theorems were demonstrated by the same author (see [5—
7]) for the magnetic field lines refraction in materials with permanent
magnetization, i.e., permanent magnets.
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