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Abstract—Closed-form mixed potential Green’s functions (MPGFs)
for cylindrically stratified media are derived in terms of quasistatic-
wave and surface-wave contributions. In order to avoid possible
overflow /underflow problems in the numerical calculations of special
cylindrical functions such as Bessel and Hankel functions, a novel
form of the spectral-domain MPGFs is developed. Then, a two-
level methodology is used for the approximation of the spectral-
domain MPGFs. In the first step, the qusistatic components are
extracted from the spectral-domain MPGFs, and then transformed
into the space domain with the use of the Sommerfeld identity and
its derivatives. In the second step, the remaining parts of the
spectral-domain MPGF's are approximated in terms of pole-residue
expressions via the rational function fitting method (RFFM). The
proposed method is efficient and fully automatic, which avoids an
analytical cumbersome extraction of the surface wave poles (SWPs),
prior to the spectrum fitting. In addition, this method can evaluate
the spatial-domain MPGF's accurately and efficiently for both the near-
and far-fields. Finally, numerical results for the spatial-domain MPGF's
of a two-layer structure are presented and discussed.

1. INTRODUCTION

Analysis and design of conformal structures play an important role in
many practical applications. As a special case of conformal structures,
the cylindrically stratified structures have been widely investigated in
recent years [1-5].

For the rigorous analysis of printed geometries in cylindrically
stratified structures, the method of moments (MoM) is most frequently
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applied. The MoM procedure can be applied either in the spatial
domain or in the spectral domain. as discussed in [13], the spatial
domain MoM is considered to be more robust for solving large and
complex problem.

The spatial domain MoM, based on the spatial-domain mixed
potential Green’s functions (MPGFs), are of great interest in the
analysis of cylindrical microstrip antennas (Fig. 1) [6-11]. These
spatial-domain MPGFs arise in the mixed potential integral equation
(MPIE). As well known, the spatial-domain MPGFs can be obtained
by computing infinite integrals of the spectral domain counterparts,
called Sommerfeld integrals (SIs). Since the integrands are both
highly oscillating and slowly converging, the brute-force numerical
computation is cumbersome and very time consuming.

In the literature, MPGFs were first developed for single-layered
cylindrical structure in [6], The extrapolation and interpolation
techniques had been used in [6] to evaluate the summation of cylindrical
eigenmodes. However, it only dealt with single-layered structures.
Following this development, a more general form of the MPGFs for
multilayered cylindrical structure was developed in [11,12]. In order
to improve the convergence behavior of the summation of cylindrical
eigenmodes, a new method was proposed in [11-13] for the extraction
of the quasi-static components of the spectral domain MPGFs. In this
method, the slowly converging quasi-static components were extracted
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Figure 1. Two-layered cylindrically stratified media with a PEC patch
located at the air-dielectric interface.
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and then transformed into the space domain analytically. After this
extraction, the remaining parts in series became fast convergent and
can be easily summed up, then the discrete complex image method
(DCIM) with the help of generalized pencil of function (GPOF)
method, similar to [14], was applied for obtaining a closed-form solution
of the MPGF's in spatial domain. Since the deformed path in [13] can
avoid the branch singularity and surface wave pole singularities, there
is no need to deal with them explicitly. The method in [13] can provide
a very accurate approximation within the range of validity on the order
of several wavelengths. However, when distances between the source
and field points are beyond several wavelengths where surface-wave
contributions become dominant, the extraction of surface wave poles
(SWPs) is necessary [11,15]. To alleviate this problem, a numerical-
analytical method was proposed in [7,16] for extracting the surface-
wave contributions explicitly, but since the pole singularities were more
complicated than the planar case, this procedure was time consuming.
Furthermore, to the best of our knowledge, this method was only
restricted to single-layered structure [8,9].

Recently, a novel approach was proposed for extracting the surface
wave poles by the rational function fitting method (RFFM) in the
planar stratified media [17-19]. In this approach, the spectrum of the
Green’s functions was fitted via the RFFM, based on the vector fitting
algorithm (VECTFIT) presented in [20, 21], after the extraction of the
quasistatic part of the spectrum. Then the spatial domain Green’s
functions can be expressed in terms of quasistatic-wave and surface-
wave contributions with the use of integral identities. Without the
process of extracting all the surface-wave poles explicitly, this method
was direct and convenient to implement. In [22], this approach was
extended to the cylindrically stratified structure. The numerical results
obtained for the spatial-domain field Green’s functions showed good
agreement with the direct numerical results.

The major contribution of this paper is to extend the RFFM
method in [22] to the calculation of spatial-domain MPGFs of
cylindrically stratified structure. For the sake of consistency, the
spectral domain MPGFs for the e/“! time convention are derived,
which have not yet been found from other published literature.
Furthermore, in order to avoid possible overflow /underflow problems
in the numerical calculations of special cylindrical functions such as
Bessel and Hankel functions, which arise in the MPGFs, a novel
form of the spectral-domain MPGFs is developed. Since the infinite
series involved converges slowly however, or even diverge, the series
acceleration technique should be applied, according to [13]. After the
quasistatic parts are completely extracted from the spectral-domain
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MPGFs, the RFFM method [22] can be applied for the approximation
of the remaining parts. In Section 2, the details of the novel form
spectral-domain MPGFs and the approximating RFFM method are
presented, In Section 3, some numerical examples of the spatial domain
MPGFs are presented for a cylindrically two-layered structure. The
numerical results for the spatial-domain MPGFs via the proposed
RFFM method are compared with the exact solutions obtained by the
direct numerical integrals. Conclusions are summarized in Section 4.

2. THEORY AND FORMULATION

Figure 1 illustrates the geometry for a cylindrically stratified media.
The structure is assumed to be infinite in the z-direction. A perfect
electric conductor (PEC) forms the innermost region with a radius ay,
and is surrounded coaxially with two dielectric layers up to radii a;
and as. The outmost region is free-space. Meanwhile, a PEC patch
is printed at the air-dielectric interface. Each dielectric layer has a
permittivity and permeability denoted by €,;, and u,;, respectively.
Following [14], the spatial domain field Green’s functions for
cylindrically stratified structure for the e/“! time convention can be
defined as follows
[e.9]
G%H(z—zq—-;“/ eI CGEH (1) dk, (1)

—0o0

where qu’H denotes the spatial domain field Green’s functions (p, and
q can be replaced by z, ¢, or p). Gfth denotes the spectral domain

field Green’s functions, which can be expressed as follows
- 1 . -
G}%H - _ Z eI (9—9 )Gﬁ]’n:H’n' (2)
n=-—o00

The complete set of éfq”’H” can be found in the Appendix of [23].

Next, we will derive the spectral-domain MPGFs for the e/ time
convention. Similar to [11], the electric field due to the current can be
expressed in a mixed potential form as follows

E = —jwA — V¢ (3)

A= //SGA-J(I") ds’ (4)
b= //Sv'.c;¢.J(rf)dsf. (5)

where
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Note that G E, G A, é¢ are the spectral domain counterparts of G,
G4, Gy, respectively, according to [11,12]

Gp = —jwGa — VV'(Gy) (6)
with o . -
. |G G G
Gg = Cf%p C:Y%qﬁ Cf%z (7a)
G Gor GEr
rYAn ~AnR AR
Gpp Gp¢ sz
= ~An ~An ~An
Ga= |Gy Ggp Gy (7b)
AR ~An AR
_Gzp Gly G _
) Gon % 0
Gy=10 G¢; ~0 (7c)
0o 0 G

Following the same procedure and assumptions in [11, 12], we have
GEn = _juGin _ 26,

- - kon -
GPr = —juG ¢ %”G%,

- - ko = (8)
Ghn = —jwGir + ;, G,
2
- - 1 -
GEn — _jwGAn V" 2 G,
{ ol ol op'
Then let CNJZA(;L = @gz" = 0, the spectral-domain MPGF's can be obtained
~ 1 jpwpi Of 3
€j < nt k.n  0Op (%a)
~ ] ] L 8f21
CAn — (211 JPOHiRz On 9b
~ : 211 921
Gly =L - (T T O
ejwky, op ok, Op

. nk, 0fy? . 0% f2? J 11, Jpwpi OfH
_jw%( o 00 M 000 )] T e I Tk 0 )

(9¢)
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In the above, f}!, f12) f21 and f2? are the entries of F,,, which is a

n o Jn

2 x 2 matrix given by [15]

@) (1

_ HY (kyp) =

I+ n(pj,p)Rj,j—ll
In (Kp, 1)

where k,, = , /kj? — k2, with k; being the wave number of layer j.

Note that Equations (9a)—(9¢c) are now derived for the e/“! time
dependence. In addition, in the above expressions, p and p’ are kept
distinct, according to [15].

For the sake of derivation’s convenience, Equation (9c¢) can be split
into three terms

AR  AAan ~Aby ~Ach
Gop = Gy + Gug" + Gy (11)
where
G _ K] (0Pf | gnwp OFFY L ks O (122)
¢b gjwk?, pp o'k, 0Op k2. p Op
GAbn 1 n ﬁ (12b)
bd k%i] Mzapap’
= J 1, JPwh afTQLl
Gion = — : ol : 12
¢ jwpp’ <f" + nk, Op (12¢)

Then (9a)—(9b), and (12a)—(12c) can be modified for p = p’ case and
rewritten in the following forms

Y : b
(’W) (HT(ZQ)(k;pjp)Jn (k,)jp))][(n/k:pj) X fu(n, kz)] (13)

where G’Z stands for Gon, GAn GAan G’ﬁ" or C;’gdf". g=0,p=2for

n __

u

2z Gy
Gﬁg", q=1,p=0 for Gﬁgn, and ¢ = 0, p = 0, otherwise. The term
fu (n, k) can be explicitly given by
1 jpwiik,.
prtmk) = = (£ 4 P2 ) (14
Ej k:z
J .
szzn(nv kZ) = 87(,() ) (ka 7}11 +]pwﬂjkzkpjf7?2l) (14b)
J

1% 11 jwitik,. k.k,.
Aa J J rl JWHiRp; 101 205 12
f¢¢> (7’L, Z) gjw <pp, + p’kz r2) + 0 fr3 ( C)

Fo0m(n k) = jopi 3 (14d)
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Ac j Jpwitikp;
fop" (ns k) = ijpp,'(7}11+1€2]321> (14e)
where fr_l , 321, t3, and f342 are the corresponding entries of the 2 x 2
matrix Fyq, Fyo, Fy3, and Fy4, which are the same as Equations (6)—(9)
in [24].

Referring to (2), the spectral-domain components which are
related to G, can be expressed as

e}

~ 1

Gu=—1 S alel (15)
where G, stands for G%, G2, GA“ Gﬁg, or GAC

Since in (13), all Bessel and Hankel functlons are in the form
of ratios, the possible overflow/underflow problems in the numerical
calculations of special cylindrical functions in (15) can be avoided,
and the efficiency can be improved. In order to further improve
the efficiency and accuracy of (15), an envelope extraction method
in [11,12] with respect to n should be used to yield

~ o0 2 q
G, = _ﬁ Z { [(’fﬁ-gfﬁ/f) (H oy p) (’%P'))]
. (n/kpj)p Nfuln, k) — Cyu(k2)) 6jnA¢>}

Ok B [ (hy, |~ ') (16)

where C’u(k‘z) is the limit of f,(n,k,) when n — oo.

Flu[HD (kp;lp — P'|)] corresponds to each component of G, and is
given by

FP L H by, o0/ )) | = FLL B (R, [0 )| = Fi| H (ko o~ o))
= H? (hy [0~ o) (172
PH (ky, 1 — 0|
F1¢¢[H( (kﬂj‘p_pl‘)}: Okg(Aap(;aqb/ ) (17b)
2 (k p—p/|
F1¢¢>[H( (kp].‘p—pl‘)}: Okg(al;;apl ) (17¢)

Apparently, from Equation (16), we find that the spectrum G, will
decay slowly at a small angle of (¢ — ¢') due to the Hankel functions,
when k, tends to infinity. Thus another envelop extraction with respect
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to k. should be applied, according to [11,12]. As a result, the spatial
domain Green’s function expression becomes

1 [/ 1 o
G —/ (Gﬁ%cu(kzoo)Flu[HéQ) (K, ‘p—p/’)}>63kz(zz)dkz

W=
27 J_

_70 (kZOO)FQu (18)

drw

where G, stands for G GA

2 G¢¢, G¢¢, or Gﬁ; and is the limit of
Cu(k;) when k, — oo. FQU corresponds to each component of GG, and

is given by

—jklr— r’|
¢ _ A _ pAc _ € J
FQ_FZZZ_ 2¢¢_W
_] o s s
A HE (ky, |p = p']) e 775k, (19a)
7]' e o] 1 82 (2) ik (e
5 = 5 | g™ e lo— el ek (1om)
—o0 Kp;
_.7 <1 62 2 ik (z—2
e HE? (ky, |p — p'|) e 75C=dk,. (19¢)

2 J o kgj Opop’

The explicit expressions of (19b)—(19c) are presented as (Aba)-(A5b)
in Appendix A.

After the quasistatic-wave part is extracted in (16), the remaining
dynamic part can be approximated by the RFFM method, which was
proposed in [22]. Thus, the following expression is obtained

N,
N 1 sSw a
Gu + 4wCU(kzOO)F1u [H(Q) ( pj ‘p - p/‘)} § : k2 lk2 (20)

where —m < arg{k,} < 0 is enforced to ensure that the solution
obtained for G,, fulfills the causality and radiation conditions [18].

Then, with the use of the following integral identity
o0 6—jkz(z—z’) e—jkzl(z—z')
——dk, = —1j————
/oo k2—k k21

the spatial domain MPGFs for cylindrically stratified media can be cast
into a finite sum of quasistatic-wave and surface-wave contributions as

(21)

j Nsw efjkzl(zfz’)

4 a
2
=1 kzl

J
T Yu kzoo F -

I

G, (22)
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Figure 2. Sommerfeld integration path (SIP), deformed integration
path (DIP) and possible singularities on the complex k, plane.

In order to apply the RFFM method, the deformed integration
path (DIP) is defined in Fig. 2, and the parameters are shown as [22]

ty

for I'y: kZ:k0(1+jT1)T,0§t1<T1,
1
<\/1 FTZ2-1 —jT1> ts
forI'y:  k,=ko |1+ 511 + T, —T, s (23)

0<ty <1y —1T1,

for I's: kZ:kIO\/1+(t3+T2)2, 0<t3<T3—"1T5,

where kg is the wavenumber of free space.

The DIP parameter T should be chosen to ensure that kgy/1 + T22
is greater than the wavenumbers of all layers, according to [22], and T3
should be large enough, as discussed in [13]. The value of T} should
be carefully chosen to meet the justification for shifting the path from
the physical poles and branch point, according to [22]. In this paper,
T, = le 3 suffices to obtain the accurate results for the calculation
of the spatial-domain MPGF's. In addition, the number of sampling
points and poles should be large enough to capture and describe the
behavior of the spectrum.

Lastly, we find it useful to add a brief discussion on the axial line
problem (p = p’ and ¢ = ¢’). In this case, the Hém (kp;|p — p'|) related
terms in (16) are singular since the argument of the Hankel function is
zero. Thus, (16) and (20) are not valid in the proposed RFFM method,
and (22) can not be applied for obtaining the spatial domain MPGFs.
To alleviate this problem, a hybrid method [23] or a small argument
Hankel function approximation method [15] should be applied in the
MoM-based algorithm.
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1. Numerical Results and Discussions

In this section, numerical examples are presented to demonstrate the
validity of the proposed method for calculating the spatial-domain
MPGFs of a two layer structure when p = p’ and ¢ # ¢. All algorithms
are programmed in Matlab and performed on a PC desktop computer
with Intel (R) Core (TM) 2 Duo CPU 2.20 GHz.

Consider a two-layer structure, as shown in Fig. 1. The parameters
that define the structure are as follows: Layer 1: .4 = 2.0, pp1 = 1.
Layer 2: e.0 = 4.0, ppo = 1. ap = 50mm, a; = 52mm, as = p' =
54mm, p = p/, ¢ — ¢ = 0.2. The operating frequency is f = 6 GHz.
For the sake of convenience, we take the calculation of spatial-domain
component G£¢ as an example, which can be expressed as

Gy = GE8 + Gob + G5, (24)
The proposed RFFM method is applied on the DIP shown in Fig. 2.
Fig. 3 shows results for C~1£¢ along the deformed path I'y and T’y of
Fig. 2. It is noted that the values arising from the proposed RFFM
method are in good agreement with the exact values of G2, and the
maximum relative error between the two values is found to be below
0.06%. This maximum relative error is obtained by computing the
relative error between the exact and the approximation values of G4 5
along the path I'y and I's of Fig. 2. Please note that the exact values

are obtained via (16), and the approximate values are obtained via (16)
and( 20).

< £ *'K
10) ?

3 /7 4

J Real part
6k SRR RO Imag part i
",\X(' ~ « Fitting
) -
12 ) ) L 1 1
0.0 0.4 0.8 1.2 1.6 2.0 2.4
Real(k /k,)

Figure 3. Real and imaginary parts of the spectral-domain Green’s
function G for the structure of Fig. 1 along the path I'y and I's of

Fig. 2. The exact results (solid and dashed line) are compared with
those obtained via (16) and (20) (‘x’, ‘*").
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In Table 1, we present results for the normalized poles and residues
of G£¢ of Fig. 3 via (20), and we compare these values with the
numerical exact results obtained by the contour integrals [25]. it is
observed that the poles obtained by the proposed method coincide with
the poles obtained by the method in [25] within six significant figures.
The real part of the residues by the former method also coincide within
three significant figures. It shows a good agreement between the two
methods. On the other hand, the CPU time needed to obtain the
poles and residues by the proposed method is about 14 seconds, which
is much less than 30 seconds by the method in [25].

Due to the accurate approximation provided by the spectral-
domain expression (16) and (20), we can conclude that the
approximation provided by its spatial-domain counterpart (22) should
also be very accurate. This is verified in Fig. 4 where the results
for G£¢ obtained with the closed-form expression (22) are compared
with results obtained via numerical integration of Sommerfeld integrals
(exact). It is noted that the numerical integration method cannot be
applied to the Sommerfeld integrals directly, since the spectral domain
Green’s functions are slowly convergent or even divergent. As discussed
in [13], we use the following equation to obtain the exact results,

Gu = unasi + Gnumcr (25)

where Gguasi stands for the quasi-static parts, and can be obtained
by the same method in Section 2. Gpumer Stands for the integrals of
the remaining spectral domain Green’s functions after the quasi-static

-5.0 T T T T T

551

-6.01

-6.51

= Exact {
Q 7ob o RFFM i
s - [13] ¥
° 75} ¢ A
i
8.0} u
H
85k E 4
1
!
9.0 1 1 1 1 1
-4 3 2 -1 0 1 2
log,(Ik,(z-2))

Figure 4. Magnitude of the spatial-domain Green’s function G£¢

for the structure of Fig. 1. Exact integration results (solid line) are
compared with those obtained via (22) and the three-level method
proposed in [13] (‘o’, and dotted line with ‘x’).
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Table 1. Normalized poles and residues of the spectral-domain
Green’s functions studied in Fig. 3. The results obtained by the
proposed RFFM method are compared with the results obtained by
using the exact expression via a numerical algorithm [25].

[25] | Eqn. (20) [25] Eqn. (20)

ky Ik | 1.007017 | 1.007019 | Res; | -6.079x 107 | -6.088x 107—j2.299 x10™"
kplko | 1.046748 | 1.046747 | Res, | -2.481x 107 | -2.483 x10™ +j1.704x 1072
kyslko | 1.071425 | 1.071424 | Res; | 1.080 x10 | 1.080 x10” —j1.614x 10"
kuslko | 1.079684 | 1.079683 | Res, | 1.213 x10° | 1.214 x10°—j1.567x 10"

-5.0 T T T T T

-5.3

-5.6

-5.9F

Exact

e e e ee e,

= o RFFM
2 62} -5 [13)
=
k<]
65}
68}
7. L
-4 3 2 1 0 1 2

log,(Ik,(z-2))

Figure 5. Magnitude of the spatial-domain Green’s function G2,
for the structure of Fig. 1. Exact integration results (solid line) are
compared with those obtained via (22) and the three-level method
proposed in [13] (‘o’, and dotted line with ‘x’).

parts are extracted, and can be obtained via the Romberg integration
method, Meanwhile, the integration path is the SIP shown in Fig. 2,
and the relative error is selected with of 10~%. In addition, the results
obtained by the three-level method [13] is also demonstrated in Fig. 4.
It is noted that the proposed RFFM method is quite successful and
coincides perfectly with the results of the numerical integration, while
the three-level method fails in fitting the far field. For the sake of
completeness, the spatial domain components sz, and G? are also
plotted in Figs. 5 and 6. From Figs. 5, 6, the same conclusions
can be obtained. The relative errors between exact results and the
approximate formulas of (22) for ng), G2, and G? are shown in Fig. 7,

zZ)
it is observed that the relative errors are all basically below 1%. The
CPU time required by the proposed RFFM method is about 14s for
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Figure 6. Magnitude of the spatial-domain Green’s function G?
for the structure of Fig. 1. Exact integration results (solid line) are
compared with those obtained via (22) and the three-level method
proposed in [13] (‘o’, and dotted line with ‘x”’).
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Figure 7. Relative errors of the spatial-domain Green’s functions G£¢,
G2, and G? between the results calculated by the proposed RFFM

zZz)
method and the exact results.

each component, while the CPU time required by the exact numerical
integration method is about 228s for each component.

For the sake of comparison, the parameters used in the proposed
RFFM method for the structure of Fig. 1 are as follows: 71 = 0.001,
To = 1.9, and T3 = 6, number of samples are My, = 100, My = 600,
Ms = 2, and number of rational functions is Ng, = 30; while the
parameters used in the method [13] are as follows: 77 = 0.2, T, = 5,
and T3 = 7, number of samples are M; = 100, My = 300, and Mg = 2.
The number of harmonics is N = 200, and the number of samplings
of each component of the spatial domain MPGFs is N = 601 for all
the methods.
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3. CONCLUSIONS

An efficient and fully numerical methodology for the computation
of spatial-domain MPGFs in cylindrically stratified media has been
presented. The RFFM method is applied for the approximation of
spectral-domain MPGFs after the quasistatic-wave parts are extracted.
Then the closed-form Green’s functions are obtained with the use of
integral identities, which can be applied in both the near- and far-
field. Since the proposed methodology is fully automatic, analytical
determination and extraction of surface wave poles of the spectrum
are avoided prior to the fitting.
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APPENDIX A. SOME IDENTITIES

We define Wy as follows

—jklr—r’| o 00
:e\rj:?j B (ky, o= o)) eI dk, (A1)

where

e —x| = /(2= 2)2 + p? + p2 — 2pp' cos (¢ — ¢)
lp—p| = Vp?+ % = 2pp' cos (¢ — ¢).
It can be derived that

7 P07 sin? (- )
1 H ?
a¢a¢/ )( p}p P‘ { o —p| p‘p p‘

9 oy 2 12

+pp (0 +p )cos(qb/3 ¢') —2p°p ki H? (kip |p— 0'])|  (A2a)
lp—p|

82

apapH (kip|lp— p']) =

9 . + 2 — ¢

pr' = (p? ‘pfpzygos(d’ ¢)H1(2)(kip\p—p’\)km

o= pleos @zl —peos(O=D ye) 1, 15— )12 (A2b)

lp—p/|?
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Meanwhile, we define the following integral W1

el
Wit [ B gl ) (a9

According to the same method of (A-7a) in [13], the closed form
solution to W7 can be obtained
je_jkslr_rll
ks |P - p/| .
So the closed form solutions to (19b)—(19c) can be obtained with the
help of (A1)—(A4)

j <1 82 —jkz(2—2
Fig = / 2, a¢6¢>/H(2)(w|P p) ek,

_ pPp”sin?(¢—¢)

Wy = — (A4)

(p*+p"?) pp'cos(p—¢')—2p*p"

— Wo_ 3 Wl (A5a)
p—r/ p=r
" VI el S —jhz (22"
F2¢¢=‘2/ 2 5pap o (kiplp—p'l) 7"k
—o K2,
200" — (p* + p'?) cos (¢ — &)
S - Wi
lp— Pl
o o I — ¢
_ lp—pcos(o |<i)_][;’2 pcos (¢ d))]Wo- (A5b)
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