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Abstract—The scattering of electromagnetic spherical wave by a
perfectly conducting circular disk is studied by using the method of
Kobayashi Potential (abbreviated as KP method). The formulation
of the problem yields the dual integral equations (DIE). The spherical
wave is produced by an arbitrarily oriented dipole. The unknowns
are the induced surface current (or magnetic field) and the tangential
components of the electric field on the disk. The solution for the surface
current is expanded in terms of a set of functions which satisfy one of
a pair (equations for the magnetic field) of Maxwell equations and the
required edge condition on the surface of the disk. At this stage we
have used the vector Hankel transform. Applying the projection solves
the rest of the pair of equations. Thus the problem reduces to the
matrix equations for the expansion coefficients. The matrix elements
are given in terms of the infinite integrals with a single variable and
these may be transformed into infinite series that are convenient for
numerical computation. The far field patterns of the scattered wave are
computed and compared with those computed based on the physical
optics approximation. The agreement between them is fairly good.

1. INTRODUCTION

The problem of scattering of electromagnetic wave by a circular
disk of perfect conductor has attracted researchers much attentions
theoretically and practically. The circular disk/aperture is canonical
structure in the field of scattering. It has wide range of application
in radars, reflectors, and antennas etc.. Many methods for analysis
of electromagnetic scattering have been developed. High frequency
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approximation techniques are approximate methods and are applied
when size of the object is large in terms of wavelength. Among
them simple and relatively accurate methods are the Physical Optics
(PO) [1-4], Physical Theory of Diffraction (PTD) and Increment
Length of Diffraction Coefficient (ILDC) [5-8], Geometrical Theory
of Diffraction (GTD) [9-13], and the Method of Equivalent Current
(MEC) [14,15]. The method of moment (MoM) developed by
Harrington is very useful and is considered to be numerically exact [16].
This method was initially improved by Kim and Thiele [17], and later
enhanced by Kaye et al. [18] which is known as hybrid-iterative method.
This method employs the magnetic field integral equation for the
induced currents to solve the scattering problems. The hybrid-iterative
method has been applied to the disk problem successfully by Li et al.
for plane wave incidence [19]. The works on the circular aperture
and the related problems, conducted before 1953, were reviewed by
Bouwkamp [20,21]. And these methods can also be applied to the
present problem of spherical wave scattering by a circular disk.

Since the surface of the disk is the limiting case of the oblate
spheroid, the direct approach is to find a series expansion for
the field in terms of suitable characteristic functions. Meixner
and Andrejewski [22,23] and Flammer [24] used three rectangular
components of the Hertz vectors that describe the incident and
scattered fields which are expanded in terms of appropriate oblate
spheroidal wave functions. But their work was limited to plane wave
incidence. Bjrkberg and Kristensson [25,26] solved the elliptic disk
problem using the null field approach in which the incident and the
scattered fields are expanded in terms of spherical vector waves. While
Kristensson and Waterman [27, 28] applied the T-matrix approach to
study the scattering by circular disk. Balaban et al. [29] used the
coupled dual integral equation technique to solve the disk problem.
However there is another set of characteristic functions which satisfy
the boundary conditions and edge condition. These are constructed
by applying the properties of the Weber-Schafheitlin’s discontinuous
integrals. This idea was first proposed by Kobayashi [30] to solve
the electrostatic problem of the electrified conducting disk and this
method was named by Sneddon [31] as the Kobayashi Potential
(KP). The KP method is like eigen function expansion and also is
similar to the Method of Moments (MoM) in its spectral domain,
but the formulation is different. The MoM is based on an integral
equation, whereas the KP method has dual integral equations. In
addition, advantages of the KP method over the MoM are that these
characteristic functions satisfy a proper edge condition as well as the
required boundary conditions and it produces an accurate and faster
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convergent solution. The disadvantage of this method is that the
tractable geometries are limited to special shapes, such as circular
and rectangular plates and apertures. The KP method has already
been successfully applied to many rectangular or related objects [32—
35]. By using these characteristic functions, exact solutions were
derived by Nomura and Katsura [32] for plane wave incidence and by
Inawashiro [35] for spherical wave incidence. The work by Inawashiro
was restricted to the case where the dipole is directed to parallel to
the disk and is located on the axis passing through the center of the
disk. They used two rectangular components of the Hertz vector plus
auxiliary scalar wave function which describe the surface field of the
disk to satisfy the edge conditions. The summaries of the works by the
above two groups, Meixner and Andrejewski, and Nomura and Katsura
are reproduced in the handbook by Bowman et al. [36].

In a paper [34], Hongo and Naqvi improved the treatment by
Nomura and Katsura for plane wave excitation. It is the purpose of
the present paper to improve and extend the work of Inawashiro [35]
for spherical wave excitation using KP method. First we derived the
expressions for the incident field produced by an arbitrarily oriented
dipole. Next we introduced two longitudinal components of the vector
potentials of electric and magnetic types to express the scattered
wave. The expressions have the form of Fourier-Hankel transform. By
applying the boundary conditions we derive the dual integral equations
(DIE), one set is for induced electric current densities and another is
for the tangential components of the electric field. The equations may
be written in the form of the vector Hankel transform given by Chew
and Kong [37]. The expressions for the current densities are expanded
in terms of a set of the functions with expansion coefficients. These
functions are constructed by applying the discontinuous properties
of the Weber-Schafheitlin’s integrals [38—41] and it is readily shown
that these functions satisfy the Maxwell equations on the surface
of the disk and the required edge conditions. Applying the inverse
vector Hankel transform derives corresponding spectral functions of
the current densities. The derived results are substituted into the
equation for the electric field in DIE and we derive the solutions of
the expansion coefficients by using the projection. Thus the problem
reduces to the matrix equation for the expansion coefficients of the
current densities. The matrix elements are given in the form of an
infinite integrals. These integrals can be transformed into infinite
series which is convenient for numerical computation. Numerical
computation is made using FORTRAN to obtain the far field patterns.
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2. EXPRESSIONS FOR INCIDENT WAVE

2.1. Derivation of Dyadic Green’s Function in Free Space in
Terms of Cylindrical Coordinates

First we discuss the derivation of the dyadic Green’s function in free
space, which is the solution of inhomogeneous Maxwell’s equations
expressed by

V xE=—jwuH, V x H=jweE + J,
v.p=t__YV

€ Jwe

(1)

, V.-H=0; J=1I1(r —ro)

where r and rg denote the position vectors of the observation and
source points, respectively, and p, is the electric charge density. In (1),
we assume a homogeneous medium. The solution of (1) can be written
in the form [42, p. 197].

RS X A o,
E = M{ (aZVt — lzvt> (aZOVtO — lzvt()) S(I‘,I‘O)

+E4(V x i.) (Vo x izo)S(r,ro)} I (2a)
0 . o2 .
H = { (azvt - 1ZVt> (Vi X i0)S(r,ro)

—(V xi.) (%vto - izvf()) S(r,ro)} | (2b)

where S (r, ro) is derived from the scalar Green’s function G (r, ro)
through the relation

62
G(r,ro) = (622 + k‘2> S(r,ro) = —VZS(r,ro) (3a)

VG + k*G = —d(r — o) (3b)
In free space, (2a) is replaced by dyadic Green’s function [43, 44]
exp(—jkR)

= (4a)

~ 1 1. 1
G(r,rg) = yp [I+ szV}

where T is unit dyadic and R = [(z — 20)? + (y — y0)? + (2 — 20)%]2.
The equivalence of (2a) and (4) in free space may be verified readily.
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In circular cylindrical coordinates, function G (r, ro) satisfies the wave
equation
1 107 2 —
9 96,106 0BG 0 Ho=milo—golils—2)
pop”op " 2 ¢ p
By using the theory of Fourier series for the angular variable ¢ and
Hankel transform for the variable p defined by

(4b)

/f m(ap)pdp, = O/F m(ap)ada (5)

we can represent G (r, rg) and S (r, ro) in the form

1 ooJm(QPOa)JM(aPa)
G(r,rg) = - €m cosm(¢ — /
(r,ro) 47”@”;::0 (¢ ¢0)0 PR
exp(—jha|za —204|)dar (6a)
4 — (poa) Im (apq
SRS Y EACTSEATS
o ) K2 — a
exp(—jha|za — 20a|)da (6D)

where we have normalized the variables and parameters by the radius
of the disk

p Po z 20 SR
Pazga pOa:;7 Za:av Zoaziy ha:haa ’{:kaa h=vVk? — a?

“ 7

Here is the radius of the disk as shown in the Fig. 1. (po, z0) are the
coordlnates of the position of the dipole/source point and (p, z) are the
coordinates of the observation point. Here k is the wave number. The
electromagnetic field due to the dipole is derived by substituting (6)
into (2a) and (2b) and we write the value of the tangential components
of the electromagnetic field for a disk problem and hole problem derived

from S.
E') _ i i EZ)c,m cosmo+ E;s,m sinmao
H' m—0 i’ H/ZJc,m HZ)s,m

pc,m ps,m :
(H(;Q > cosme + (Hé)s ) sin m(b] } (7)

Also the the field produced by an arbitrarily oriented dipole is derived
in [45]. And we can assume ¢y = 0 without a loss of generality because

+ig
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Figure 1. Scattering of an arbitrarily oriented dipole field by a circular

disk.

of the symmetry of the problem. The expressions for the Fourier

components defined in (7) at z = 0 are given as follows.

(i): p-Directed Field

o0

: Zy exp(—jhqz0a)
Epean = ka2 ™ \/ﬁa [hi(]{”(apoa)ﬂ”(apa)

o

+kK

m m
2 Jm(Oép()a) Jm(apa)] ada
& Poa QPq

oo
. Zy exp(—jhazoa) [, 9 m
Ei, .. = [h J m
bs,m I ka2 /7I€2 — a2 a m(apﬂa)apa
o
m
+r2 ap Jm(apoa)J,'n(apa)}ada
a
o0

A 1 m m
Hi. = — [J’ J
ps,m 2712 / m(apa)ap()a m(apoa) + ap

a

Im(apa)

exp(—jhqzoq)da

o0

(8b)

ACYARCTIN]

(9a)

7 _ fm m m / /
H em T g2 /[Oépajm(apa)apoajm(apoa)+Jm(apa)Jm(ap0a):|

o

exp(—jhazoa)ada

(9b)
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(ii): ¢-Directed Field

. Zy Ooexp(—jhaz()a) 5 m ,
E; = - [h m a a
ps,m I ra2 m aap[)aj (apoa)Jy, (apa)
o
+n2J;n(apoa)aTZ Jm(apa)} ado (10a)
i _ 2o ooexp(_jhaz()a) 2y /
Bl = ez | =g [ (poa) (o)
+h37m Jm(aPOa)ﬁJm(apa)]ada (10D)
AP0 QPq
, €Em m m
H,gc,m - _471'(],2 /[J;l(apa)J;n(aPO(ﬂ + o aJm(apa)WJm(QPOa)]
exp(—jhqzoa)da (11a)
; 1 7 m m
H; = |:7 m a ! a —Jm a , a}
b = gz [ [ Tmlcpa) ama) + (e To(apa)
exp(—Jjhazoa)do (11b)

(iii): z-Directed Field

o
) Z .
Epem = ngﬁﬁm/Jm(apoa)J;n(apa) exp(—jhazoa) 0 da (12a)
o
oo
By =~ [ Jun(apon) 2 T(apa) exp(—jhazoa)ada (12D)
$s,m 27 jka? apq

o

o0
, 1 1 m .
HZ’s,m :27Tja2/m JM(OZPOa)aipa Jm(apa)eXp(*]haZOa)agda (13a)
o

2. 17 1 , )
H¢c,m_47rja2em/mjm(aPOa)J;n(apa)eXp(_]haZOa)a da(13b)

where €, = 1 for m = 0 and €, = 2 for m > 1.
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2.2. Relation to Plane Wave Incidence

It may be expected that the dipole solution reduce to that of plane
wave incidence when the dipole recedes to infinity. When kR, > 1,
we can derive the asymptotic expressions for dipole field given in (8)
to (13). We consider only the electric field components. First we
consider the integral having the form

I= QO/P(Q)Jm(apoa) exp(—jhazq)do (14a)

By using the integral representation of the Bessel function

m =0
Im(apoa) = — /5 exp(—jmit — japog cost)dt (14b)

with 0 < § < w/2, I becomes
[e.e]
Qo i
I= jm/ P(«)exp (—jmt—japga cost—jhaza) dtdae  (14c)
™ -5
o

We impose the transformation of the variables
a=ksinf, hg=rcosf, z,=Rgcosby, pos= Rysinp (14d)

and apply the stationary phase method of integration, then we have

) 50 . exp(—jkRoq)
I =2Quj™ " S0 Pk sin ) 0] 14
QoJ S, (ksinfp) o (14e)
Therefore, Equations (8), (10) and (12) are simplified as follows
(i): p-Directed Field
. Zok . . exp(—jrRo
em = —Wemjm cos? 0 J! (Kpa sin 90)(1%11(1) (15a)
- Zok m ) exp(—jkRoq)
EY, =" jmcos? p———o fg)———= (15b
bs.m 7ra2‘7 cos Olipa S Im (Kpe sinbp) o (15b)
(ii): ¢-Directed Field
4 Zok oy . . exp(—jrRoa)
E;s’m = _ﬁjm Sin ng,]m(ﬁpa sin QO)R—OG (163)
| Z _jkR
Eyom = —ﬁem‘jm sin 0y J), (kpq sin Go)w (16Db)

ROa
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(iii): z-Directed Field

- Zok . ) . exp(—jrRoq)
E;Z)C,m = WEmeCOS 00811’1 GOJ;n(Iipa sSin HO)R—Oaa (17&)
: 0k . : . exp(—jKRoq)
Eés,m = —W‘]mCOSQOSIDQOme(HpaSlneo)T (17b)

It may be readily verified that z-component of the magnetic dipole
located at (po, 0, z0) produces the same field as that of ¢-directed
electric dipole located at the same place. And when z-directed
electric and magnetic dipoles recedes to infinite they produce the
same electromagnetic field as those of perpendicular and parallel
polarized plane wave incidence provided that some factor proportional
to Roq exp(jrRoq), more explicitly, we use the replacement

exp(—jkRoq) i, /21 sin by exp(—jkRoq) B
Roq ma Roq

K
Zp— sin 6 18
) sindy (18)

3. THE EXPRESSIONS FOR THE FIELDS SCATTERED
BY A DISK

We now discuss our analytical method for predicting the field scattered
by a perfectly conducting disk on the plane z = 0 when it is excited
by a dipole current.

3.1. Spectrum Functions of the Current Density on the Disk

Since E;l and Eg are continuous on the plane z = 0, we assume the

vector potentials corresponding to the diffracted field are expressed in
the form

ALp.6.2) = 2p0ants 3 [ [Fon(€)cosmo + () sinmo]
m=0 5

Tm(pa€) exp | F V€ = k22|t (19a)

F(6.6.2) = 00> [ [5en () 003 m0+ G (€) sinmo] 1 (pu)
m=0",

exp [¢ N sza]f_1d§ (19b)

where the upper and lower signs refer to the region z > 0 and
z < 0, respectively. In the above equations f(§) and §(§) are the
unknown spectrum functions and they are to be determined so that
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they satisfy all the required boundary conditions and edge conditions.
Equations (19a) and (19b) are of the form of the Hankel transform for
z = 0. First we consider the surface field at the plane z = 0 to derive
the dual integral equations for seeking the solution for the spectrum
functions. By using the relations between the vector potentials (19)
and the electromagnetic field, we obtain the expressions for the field
components.

Edcm( )- _ Ji - JV 52_ﬁ2f a
| = / e Vo e e
Eds m( )_ 7 + _.j V 52 - H2fsm(§)€71_

Ef;c m( ) /[H (gpa)] §cm(§)§71 st (200)

o) L .

where Epcm(pa) Eg&m (pa) are the Fourier components of scattered

electric field components E, and E4. Similarly, the components of
the electric current density having the relations with magnetic field
components by K, = —2Hy and K4 = 2H, are given by

[Ifgpam(pa)] — QY'O/[H_(gpa)] [] Iifcm;(g)g_l _1] &dg

¢>s,m(pa) £2 — K2Gsm (&) (KE)
- Jor il [forigoc-o a1
K 8,m(pa) _ Ji + ’ifsm(f)f_l
!K;m(pa)] = 2% [ [ ¢pn)] L. §2_H2gm(§)(%§)1] d
— [1mtenn) [I@Zg EdE=0 po>1 (21b)
From these equations we have the relations
= Z - Zo ~
fcm(f) QIZKpC,m(f)f fsm(f) = ?ZKpS,m(f)f
- HZZO ~ - HZO ~ (210)
Gem (&)= K¢C,m(§>€ Gsm () K¢S,m(§)§

NGRS RENGEE
The kernel matrices [HT (£py)] and [H ™ (£p,)] are defined by

In(€pa)  Ei-Tm(€pa)

[Hi(ép“)} ~ e Im(Epa) Tipa)
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To solve (21) we expand K (p,) in terms of the functions which
satisfy the Maxwell’s equations and edge conditions. These functions
can be found by taking into account the discontinuity property of
the Weber-Schafheitlin’s integrals. Once the expressions for K (pg)
are established, the corresponding spectrum functions can be derived
by applying the vector Hankel transform introduced by Chew and
Kong [37]. That is, from (21a) and (21b) we have

Koo @] oo 1 [Epom(pa)]

o] R ACRCIF  ] Pe

} ) Ooo ) : )
R— S,m(g) _ K S,m(pa)

_K;:c,m(f)_ a /[H+ (épa)] Kgc,m(pa) Padpa

o L .

where K., ~ Kgs,m are the Fourier components of the surface current
on the disk.

Ky(pas @) = 3 [Kpeon(pa) €08 m + Kpsn(pa) sinmo|

m=0

oo
K¢(pa7 (b) = Z {Kdm,m(,oa) COos m¢ + Kgbs,m(pa) sin m‘b}
m=0
It is noted that (K,, Ky) satisfy the vector Helmholtz equation

V2K + k?K = 0 in circular cylindrical coordinates on the plane z = 0
since K and H are related by K = n x H and in our problem 7 is

(24a)

Z. Furthermore (K,, K,) have the properties K, ~ (1 — pg)% and

Ky~ (1 - pg)_% near the edge of the disk. By taking into account
these facts, we set

oo

pc m pa Z AmnFn:n(pa) - anGr—;n(pa)} >
n=0
Kps,m(pa) Z _CmnFn_m(Pa) + DmnG;r'—m(Pa)}
=0 (24b)
Kgsm(pa) Z *AmnFr—gn(Pa) + anG'r_nn(pa)] )
Kch m Pa Z -CmnFergn(pa) + DmnG;m(pa)]

n=0
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where
o0

Frn(pa) = / [Jmfl(npa)!fmmnf%(n)iJm+1(npa)Jm+zn+g(n)

o

n%dn m > 1 (25a)

o0

1
For(pa) = Q/Jl(npa)«fzn+g(n)n2dn

Gi (Pa) = /|:Jm1(77/0a)‘]m+2n+;(n):tJm+1(77pa)Jm+2n+g("7)

nEdy om>1 (25b)
oo
_1
Giulpa) = 2 [ Do) Ty iy
o
and these functions can be represented in terms of the hypergeometric

functions and their explicit expressions are given in the paper [34]. It
may be readily verified that Ff, (p.) = G, (ps) = 0 for p, > 1, and

R 1 1
Frn(pa) ~ (1= p2)7% Frn(pa) ~ (1= p2)%, Grnlpa) ~ (1= p3)?,
and Gp,(pa) ~ (1 — p2)”2 mnear the edge p, ~ 1. To derive the
spectrum functions f(§) and g(&) of the vector potentials we first

determine the spectrum functions of the current densities K (p,), since
they are related each other. We substitute (24) into (23) and perform
the integration, then the spectrum functions of the current density are
determined. The result is

pc m Z :AmnE;‘ir_zn(g) - anF;m(f)] )

sl = 3|~ AmnZeun(€) + BuunT ()]
] (26a)
Kpom(€) = 3| ComZun(€) + Donn T (€)]

K¢c,m<f) = Z CmnEJm(f) + Dmnr%n(f)}
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for m > 1 and

kpc,() (g):2ZBOn J2n+% (5)5_
n=0

(NI

Kgeo(€ ):—2ZConJ2n+g (£)€72 (26Db)
n=0

for m = 0. In the above equations the functions =% (¢) and T'ZE, (€)

are defined by
—_ _1
(€)= [Tmsans1(8) £ Jpans3(©)]€75,

FEn(©) = [Jrons 1 (0 £ Jyiany3(©]€73 m>1

In deriving (26a) and (26b) we used the formula of the Hankel
transform given by

(26¢)

o0

/ Im(ap)Im(Bp)pdp =
where 0 () is the Dirac’s delta function. We see from (21c) the spectral
functions fem (€) ~ gsm(§) are represented in terms of K,e(€) ~ Kps(&).

(0~ 5) -

3.2. Derivation of the Expansion Coefficients

The equations for the expansion coefficients can be obtained by
applying the remaining boundary condition that the tangential
components of the electric field vanish on the disk. If we
substitute (21c) into (20a) and (20b), we have the relations along
with incident electric field, and we projected them into the functional
space with elements v (p2) for E, and u"(p2) for Es, where v7(p2)
and u™(p?) are the Jacobi’s polynomials given in Appendix of the
paper [34]. Then we obtain the matrix equations for the expansion

coefficients A, ~ Dypyyn. The result is given by

i [Amnz,%g - anZé%;,?%} = H\),,

3 [Amnz,%i - anZ,Sfﬁ%} =H?),

n=0

3 |ConnZ550 + D 202 = KLY,

n=0

i |ConZ 30 + DunZ33] = K2, =
n=0

m=1,23,...; p=0,1,2,3,...
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(1,2 2,1) 2
ZBon Zyn) = H), ZC WS = K2 p=0,1,2,3,... (28¢)

These equations may be convemently represented in terms of the
matrices.

(209 [an]H202 (B =88], [200] [ 222 [B.] = [52

ol -, [ -]

The matrix elements Z9'" ~ Z{>? are defined in [34]. The functions
in the right hand side of the above equations which differ from plane
wave incidence are given as follows.

(i): p-Directed Dipole

Y, =— e, \/ﬂ T (€p00) 0T 51 () (0 43)
: _1 . K exp(—jhaz0a)
Jm+2p+% (Oé):| X eXp(_.]haZOa)a 2da—j ma? €Em M \/m
m _1
Poa Jm(ap(]a) |:Jm+2p+% (Oé) + Jm+2p+g (Oé)] a”2da (30&)
H), = ——1. / V=02 T (0p0a) [Ty 1 (@) F 43 (0)]

jK exp(—jhazoa) m

— J,
wa?) " Vii—ar ap ")

o

1
[;”Jme (a)—(a;”+1).fm+2p+g(a)}azda (30b)

exp(—jhaz(]a)a%da—

0P ™ 21ka2

/ VKE2=a2J1(apoa) [—pJQPJF% (oa)+(p+1.5)J2p+g (a)

exp(—jhaz()a)a_%da (30c)
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(ii): ¢-Directed Dipole

1 J m m m
Kr(n)p = / \/mama Im(apoa) [ozp Jm+2p+% (a)—(ap + 3)
Jk exp(_jhaz()a)
Jm+2p+g(a)} X exp(—jhazoa)o zda_@ m W
1
Jro(@poa) [Jm+2,,+;<a> - Jiapes(@)| a2 da (31a)
Kr(r%,)p 7TKZG2 m [V K? a2 apOQ)[Jm_i_zp_% (Oz)+z]m+2p+% ()
. 1 Jk eXp(_jhaZO(z) /
eXp(_]haZOa)a2da R \/m Jm(OéPO(z)
m m 1
[ap oy 1(0) = (o + 1)Jm+2p+%(a)}azda (31b)
K(Q) _ Jk eXp(_jhaZOa)J (o )[_ T, 1(a) + (p+0.5)
Op 2ma N 1{@poa) | =PJop_1 P )
1
J2p+%(a)]a2da (31c)

(iii): z-Directed Dipole

1 o
1 . -
ng,)p - TRa2 /Jm(OéPOa) {Oép Jm+2p+%(a) — (ap + 3) Jm+2p+%(a)}
eXP(—jhaZOa)a%da (32a)
go _ L J ; p
mp = a2 m(Oé,O(]a)[ m+2p—$(04) + m+2p+%(a)]
exp(—jhazoa)a? do (32b)
1) = 5o [ J 1.5).J
0r " 2mka? o(erpoa) [—p 2p+%(0¢)+ (p+1.5) 2p+%(04)}

o

exp(—jhazo(l)a%doz (32¢)
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3.3. Far Field Expressions

The far field expressions can be derived by applying the stationary
phase method of integration. Vector potential given in (19) can be
written in the form

T — / P) Jm(pat) exp|— /€7 = K2z,] ¢ dg (33a)
and after application of method, the following result is produced
m+1 \ exp(—jkRy) ~, . , cosf
I = exp (] 5 7'(‘) R P(ksin®) Zd (33b)

This formula is applied to the vector potential given in (19) and then
the far electromagnetic field is obtained from vector potential via the
relation

Ey = —jwAy = jwsinfA,, Eg= jZowsin0F, (34a)
and these are written as
exp(—jkR exp(—jkR
Ey— ZOMDQ(G, ¢), Es= ZOMDM, ) (34b)

kR kR

where

Dy(0, 0)=—k*a*cos® By, J, . 5 (ksinb)(ksin -3 + I k242 cos 0
2n+2 9
n=0

Z §mH Z{[ mnZyn (K810 0)—Bpn i (K Sin@)} cosmao
+ [CmnE;fm(m sinf) + Dy I, (K sin 9)} sin mqﬁ} (34c¢)

Dy(0, p)=k*a* Z C0nJ2n+% (ksinf)(k sin 9)_% +%k:2a2
n=0

Z jm Z{[ i Emn (K510 0) + Dy T (K sin@)} cosma
+ [—AmnE;m(n $in6) + Byt (s sin 9)} sin m¢} (34d)

3.4. Physical Optics Approximate Solution

Since we assume that the dipole is located at ¢g = 0, p-directed and
¢-directed dipoles are the z-dierected and y-directed. In this section
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we consider an approximate solution for the spherical field scattered by
a disk. The current density induced on the disk and far field radiated
from the current density are obtained as follows.

(i): z-Directed Dipole

I |. 1 .
J, = ~5. []k+ 7 ] R2 exp(—jkRp) (35a)

wly ) 1 .
A, = =y exp(—ijo)/ []k—i— 7 ] R2 exp(—jkRp)

X exp {jk sin 6 (ac’ cos ¢ + ¢ sin qﬁ)] dx'dy’ (35b)

where I, is the strength of the dipole current; (2',y’) are the
rectangular coordinates of the point on the disk; (6, ¢) are the spherical
angular coordinates of the observation point; Ry is the distance of
the observation point from the center of the disk; R, is the distance
between the source point and the point on the disk. Ry and R, are
given by

Ry=+22+42+22, R,= \/(w’ —20)2+ (v — y0)? + 2§ (35¢)

(ii): y-Directed Dipole

1, 1 .
= =gt | g | ety (363)
ply, , 1 ,
A, = “8eR exp(—jkRp) jk + — R, R2 exp( JkRy)
X exp [jk sin@(a?’ cos ¢ + ¢ sin (ﬁ)} dx'dy’ (36b)

(iii): z-Directed Dipole

1, 172" —x
x — T 5 ik —_ —ik
J 5 [J + RJ 72 exp(—jkR,) (37a)
o Iz . 1 y/_yO .
Jy = ~5 [jk—l—RJ Rg exp(—jkRy) (37b)
A Pl oo 'kR)/ et | ZET0 kR,
r = — X — X -
8r2R, VIR JOE TR, TR PR

X exp {jk: sin 6 (:L‘/ cos ¢ + y' sin qﬁﬂ dx'dy’ (37¢)
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pl. , o LY —w ,
A, = — —JjkR, k+4+ — —jkR
v Sr2 R exp(—j 0)/5[3 +Rp} 72 exp(—jkRp)
X exp [jk: sin G(x/ cos ¢ + 9 sin (;5)] dx'dy’ (37d)

In contrast to the case of plane wave incidence, the numerical
computation of the PO results are not easy. We need double numerical
integration. Far field is obtained from the relation Fy = —jwAy
and Fy = —jwAy with Ag = Agcosfcos¢ + Aycosfsing and
Ay = —A;sing + Ay cos ¢.

Figure 2. Scattering of an arbitrarily oriented dipole field by a circular
hole.

4. THE EXPRESSIONS FOR THE FIELDS
DIFFRACTED BY A CIRCULAR HOLE IN A
PERFECTLY CONDUCTING PLATE

Figure 2 is a complementary problem of dipole field scattering by a
perfectly conducting disk discussed in the previous section.

4.1. Dual Integral Equations for the Spectrum Functions

The diffracted field can be derived from the vector potentials which
have the same form as (19). The boundary conditions are that the
tangential components of the diffracted electric field E¢ vanish in the
z = 0 plane for p, > 1, and the tangential components of the total
magnetic field H{°** are continuous on the hole. The former condition
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gives

il = [[a] PVE (O cag

Jsm (€&

H- (fpa): Epc,m(g):| é'dg =0 Pa >1 (38&)

_E¢>s,m f)
Eds,m(pll):| _ + ] V 52 — R fsm :|
{Egc,m(P ) B " (fl)a) L gcm( )§ 1 St

H (€p) g;:gg} €dE=0 po>1 (38b)

From the above equations we have the relations between the spectrum
functions fem(£) ~ gsm(§) and the spectrum functions of the surface
field E(§) as given below

Jen©§7! = 2= Bpem()  Gem(©)E" = Epsm(€)

o6 = A () Gonl 067 = Fgem(®) )

And from the continuity of the tangential components of the magnetic
field on the aperture we have

o ienn] [V e e [ )] <o
0<pa <1 (39a)
0 f[irena] [V e [ )] <o
0<ps<1 (39b)

where the kernel functions H*(£p,) are defined by (22). The functions

Hf,cm and HZsm denote the coefficients of cosm¢ and sinme¢ parts

of the incident wave H, i respectively, and same is true for H(;C m

H és.m- The explicit expressions of these functions are given in (9), (11)

and (13) for p-directed, ¢-directed and z-directed dipole respectively.
The aperture electric field can be expanded in a manner similar
to the disk problem given in (24a) and (24b). It is noted that (E,, Ey)

satisfy the vector Helmholtz equation V?E + k*E = 0 in circular

and
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cylindrical coordinates. Furthermore (E,, E4) have the property

E, ~(1- pg)fé and Fg ~ (1 — pg)% near the edge of the hole. By
taking into these facts, we set

Epc,m(pa) = Z [CmnFntn(pa) + DmnGgln(pa)} ?

n=0
)

Eps,m(Pa) = Z {AmnFrJgn(pa) - anG;m(Pa)]
n=0

E(bs,m(Pa) = - [CmnFn_m(Pa) + DmnGﬁm(Pa)} )

I
o

E(bc,m(ﬂa) = Z [AmnF%n(Pa) - anGr—;n (Pa)]

n=0
where A;n ~ Dy are the expansion coefficients and are to be
determined from the remaining boundary condition (39). We have
allocated these coefficients so that they satisfy the same Equation (28).
The functions Fif, (p,) and G, (p,) are defined in (25a), (25b). Then
the corresponding spectrum functions can be derived by applying the

vector Hankel transform given by

[@Pcvm(@] - 7[H‘(€pa)} [gmm(” “q Padpas

Egsm (&) ¢S,m(Pa) "
o 41
)= [l [y

We substitute (40) into (41) and perform the integration, then the
spectrum functions of the aperture electric field are determined. The

result is
o

Epen(€) = =D [CrunZimn(€) + Drnnl' 1 (6)]

n=0
oo

E¢>s,m(§) = Z[CmnEaJ%n(f) + Dyl (6)]
"0 (42a)

[e.9]

Eps,m(f) - Z[AmnE;m(g) - anrj_rm(g)]
n=0

[e.e]

Ed)c,m(f) = Z[Amna;tm(f) — BimnI'n (§)]

n=0
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for m > 1 and

= - -3
pco __QZCOn 2n+3 : E¢C,0(€)ZQZBO”J2"+%<£)§ * (42D)

form =0, Where =t and 't are defined by (26¢). From (38c) we can

express the spectral functions fe,(§) ~ gsm (&) of the vector potentials
in terms of those of the aperture distribution. This means that the
surface magnetic field can be expressed in terms of the spectrum
functions of the surface electric field.

2. Derivation of the Expansion Coefficients

We substitute (38c) into (39a) and (39b) and the both sides of
the resulting equations are projected into the functional space with
elements v"(p2) for H, and ul?(p2) for Hy. The functions v (p?) and
u™(p?) are the Jacobi’s polynomials and the explicit expressions and
their some properties are defined in [34]. Then we have the matrix
equations for the expansion coeflicients. The equations have the same
form as those for disk problem given by (28) except that H,,, and
K, in the right hand sides are interchanged. The expressions for
H,,, and K,,, for the hole problem are given as follows.

(i): p-Directed Dipole

1y _ JZo [m m -
KT(”’)p  2ma? %Jm(apo,z)[ap Jm+2p+é(a)* (op" +3) Jm+2p+g(a)
o ihosan)abda— 3% [t (ape g (@)
a~va 2ma? a m+2p+
+Jm+2p+g(a)] exp(_jhaZOa)a 2d04 (43&)
K@ — 3% ™ [ sap-1(0) + i3 ()
mp 2ma? apoq m @/ “m+2p—3 m+2p+3
exp(—jhazo )Oé%d J %0 J! (apo )[Osz (o)
a a 27_[_ m a D m+2p77
—(ap" + 1)Jm+2p+g(a)} exp(—jhazoa)a da (43b)
2 jZ()
K(g,[z - _87TCL2 JI(O‘POa) [_pjgp_%(a) + (p+05)Jm+2p+%(a)}
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exp(—jhaz()a)oz%da (43c)
(ii): ¢-Directed Dipole

o0

1Yy = =ty [ Totama) 5T,y (@) = (05 +3) T (@)
exp(—jhqzoa)a™ ]ZO /OO m(Qpoa)
[ m+2p+3 (a)+Jm+2p+ 5 (a )} eXP(—JhaZOa)Oé 2da (44a)
Hg)p = 2375;)2 m]oan (apoa) m+2p_7(a) —|—Jm+2p+%(a)}
120 T m

. 1 m
exp(—jhazoq)2da + Im(@poa) [ap Jm+2p_% (@)

2wa? | apoq

. 1
—(ap’ + 1)Jm+zp+g(a)} exp(—jhaz0a)a2 da (44b)
H(l)—jzo Ji( J. 1.5)J, .
0P 7 8ra? 1(@poa) | —p 2p+%<0‘)+(p+ 5) 2p+%(a)
exp(_jhaZOa)Ol_%da (44c)

(iii): z-Directed Dipole

Z 1
(n _ _“0
Kip = 27ra2m/ Nz Jm(poa) [‘]m+2p+%(0‘)+‘]m+2p+%(o‘)}
exp(—jh zoa)a%da (45a)
2 _
Km,p - 2ﬂa2/m (OCPOQ){ ay Jm+2p —( )
—(ay" + 1)Jm+2p+§(a)} exp(—]hazoa)a2da (45b)
Kéi) — 2/ (apga){ pJy,_1()
87‘(@ A /062 _ /{/2 P—3

+(p + 0.5)J2p+%(oz)} exp(—jhaz()a)a%da (45¢)
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4.3. Far Field Expressions

Far field expression is obtained from (19) by applying the stationary
phase method of integration. In a far region we have the relations
Eg ~ —jwAg = jwsinfA, and Hy ~ —jwFy or By = —jwsin0F.,, and
we can write

exp(—jkR exp(—jkR
where
Dy(0,¢) = —2k%a 220% - +3(/€Sin0)(nsin0)_%

+k%a? Z J Z{[ ConZmn(ksin @) + Dy T (K sinﬁ)}

cosmo—+|Amn= Kk sinf) — B, Kk sinf)| sinm 6
0 [ S (50) — B, (1 5100)| sinmes } (46D)
Dy(6,¢) = kQaQCOSGZBOn on +5(ﬁsin0)(&sin0)_%

+k?a* cos 0 Z]mZ{{ = (K 8in0) — By Lo (K sinH)}

cos mep— { mn_.;,;n</€81n0)+DmnF (K sin@)} sinm }(46(:)

5. NUMERICAL COMPUTATION

With the formulation developed in the previous sections, we have
performed the numerical computation for far field patterns. To perform
the computation we must determine the expansion coefficients A, ~
Dy, for given values of radius k = ka and incident angle 6y. These
are derived from (29) by using the standard numerical code of matrix
equation for complex coefficients. The matrix elements contain the
functions G (a, ), G2 (, 3), and K («, 3) and these infinite integrals
are transformed into infinite series and these series are convenient for
numerical computation. How to derive these expressions are firstly
discussed by Nomura and Katsura [32], but we used a slightly different
method as discussed in [34]. To verify the validity of these expressions
numerically, we compare the results of series expressions with those by
direct numerical integration. The agreement is complete. The required
maximum size M of matrix equations to determine the expansion
coefficients depends on the values of x and we chose M ~ 1.6k + 5
and it is found to be sufficient in the present computation.
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5.1. Radiation Pattern

The theoretical expressions for the far field are given by (34) for the
disk and (46) for aperture problem. Fig. 3 to Fig. 11 show the far field
patterns of circular disk in the ¢-cut plane ¢ = 0,7 in the presence
of p-directed, ¢-directed and z-directed dipole. The normalized radii
are kK = ka = 3 and ka = 5, respectively. The dipole is placed at
po = 5. The plane of incidence is zz-plane (¢9 = 0, ). In all these
figures, the normal incidence is for § = 0. In these figures the results
obtained using the physical optics (PO) method are also included for
comparison. The PO expressions are given by (35)—(37). It is observed
from the comparison that the PO and KP results agree well for normal
incidence (6 = 0) but the degree of discrepancy increases as the angle
of incidence becomes large and radius of disk decreases. It is due to the
fact that the PO approximation inaccuracy increases for shadow region
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contribution. Secondly PO gives good results for bigger objects(in
terms of wavelength).

6. CONCLUSION

We have formulated the spherical wave field produced by an arbitrarily
oriented dipole scattered by a perfectly conducting circular disk and its
complementary circular hole in a perfectly conducting infinite plane.
We derived dual integral equations for the induced current and the
tangential components of the electric field on the disk. The equations
for the current densities are solved by applying the discontinuous
properties of the Weber-Schafheitlin’s integrals and the vector Hankel
transform. It is readily found that the solution satisfies Maxwell’s
equations and edge conditions. Therefore it may be considered as the
eigen function expansion. The equations for the electric field are solved
by applying the projection. We use the functional space of the Jacobi’s
polynomials. Thus the problem reduces to the matrix equations and
their elements are given by infinite integrals of a single variables. These
integrals are transformed into infinite series in terms of the normalized
radius. Numerical computation for the far field patterns has been
carried out for different values of x and incident angles 6.
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