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Abstract—We theoretically find that a bi-layer structure composed
of two kinds of dispersive metamaterials can possess an asymmetric
reflection spectrum due to Fano-type interference between a discrete
reflection resonance and a broadband strong reflection. The discrete
reflection resonance appears at the frequency around which the
dispersive permeability is near to zero at oblique incidence. Based
on analytical and numerical analysis, the asymmetric factor in the
Fano-type reflection is found to be linked with the angle of incidence.

1. INTRODUCTION

Fano resonance attracts interest due to its universality in many
physical systems. The shape of the Fano resonance [1] that is distinct
from that of conventional symmetric resonance curves arises from the
constructive and destructive interference of a narrow discrete resonance
with a broad spectral line or continuum. In his original paper, Fano
derived a simple expression:

F (Ω) =
(Ω + q)2

Ω2 + 1
, (1)

where Ω is the dimensionless frequency defined by the central frequency
and the width of the autoionizing state, and q is the Fano asymmetry
parameter, a ratio of the transition probabilities to the mixed state
and to the continuum [2], which describes the degree of asymmetry.
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After Fano resonance was discovered in the atomic system, Fano-type
asymmetric line shapes have been observed in many other systems [3–
15]. In particular, Fano resonances realized in classical systems
deserve special attention. In 2002, Fan found that asymmetric Fano
resonance can occur in a two-dimensional photonic-crystal waveguide
side coupled with a microcavity [6]. After that, many kinds of
Fano-type resonances were found in various kinds of photonic-crystal
systems [7–10]. For example, Rybin et al. found that Fano resonance
can be realized in a three-dimensional (3D) photonic crystal with
defects due to Mie and Bragg scatterings [11]. Moreover, Fano
resonances have been observed in a number of nanoscale systems
including plasmonic nanostructures [12] or metamaterials [13, 14].
For instance, in periodic metallic structures or asymmetric slits
in a metallic film, Fano resonances widely exist. Metamaterials
composed of resonant unit cells can also possess many kinds of Fano
resonances. In the analogy of electromagnetic-induced transparency in
metamaterials, Fano resonance occurs due to the interference between
two non-degenerated modes split by symmetry broken. If chirality is
introduced into 3D metamaterials, double Fano resonances can appear,
which can be used for realizing broadband slow waves [15].

In this paper, we study another type of Fano resonance
in metamaterials. We concentrate on single-negative (SNG)
metamaterials including ε-negative (ENG) material (ε < 0, µ > 0) [16]
and µ-negative (MNG) material (ε > 0, µ < 0) [17]. In the optical
frequency range, metal works as a natural ENG material below plasma
frequency [18]. The MNG material need be achieved in a planar
structure composed of nonmagnetic conductive resonant elements [19].
A single ENG or MNG layer is opaque for electromagnetic (EM) waves
since the wavevectors are complex. However, in 2003 Alù and Engheta
found that EM waves can resonantly tunnel through an ENG/MNG
bilayer under impedance and phase matching conditions [20]. The
dependence of resonant tunneling on static positive parameters has
been discussed in detail recently [21]. In 2007, Alù et al. discovered
that an EM wave with transverse magnetic (TM) [transverse electric
(TE)] polarization cannot transport through a single zero-permittivity
(permeability) slab, unless the impinging plane wave comes exactly
at normal incidence [22]. In this paper, we study an ENG/MNG bi-
layer in which the MNG layer can approach zero permeability at some
frequency and lead to an asymmetric Fano-type resonances. The paper
is organized as follows. In Section 2, we analytically and numerically
discuss the physical mechanism of this type of Fano resonance in detail.
In particular, we study the dependence of the Fano shape on the angle
of incidence. Finally we conclude in Section 3.
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Figure 1. Prototype system for the Fano resonance. (a) Scheme
for ENG/MNG bilayer structure. (b) The two possible reflection
pathways, namely, reflection R1 at surface 1 and reflection R2 at the
interface 2.

2. ASYMMETRIC REFLECTION SPECTRUM

Figure 1(a) illustrates the scheme of an ENG/MNG bilayer for Fano-
like resonance, in TE and TM polarization case. Figure 1(b) shows that
there are two possible reflection pathways. One reflection pathway is
the broadband reflection R1 at the entrance face of the ENG layer
(denoted by A) that is the background reflection, and the other
is the narrow reflection R2 occurring at the entrance face of the
MNG layer (denoted by B) with nearly zero permeability. In the
following calculations, we only consider TE polarization. For TM
polarization, we only need to change A (B) into a MNG (ENG)
layer according to the duality principle. We supposed that ENG
layer has a relative dielectric permittivity εENG , relative magnetic
permeability µENG and a thickness of a nm and MNG layer has a
relative magnetic permeability µMNG , relative dielectric permittivity
εMNG and a thickness of b nm. We choose a Drude-like response for
the dielectric permittivity of the ENG layer and magnetic permeability
of MNG layer,

εENG = ε− ω2
e

ω(ω + iγe)

µMNG = µ− ω2
m

ω(ω − iγm)
,

(2)

where ωe and ωm denotes the electronic and magnetic plasma
frequencies, respectively, and γ denotes the damping.

By means of the transfer-matrix method [23], we calculate the
reflection spectrum of the monolayer SNG material. In the following
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calculation, we choose ε = 0.4, µ = 1, εMNG = µENG = 1, ωe = ωm =
2π × 300THz and γ = ωe(ωm) × 10−3 THz. Around the frequency of
plasmon (f = ωm/2π = 300 THz), the dispersive permeability of the
MNG is near to zero (µMNG → 0). The angle of incidence is selected to
be π/18, 2π/9 and 4π/9, respectively. Fig. 2(a) shows the broadband
reflection spectra of the ENG layer. Because the ENG materials are
opaque, the reflection of light at its surface can be treated as a strong
reflection continuum. Fig. 2(b) gives the reflection spectrum of the
MNG layer at oblique incidence. It is shown that there is no reflection
at normal incidence [22]. However, at oblique incidence, a reflection
peak is excited at the plasma frequency due to the total internal
reflection at the surface of MNG layer (strong impedance mismatch).
Moreover, the quality factor of the reflection resonance decreases with
the increase of incident angle, as seen by Fig. 2(b).

For the ENG/MNG bilayer, when the light impinges on the
structure at oblique incidence, it can be reflected partially on the
entrance of ENG layer, forming the strong reflection continuum.
Meanwhile, the optical wave penetrating through ENG slab will be
reflected by the MNG layer, and a narrow discrete reflection resonance
will appear when the permeability of MNG approaches to zero. We
choose a = 120 nm and b = 10 nm. If the loss of the MNG is small, the
frequency satisfying µMNG → 0 is f = ωm/2π = 300 THz.

At first, we derive the analytical expression of the reflectance of
the ENG/MNG bilayer. For the TE case, by means of the transfer-
matrix method, one can obtain the reflection coefficient:

r =

(
m11 + m12

k0z
k0

)
− k0

k0z

(
m21 + m22

k0z
k0

)
(
m11 + m12

k0z
k0

)
+ k0

k0z

(
m21 + m22

k0z
k0

) , (3)
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Figure 2. The broadband reflection spectra of the ENG layer (a) and
the discrete reflection resonance of the dispersive MNG layer (b) for
TE modes. The angle of incident is π/18, 2π/9 and 4π/9, respectively.
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where mi,j (i, j = 1, 2) is the matrix elements of

M =
2∏

j=1

Mj =
2∏

j=1

(
cos(kjzdj) − ikjz

k0µj
sin(kjzdj)

−i
k0µj

kjz
sin(kjzdj) cos(kjzdj)

)
=

(
m11 m12

m21 m22

)
,

(4)
in which kjz =

√
k2

j − β2 is the z component of wave vector in the
jth layer; k0 = ω

√
ε0µ0 represents the wave number in free space;

β = k0 cos θ is the parallel wave vector.
In detail, the matrix elements can be written as:

m11 = cos(kAza) cos(kBzb)− µBkAz

µAkBz
sin(kAza) sin(kBzb)

m12 = − ikBz

k0µB
cos(kAza) sin(kBzb)− ikAz

k0µA
cos(kBzb) sin(kAza)

m21 = −k0µA

kAz
cos(kBzb) sin(kAza)− k0µB

kBz
cos(kAza) sin (kBzb)

m22 = −µAkBz

µBkAz
sin(kAza) sin(kBzb) + cos(kAza) cos(kBzb)

. (5)

Because the thickness of each layer is much smaller than the
wavelength, we have |kjz| dj ¿ 1(j = 1, 2), i.e., |kAz| a ¿ 1 , |kBz| b ¿
1, where |kjz| is the module of the complex kjz. For small losses
in Eq. (2), kjz can be approximated to a pure imaginary number.
As a result, cos(kjzdj) and sin(kjzdj) can be written as cosh(|kjz| dj)
and sinh(|kjz| dj), respectively, and one can expand cosh(|kjz| dj) and
sinh(|kjz| dj) in a Taylor series,

cosh (|kjz| dj) = 1 +
(|kjz| dj)

2

2
+ O

(
(|kjz| dj)

4
)

,

sinh(|kjz| dj) = |kjz| dj + O
(
(|kjz| dj)3

)
.

(6)

Then, we neglect the high-order terms in the Taylor expansion of
Eq. (6) and substitute the simplified Eq. (6) into Eq. (5). Assuming
the permittivity of the ENG, εA = −α (α > 0), when the permeability
of the MNG layer is near zero, in the subwavelength limit Eq. (3) can
be eventually written as:

r(β)
µB→0≈

−k2
0a + i

[
b− a

(
α + β2

)] [
1−

(
β
k0

)2
]

k2
0a+2k0[1−

(
β
k0

)2
]1/2+i [b− a(α + β2)]

[
1−

(
β
k0

)2
] . (7)

As a result, we can calculate the reflectance R and it may be
understood within Fano scattering framework, in which an asymmetric
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profile in the spectrum can follow the profile:

R(β) = r∗ · r =
1

1 + ζ(β)2
[Ω(ω, β) + ζ(β)]2

Ω(ω, β)2 + 1
. (8)

In Eq. (8), ζ(β) = k4
0

/
(k2

0 − β2) corresponds to the Fano asymmetry
parameter q and it increases with β. Ω(ω, β) is a function of frequency
and β. In Fig. 3, the top and bottom graphs numerically show the
variances of Fano-like reflection and transmission spectra with different
incident angles, i.e., different values of β, respectively, by means of
the transfer-matrix method. As expected by the analytical model of
Eq. (8), the reflection spectrum strongly depends on the β parameter.
With the increase of β parameter, we obtained good fitting of the
spectra by calculations of Eq. (8). This result confirms that Fano-
like interference between the broadband strong reflection spectrum and
discrete reflection peak occurs. Moreover, during the fitting procedure,
we find that the Fano asymmetry parameter is changing continuously
with the increase of the incident angle in the studied range from π/18 to
4π/9. The Fano parameter q increases with the β parameter. And the
asymmetry reflectance is similar to the schematics of the possible Fano
resonance in Ref. [7]. As seen from Figs. 3(a)–(b), we can conclude that
the asymmetry reflection peak transforms into the symmetry reflection
dip with the increase of the Fano parameter. The corresponding Fano-
like transmission spectra are also shown in Figs. 3(a’)–3(c’). Finally,
in Fig. 4 we calculate the distributions of the intensity of fields at
the frequency near the reflected valley in Fig. 3(a) (299.5 THz). The
intensity of the incident fields is supposed to be 1. From Fig. 4, we can
find what is remarkable here is that the amplitude of the local magnetic
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Figure 3. The variances of the reflectance [(a), (b) and (c)] and
transmittance [(a’), (b’) and (c’)], respectively, of the ENG/MNG
bilayer with different angle of incidence.
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Figure 4. The field distributions in the bilayer structure when the
frequency (299.5 THz) is near the reflected valley in Fig. 3(a).

field in the MNG layer is increased by 42 times in comparison with that
of incident fields. The physical reason is as follows. For a TE wave,
the continuity of the longitudinal component of the magnetic induction
field, Bz = µHz, at the boundary requires that the value of Hz need
a huge jump across the boundary, owing to the sharp contrast of the
values of µ in two media when µMNG → 0. The great enhancement of
Hz may boost the nonlinear effects if the MNG material has Kerr-type
nonlinearity, which facilitates the realization of an optical bistability
with low threshold.

3. CONCLUSION

To summarize, we find another type of Fano resonance induced by
the special properties at the nihility of dispersive metmaterials, even
in a one-dimensional system. Our theoretical analysis shows that the
asymmetric Fano-type reflection originates from the coupling between
the two different reflection pathways. The variation of the angle
of incidence can lead to different Fano asymmetric parameters and
different asymmetry Fano resonance spectra. Owing to the simple
configuration, some related applications might be explored in this
structure in the future.
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